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The past two decades have witnessed a wide range
of fundamental discoveries in quantum information
science. These range from protocols revolutionizing
public-key cryptography to novel algorithms and tools
for communication, information processing, and simu-
lation of physical systems. Even if the mathematical
context of quantum information science is wide and
multidisciplinary, linear algebra covers a major role, if
not ubiquitous. In fact, by the standard formulation of
quantum mechanics, physical states and their dynamics
are both represented by matrices. The classification
of quantum states, schemes for error-correcting codes,
methods for allocating quantum resources, promising
models of implementable computation, all need a vast
number of linear algebraic notions and techniques.
This minisymposium is intended as a workshop for
strengthening communication between quantum infor-
mation scientists and the linear algebra community.
The minisymposium is a great occasion to present open
problems and foster collaborations.
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In this paper we answer the question of when circulant quan-
tum spin networks with nearest-neighbor couplings can give
perfect state transfer. The network is described by a circu-
lant graph G, which is characterized by its circulant adjacency
matrix A. Formally, we say that there exists a perfect state
transfer (PST) between vertices a,b € V(G) if |F(7)aw| = 1,
for some positive real number 7, where F'(t) = exp(14t). Sax-
ena, Severini, Shparlinski in [3]proved that |F(7)a| = 1 for
some a € V(@) and 7 € RY if and only if all eigenvalues of G
are integer (that is, the graph is integral). The integral circu-
lant graph ICG,, (D) has the vertex set Z, = {0,1,2,...,n—1}
and vertices a and b are adjacent if gcd(a — b,n) € D, where
D C{d:d|n, 1 <d<n}. These graphs are highly symmet-
ric and have important applications in chemical graph theory.
We show that ICG, (D) has PST if and only if n € 4N and
D = D3 U Dy U2Dy U4Ds U {n/2“}, where D3 C {d i d |
n, n/d € 8N}, Dy C {d : d | n, n/d € 8N+ 4} \ {n/4}
and a € {1,2}. We have thus answered the question of com-
plete characterization of perfect state transfer in integral cir-
culant graphs raised in [1]Furthermore, we also calculate per-
fect quantum communication distance (distance between ver-
tices where PST occurs) and describe the spectra of integral
circulant graphs having PST. For n € 4N classes of ICG, (D)
such that PST exists between non-antipodal vertices are char-
acterized. This answers a question posed by Godsil in [2]. We
conclude by giving a closed form expression calculating the

number of integral circulant graphs of a given order having
PST.
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It is well known that certain matrices with band structure
are uniquely determined by their spectrum and only a few
components of their eigenstates [1]. Recently, these methods
have been applied to quantum spin models, demonstrating
that Hamiltonian tomography can be performed indirectly [2-
5]. From the perspective of quantum information this is useful
because the standard process tomography is very inefficient.
Further graph theoretical criteria were developed that tell us
which components of the eigenstates need to be known in
order to infer the full matrix (i.e., Hamiltonian) [4,6]. We
review such methods and show how they can be generalized
to arbitrary quadratic Hamiltonians of bosons or fermions [7].
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A quantum algorithm for linear systems of equations
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Solving linear systems of equations is a common problem that
arises both on its own and as a subroutine in more complex
problems: given a matrix A and a vector b, find a vector x
such that Az = b. We consider the case where one doesn’t
need to know the solution z itself, but rather an approxi-
mation of the expectation value of some operator associated
with z, e.g., ¥’ Mz for some matrix M. In this case, when
A is sparse, N by N and has condition number k, classical
algorithms can find x and estimate 2’ Ma in O(N+/(k)) time.
Here, we exhibit a quantum algorithm for this task that runs
in poly(log N, k) time, an exponential improvement over the
best classical algorithm. This talk is based on arXiv:0811.3171
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Higher-order functions in Quantum Theory
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I will introduce the theory of higher-order functions in Quan-
tum Theory. The main theorems and their application to cir-
cuit optimisation problems will be reviewed. I will show how
the theory of Quantum Combs provides a proper framework to
describe and optimise all quantum algorithms explored so far,
but does not exhaust the theory of Quantum Computation.
I will exhibit the primitive of quantum switch, and show the
problems that such a simple task poses to the characterisation
of the full hierarchy of higher order maps.

Joint work with G. Chiribella and G. M. D’Ariano
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The existence of perfect state transfer (PST) in quantum spin
networks has been proposed by Christandl et. al. (2004)
where they considered simple paths as a potential candidates
for the network topology. Furthermore, Saxena, Severini and
Shparlinski (2007) considered the networks based on circulant
graphs. We extend the result of Saxena, Severini and Shpar-
linski (2007) and give the simple condition for characterizing
all integral circulant graphs (ICGs) having the PST in terms
of its eigenvalues. In this paper, it is proven that there exist
integral circulant graph with n vertices having perfect state
transfer if and only if 4 | n. There are found several classes of
integral circulant graphs having perfect state transfer for val-
ues of n divisible by 4. Moreover we proved the non-existence
of PST for several other classes of integral circulant graphs
whose order is divisible by 4. These classes cover the class of
graphs where divisor set contains exactly two elements. Ob-
tained results provides the first of two steps in solving the
general problem: Which integral circulant graphs have PST?

Complex Hadamard matrices and combinatorial
designs
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In the first part of the talk we present a design theoreti-
cal approach to construct new, previously unknown complex
Hadamard matrices of prime orders. Our methods general-
ize and extend the earlier results of de la Harpe-Jones [1]
and Munemasa—Watatani [2] and offer a theoretical explana-
tion for the existence of some sporadic examples of complex
Hadamard matrices in the existing literature. In the second
part we obtain equiangular tight frames of square orders from
complex Hadamard matrices settling a recent question of Bod-
mann et al [3].
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An N x N complex Hadamard matrix is a matrix with or-
thogonal rows and columns (after rescaling a unitary) with
all entries of modulus equal to one. The search for these is
a special case of the search for unitary preimages of doubly
stochastic matrices, which is of importance in particle physics.
Complex Hadamard matrices have additional applications of
their own, in particular in quantum information theory.

In this talk we present the currently known classification
of complex Hadamard matrices of small size, which includes
various continuous families. Also, results and hypotheses con-
cerning construction of so called affine Hadamard families will
be presented. By affine we mean a family where matrices of
parametrizing phases form a linear subspace of the space of
all real N x N matrices.

complex (generalized)

Zero-error communication via quantum channels,
non-commutative graphs and a quantum Lovasz
theta function
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We present the quantum channel version of Shannon’s zero-
error capacity problem. Motivated by recent progress on this
question, we propose to consider a certain operator space as
the quantum generalisation of the adjacency matrix, in terms
of which the plain, quantum and entanglement-assisted ca-
pacity can be formulated, and for which we show some new
basic properties. Most importantly, we define a quantum ver-
sion of Lovasz’ famous theta function, as the norm-completion
(or stabilisation) of a "naive” generalisation of theta. We go
on to show that this function upper bounds the number of
entanglement-assisted zero-error messages, that it is given by
a semidefinite programme, whose dual we write down explic-
itly, and that it is multiplicative with respect to the natural
(strong) graph product. We explore various other properties
of the new quantity, which reduces to Lovasz’ original theta
in the classical case, give several applications, and propose
to study the operator spaces associated to channels as "non-
commutative graphs”, using the language of Hilbert modules.
The talk is based on arXiv:1002.2514v2 [quant-ph)]
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Generalized numerical range as a versatile tool in the
theory of quantum information
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We study operators acting on a composite Hilbert space and
investigate their product numerical range, product spectral
radius and product C—spectral radius. For any Hermitian op-
erator X acting on a bi-partite Hilbert space its product nu-
merical range is formed by the set of all possible expectation
values of X among pure product states, (¢| ® (Y| X|¢) ® |p).
Concrete bounds for the product numerical range for Her-
mitian operators are derived. Product numerical range of a



non-Hermitian operator forms a subset of the standard nu-
merical range. While the latter set is convex, the product
range needs not to be convex nor simply connected. Product
numerical range of a tensor product is equal to the Minkowski
product of numerical ranges of individual factors. As an ex-
emplary application of these algebraic tools in the theory of
quantum information we study block positive matrices and
entanglement witnesses. Furthermore, we apply product nu-
merical range to solve the problem of local distinguishability
of a family of two unitary gates. Product C—spectral radius
is useful for finding local fidelity between two states of a com-
posite system, while higher order product numerical range can
be used to design local quantum dark spaces and local error
correction codes.




