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ABSTRACT. We are concerned with a control problem related to the vanishing viscosity
approximation to scalar conservation laws. We investigate the I'-convergence of the
control cost functional, as the viscosity coefficient tends to zero. A first order I'-limit is
established, which characterizes the measure-valued solutions to the conservation laws
as the zeros of the I'-limit. A second order I'-limit is then investigated, providing a
characterization of entropic solutions to conservation laws as the zeros of the I'-limit.
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1. INTRODUCTION

We are concerned with the scalar one-dimensional conservation law
ut + f(u)e =0 (1.1)

where, given T' > 0, u = u(t, z), (t,z) € [0, T] x R, subscripts denote partial derivatives, and
the flur f is a Lipschitz function. As well known, even if the initial datum «(0) = (0, -)
is smooth, the flow (1.1) may develop singularities for some positive time. In general, these
singularities appear as discontinuities of v and are called shocks. It is therefore natural to
interpret (1.1) weakly; in the weak formulation uniqueness is however lost, if no further
conditions are imposed. Given a function 7, called entropy, the conjugated entropy fluz
q is defined up to an additive constant as g(u) = [“dvn’(v) f'(v). A weak solution to
(1.1) is called entropic iff for each entropy — entropy flux pair (1,q) with n convex, the
inequality n(u); + ¢(u), < 0 holds in the sense of distributions. Note that the entropy
condition is always satisfied for smooth solutions to (1.1). The classical theory, see e.g.
[5, 15], shows existence and uniqueness in C ( [0,T7; L1 joc (R)) of the entropic solution to the
Cauchy problem associated to (1.1). While the flow (1.1) is invariant w.r.t. (¢,z) — (—t, —x),
the entropy condition breaks such invariance and selects the “physical” direction of time.
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In the conservation law (1.1) the viscosity effects are neglected. This approximation is
no longer valid if the gradients become large as it happens when shocks appear. A more
accurate description is then given by the parabolic equation

us + f(u)y = %(D(u)uw)m (1.2)

in which (¢,z) € [0,T] x R, D, assumed uniformly positive, is the diffusion coefficient and
€ > 0 is the viscosity. In this context of scalar conservation laws, it is also well known that,
as € — 0, equibounded solutions to (1.2) converge in L1 joc([0,7] x R) to entropic solutions
to (1.1), see e.g. [5, 15]. This approximation result shows that the entropy condition is
relevant.

Perhaps less well known, at least in the hyperbolic literature, is the fact that entropic so-
lutions to (1.1) can be obtained as scaling limit of discrete stochastic models of lattice gases,
see e.g. [11, Ch. 8]. In a little more detail, consider particles living on a one-dimensional
lattice and randomly jumping to their neighboring sites. It is then proven that, under hyper-
bolic scaling, the empirical density of particles converges in probability to entropic solutions

o (1.1). A much studied example is the totally asymmetric simple exclusion process, where
there is at most one particle in each site and only jumps heading to the right are allowed.
In this case, the empirical density takes values in [0, 1] and its scaling limit is given by (1.1)
with flux f(u) = u(1 —w). In this stochastic framework, it is also worth looking at the large
deviations asymptotic associated to the aforementioned law of large numbers. Basically, this
amounts to estimate the probability that the empirical density lies in a neighborhood of a
given trajectory. In general this probability is exponentially small, and the corresponding
decay rate is called the large deviations rate functional. For the totally asymmetric sim-
ple exclusion process, this issue has been analyzed in [9, 17]. It is there shown that the
large deviations rate functional is infinite off the set of weak solutions to (1.1); on such
solutions the rate functional is given by the total positive mass of the entropy production
h(u); + g(u), where h is the Bernoulli entropy, i.e. h(u) = —ulogu — (1 — u) log(1l — u) and
g is its conjugated entropy flux.

A stochastic framework can also be naturally introduced in a PDE setting by adding to
(1.2) a random perturbation, namely

ue + flu)g = %(D(u)ux)w +VAWowa,),  (tz)€(0,T) xR (1.3)

where o(u) > 0 is a conductivity coefficient and a, is a Gaussian random forcing term
white in time and with spatial correlations on a scale much smaller than ~. Let u®" be
the corresponding solution; if v < € then u®7 still converges in probability to the entropic
solution to (1.1) and the large deviations asymptotic becomes a relevant issue. Referring to
[13] for this analysis, here we formulate the problem from a purely variational point of view
quantifying, in terms of the parabolic problem (1.2), the asymptotic cost of non-entropic
solutions to (1.1). Introducing in (1.2) a control E = E(t,x) we get

(t,z) € (0,T) x R (1.4)

€
wt flu)e = 5 (D), — (7(W)E),
If we think of u as a density of charge, then F can be naturally interpreted as the ‘controlling’
external electric field and o(u) > 0 as the conductivity. The flow (1.4) conserves the total
charge [dxzu(t,z), whenever it is well defined.
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The cost functional I. associated with (1.2) can be now informally defined as the work
done by the optimal controlling field E in (1.4), namely

1 .1 2
I.(u) = I%f B /[O,T]dt dro(u)E? = ugf 3 /[07T]dt HEHLQ(R’J(U)M) (1.5)
where the infimum is taken over the controls E such that (1.4) holds. For a suitable choice
of the random perturbation c., I, is the large deviations rate functional of the process u*”
solution to (1.3), when ¢ is fixed and v — 0. To avoid the technical problems connected to
the possible unboundedness of the density u, we assume that the conductivity o has compact
support. In this case, if u is such that I.(u) < 400 then u takes values in the support of
o, see Proposition 3.4 for the precise statement. For the sake of simplicity, we assume that
o is supported by [0,1]. The case of strictly positive o also fits in the description below,
provided however that the analysis is a priori restricted to equibounded densities wu.

In this paper we analyze the variational convergence of I, as € — 0. Our first result holds
for a Lipschitz flux f, and identifies the so-called I'-limit of I., which is naturally studied in
a Young measures setting. The limiting cost of a Young measure p = iy 5 (dA) is

2

760 =5 [ a0, + GO,

H=1(R,p(o(N)dz)

where, for F' € C([0,1]), [u(F(A\)](t, ) = [pe,2(dX) F(X) and, with a little abuse of notation,
o1l =1 (R pur.. (0(A))da) I8 the dual norm to [ [da . (0(X)) 2] /2,

Note that Z(p) vanishes iff p is a measure-valued solution to (1.1). Hence we can obtain
such solutions as limits of solutions to (1.4) with a suitable sequence E. with vanishing cost.
On the other hand, if we set in (1.4) E = 0 we obtain, in the limit ¢ — 0, an entropic
solution to (1.1). If the flux f is nonlinear, the set of measure-valued solutions to (1.1) is
larger than the set of entropic solutions; it is thus natural to study the I'-convergence of the
rescaled cost functional H. := ¢~ 'I., which formally corresponds to the scaling in [9, 17].
Our second result concerns the I'-convergence of H. which is studied under the additional
hypotheses that the flux f is smooth and such that there are no intervals in which f is affine.
A compensated compactness argument shows that H. has enough coercivity properties to
force its convergence in a functions setting and not in a Young measures’ one.

To informally define the candidate I'-limit of H,., we first introduce some preliminary
notions. We say that a weak solution w to (1.1) is entropy-measure iff for each smooth
entropy n the distribution n(u); + q(u), is a Radon measure on (0,7) x R. If w is an
entropy-measure solution to (1.1), then there exists a measurable map g, from [0, 1] to the
set of Radon measures on (0,7') x R, such that for each n € C?([0,1]) and ¢ € C((0,T) x
R), — [dtdx [n(w)e: + q(u)ps] = [dvou(v;dt,dz)n” (v)e(t,z), see Proposition 2.3. The
candidate I-limit of H. is the functional H defined as follows. If u is not an entropy-measure
solution to (1.1) then H(u) = +oco. Otherwise H(u) = [ dv o} (v;dt,dz)D(v)/o(v), where
o} denotes the positive part of g,. Note that while I, and Z are nonlocal functionals,
H is local. On the other hand, while I., resp. Z, quantifies in a suitable squared Hilbert
norm the violation of equation (1.2), resp. (1.1), this quadratic structure is lost in H. In
Proposition 2.6 we show that H is a coercive lower semicontinuous functional, this matching
the necessary properties for being the I'-limit of a sequence of equicoercive functionals.
Note also that H depends on the diffusion coefficient D and the conductibility coefficient
o only through their ratio, which is an expected property of well-behaving driven diffusive
systems, in hydrodynamical-like limits. We discuss this issue in Remark 2.11, where a link
between the functional H and the large deviations rate functional introduced in [9, 17] is also



4 G. BELLETTINI, L. BERTINI, M. MARIANI, AND M. NOVAGA

investigated. In particular, H comes as a natural generalization of the functional introduced
in [9, 17], whenever the flux f is neither convex nor concave.

In this paper we prove that for each sequence u® — wu in Lq0c([0,7] x R) we have
lim_ H.(u®) > H(u), namely Ilim H. > H. Since the functional H vanishes only on
entropic solutions to (1.1), its zero-level set coincides with the limit points of the minima
of I.. Concerning the I-limsup inequality, for each weak solution w to (1.1) in a suitable
set Sy, see Definition 2.4, we construct a sequence u® — u such that H.(u®) — H(u). The
above statements imply (I*lim H,)(u) = H(u) for u € S,. To complete the proof of the I'-
convergence of H. to H on the whole set of entropy-measure solutions, an additional density
argument is needed. This seems to be a difficult problem, as Varadhan [17] puts it: “...one
does not see at the moment how to produce a ‘general’ non-entropic solution, partly because
one does not know what it is.”

The above results show in particular that if u® solves (1.4) for some control E¢ such that
gt f[O,T]dt HEEH%Q(RJ(UE)M) vanishes as € — 0, then any limit point of »® is an entropic
solution to (1.1). This statement is sharp in the sense that there are sequences {E°} with
lim_e~! f[O)T] dt ||E€||2LQ(R70(ua)dI) > 0 such that any limit point of the corresponding u® is
not an entropic solutions to (1.1). More generally, the variational description of conservation
laws here introduced allows the following point of view. Measure-valued solutions to (1.1)
are the points in the zero-level set of the I'-limit of I., while entropic weak solutions are the
points in the zero-level set of the I'-limit of e~'I.. In Appendix B we introduce a sequence
{J.} of functionals related to the viscous approximation of Hamilton-Jacobi equations. In
[14] a T-limsup inequality for a related family of functionals has been independently in-
vestigated in a BV setting. Following closely the proofs of the I'-convergence of {I.}, we
establish the corresponding I'-convergence results, thus obtaining a variational characteriza-
tion of measure-valued and viscosity solutions to Hamilton-Jacobi equations. Although this
“variational” point of view is consistent with the standard concepts of solution in the current
setting of scalar conservation laws and Hamilton-Jacobi equations, it might be helpful for
less understood model equations.

2. NOTATION AND RESULTS

Hereafter in this paper, we assume that f is a Lipschitz function on [0,1], D and o are
continuous functions on [0, 1], with D uniformly positive and o strictly positive on (0, 1).
We understand that these assumptions are supposed to hold in every statement below.

We also let (-,-) denote the inner product in L2(R), for T'> 0 ((-,-)) stands for the inner
product in Ly ([0, T] x R), and for O an open subset of R™, C'S°(O) denotes the collection of
compactly supported infinitely differentiable functions on O.

Scalar conservation law

Our analysis will be restricted to equibounded densities u that take values in [0, 1]. Let U
denote the compact separable metric space of measurable functions u : R — [0, 1], equipped
with the following ngcl—like metric dy. For L > 0, set

||UH—1,L ‘= sup {<u790>7 Y e C’é’o((,L,L)), <§0Z790r> = 1}

and define the metric dy in U by

du ()= S oy e =ty 2.1
U(u 'U) sz:l 1+HU_UH—1,N ( )
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Given T > 0, let U be the set C([0,T];U) endowed with the uniform metric
dy(u,v) := sup dy(u(t),v(t)) (2.2)
te[0,T)

An element u € U is a weak solution to (1.1) iff for each ¢ € C°((0,T) x R) (in particular
©(0) = o(T) = 0) it satisfies

<<u’ <Pt>> + <<f(u)7 ¢z>> =0

We also introduce a suitable space M of Young measures and recall the notion of measure-
valued solution to (1.1). Consider the set A/ of measurable maps p from [0,7] X R to the
set P([0,1]) of Borel probability measures on [0,1]. The set AN can be identified with the
set of positive Radon measures p on [0,1] x [0,7] x R such that u([0,1], dt, dz) = dtdz.
Indeed, by existence of a regular version of conditional probabilities, for such measures u
there exists a measurable kernel p; ., (d\) € P([0, 1]) such that p(dX, dt, dx) = dt dz py 5 (dN).
For ¢ : [0,1] — [0,1] the identity map, we set

M:={peN : themap [0,T] >t p .(2) is in U} (2.3)

in which, for a bounded measurable function F : [0,1] — R, the notation p; ,(F) stands for
Jio. P2 (AN)F(X). We endow M with the metric

dpm(p,v) = dyag(p,v) + du (p(2),v(2)) (2.4)
where dy,g is a distance generating the relative topology on N regarded as a subset of the
finite Borel measures on [0, 1] x [0,7] x R equipped with the vague topology. (M, d) is a
complete separable metric space.

An element p € M is a measure-valued solution to (1.1) iff for each p € C°((0,T) x R)
it satisfies

((n(2),00)) + {(u(f), pa)) = 0

If u € U is a weak solution to (1.1), then d,(; ;)(d\) € M is a measure-valued solution. On
the other hand, there exist measure-valued solutions which do not have this form.

Parabolic cost functional

We next give the definition of the parabolic cost functional informally introduced in (1.5).
Given u € U we write uy € Lo 1oc([0,T] x R) iff u admits a locally square integrable weak
a-derivative. For € > 0, u € U such that u,; € La10c([0,T] x R), and ¢ € C((0,T) x R) we
set

() == = {{u, 1)) = ((f(u), ) + %<<D(U)Um<ﬁm>> (2.5)
and define I. : U — [0, +o0] by
s [40) — Slloen o)) s € Lope([0,7] x R)
L(u) := { $ECTOTXE) (2.6)
400 otherwise

I (u) vanishes iff u € U is a weak solution to (1.2); more generally, by Riesz representation
theorem, it is not difficult to prove the connection of I. with the perturbed parabolic problem
(1.4), see Lemma 3.1 below for the precise statement.

In order to discuss the behavior of I, as € — 0 we lift it to the space of Young measures
(M, dpnm), see (2.3), (2.4). We thus define Z. : M — [0, +oo| by

I it pipe = Ougeay fOT u
T(n) = { (w) i oy, (t,z) for some u € (2.7)

+00 otherwise
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Asymptotic parabolic cost

As well known, a most useful notion of variational convergence is the so-called I'-convergence
which, together with some compactness estimates, implies convergence of the minima.
Let X be a complete separable metrizable space; recall that a sequence of functionals
F. : X — [—00,+00] is equicoercive on X iff for each M > 0 there exists a compact
set Kps such that for any € € (0, 1] we have {z € X : F.(z) < M} C Kj;. We briefly recall
the basic definitions of the I'-convergence theory, see e.g. [3, 6]. Given & € X we define

(FfliimFa) (z) := inf{liﬁme_)o F.(zf), {zf} C X : a® — x}
e—0
(P@Fa) (z) := inf { lime_o Fz(2%), {z°} C X : 2° — z}

Whenever I'lim F, = I'lim F. = F we say that F. I'-converges to F in X. Equivalently, F.
I'-converges to F iff for each z € X we have:

— for any sequence z° — z we have lim_F.(2%) > F(x) (I'-liminf inequality);
— there exists a sequence ¢ — x such that lim. F.(2¢) < F(z) (T-limsup inequality).

Equicoercivity and I'-convergence of a sequence {F.} imply an upper bound of infima over
open sets, and a lower bound of infima over closed sets, see e.g. [3, Prop. 1.18], and therefore
it is the relevant notion of variational convergence in the control setting introduced above.

Theorem 2.1. The sequence {Z.} defined in (2.6), (2.7) is equicoercive on M and, as
e — 0, I-converges in M to

I = swp L ((u0.0) — (u(.ga) — 3 ((@)omead)})  (28)

p€C2((0.T)xR) 2

Z(p) = 0 iff p is a measure-valued solution to (1.1).
From Theorem 2.1 we deduce the T'-limit of I, see (2.6), on U by projection.

Corollary 2.2. The sequence of functionals {I.} is equicoercive on U and, as ¢ — 0, T'-
converges in U to the functional I : U — [0,+00] defined by

I(u) := inf { [dtdz Ry, (u(t,z), ®(t, ),
B € Ly1oo([0,T] x R) : &y = —uy weakly}
where Ry, [0,1] x R — [0, +0c] is defined by
Ry q(w,¢) i=int{(v(f) = &) /(o), v € P([0,1]) : v() = w}
in which we understand (c — c)2/0 = 0.

From the proof of Corollary 2.2 it follows I(-) < Z(4.), and the equality holds iff f is linear.
If we restrict to stationary u’s, namely to the case u; = 0, Corollary 2.2 can be regarded
as a negative-Sobolev version of classical relaxation results for integral functionals in weak
topology. More precisely, from the proofs of Theorem 4.1 and Corollary 2.2 it follows that
if we define the functional F': U — [0, 4+0c] by

F(u) := inf /de))_c]

ceR o(u(zx))

then its lower semicontinuous envelope w.r.t. the dy-distance (2.1) is given by

F(u) := érelﬂg /dm Ry o (u(x),c)
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Note also that Ry, can be explicitly calculated in some cases. Let f,f : [0,1] — R be

respectively the convex and concave envelope of f. Then, in the case ¢ = 1, we have
Ryi(w,c) = [distance(c, [i(w),f(w)])]2 In the case f = o (which include the example
mentioned in the introduction f(u) = o(u) = u(1 — u)) then

2l =) if e € [f(w), f(w)]

F(w)—c)? . ra
Ry f(w,c) = { L= if || > F(w)

(f(w)=c)® .

Entropy-measure solutions
Recalling (2.2), we let X’ be the same set C([0,T]; U) endowed with the metric
— 1
dx(u,v) = Z 2—N||u — |z, (0,77 x =N, N]) + du(u, v) (2.9)
N=1
Convergence in X is equivalent to convergence in U and in L, 10¢([0, T] X R) for p € [1, +00).
Let C?(]0,1]) be the set of twice differentiable functions on (0,1) whose derivatives are
continuous up to the boundary. A function, resp. a convex function, n € C?([0,1]) is called
an entropy, resp. a convex entropy, and its conjugated entropy flux q € C([0,1]) is defined
up to a constant by g(u) = [“dvn/(v)f'(v). For u a weak solution to (1.1), for (n,q)
an entropy — entropy flux pair, the n-entropy production is the distribution g, , acting on
C((0,T) x R) as
on.ulp) = —((n(u), ¢1)) — (q(u), pa)) (2.10)
Let C2>°([0,1]x (0, T) xR) be the set of compactly supported maps ¢ : [0, 1] x (0,T) xR >
(v,t,z) — J(v,t,z) € R, that are twice differentiable in the v variable, with derivatives
continuous up to the boundary of [0,1] x (0,7) x R, and that are infinitely differentiable
in the (¢,z) variables. For ¥ € C>°([0,1] x (0,T) x R) we denote by ¢ and ¥ its partial
derivatives w.r.t. the v variable. We say that a function ¥ € C2>°([0,1] x (0,T) x R) is an
entropy sampler, and its conjugated entropy fluz sampler @ : [0,1] x (0,T) X R is defined up
to an additive function of (¢,z) by Q(u,t, z) := fudv ¥ (v,t,x) f'(v). Finally, given a weak
solution u to (1.1), the ¥-sampled entropy production Py ,, is the real number

Py = f/dt da [(am) (u(t,z),t,7) + (0.Q) (u(t,x),t,x)} (2.11)

If 9(v,t,x) = n(v)e(t,z) for some entropy 1 and some ¢ € C°((0,T) x R), then Py, =
on,u(P)-

The next proposition introduces a suitable class of solutions to (1.1) which will be needed
in the following. We denote by M ((0,T) x R) the set of Radon measures on (0,7) x R that
we consider equipped with the vague topology. In the following, for o € M ((0, T) x R) we
denote by o* the positive and negative part of g. For u a weak solution to (1.1) and 1 an
entropy, recalling (2.10) we set

lon.ullv,r == sup {p,u(p), ¢ € CZ((0,T) x (=L, L)), || < 1} (2.12)
H@;,UHTV,L = Sup{pn,u(@)v Y e Cgo((OvT) X (_LvL))7 0<p< 1}

Proposition 2.3. Let u € X be a weak solution to (1.1). The following statements are
equivalent:

(i) There exists ¢ > 0 such that ||p;",lrv,. < +oo for each L > 0 and n € C*([0,1])
with 0 <" <c.
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(ii) For each entropy n, the n-entropy production @, , can be extended to a Radon mea-
sure on (0,T) x R, namely ||oy u||Tv,r < +oo for each L > 0.

(iii) There exists a bounded measurable map o, : [0,1] 3 v — g, (v;dt,dz) € M((O,T) X
]R) such that for any entropy sampler 9

Py, = /dv ou(v;dt,dx) 9" (v,t,x) (2.13)

A weak solution u € X' that satisfies any of the equivalent conditions in Proposition 2.3
is called an entropy-measure solution to (1.1). We denote by £ C X the set of entropy-
measure solutions to (1.1). Proposition 2.3 establishes a so-called kinetic formulation for
entropy-measure solutions, see also [7, Prop. 3.1] for a similar result. If f € C?([0,1]) is
such that there are no intervals in which f is affine, using the results in [4] we show that
entropy-measure solutions have some regularity properties, see Lemma 5.1.

A weak solution u € X to (1.1) is called an entropic solution iff for each convex entropy 7n
the inequality o, , < 0 holds in distribution sense, namely ||, [lTv,. = 0 for each L > 0.
In particular entropic solutions are entropy-measure solutions such that o, (v;dt,dz) is a
negative Radon measure for each v € [0,1]. It is well known, see e.g. [5, 15], that for each
up € U there exists a unique entropic solution @ € C([0,T7; L1,10c(R)) to (1.1) such that
4(0) = up. Such a solution @ is called the Kruzkov solution with initial datum wug.

T-entropy cost of non-entropic solutions

We next introduce a rescaled cost functional and prove in particular that entropic solu-
tions are the only ones with vanishing rescaled asymptotic cost. Recalling that I. has been
introduced in (2.6), the rescaled cost functional H, : X — [0, +0o0] is defined by

H_(u) := e 'I.(u) (2.14)

In the I'-convergence theory, the asymptotic behavior of the rescaled functional H. is usually
referred to as the development by I'-convergence of I, see e.g. [3, §1.10]. In our case, while
we lifted I. to the space of Young measures M, we can consider the rescaled cost functional
H. on X. In fact, as shown below, H. has much better compactness properties than I.
and it is equicoercive on X. Therefore the I'-convergence of the lift of H. to M can be
immediately retrieved from the I'-convergence of H. on X. Indeed, since d,, — 6§, in M
implies u. — w in X, the metric (2.9) generates the relative topology of X regarded as a
subset of M.

Recall that £ C X denotes the set of entropy-measure solutions to (1.1), and that for
u € & there exists a bounded measurable map o, : [0,1] — M ((0,T) x R) such that (2.13)
holds. Let g be the positive part of g,, and define H : X — [0, +00] by

/dv o (v dt,dx) M fueé&

u) = “ o(v) (2.15)
400 otherwise

H(

As shown in the proof of Theorem 2.5, if u is a weak solution to (1.1) and H(u) < o0,
then H(u) = supy Py, where the supremum is taken over the entropy samplers ¥ such that
0 < o(v)d(v,t,z) < D(v), for each (v,t,z) € [0,1] x [0,T] x R.

Definition 2.4. An entropy-measure solution u € £ is entropy-splittable iff there exist two
closed sets EY,E~ C [0,T] x R such that

(i) For a.e. v € [0,1], the support of o) (v;dt,dx) is contained in ET, and the support
of o, (v;dt,dx) is contained in E~.
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(ii) For each L > 0, the set {t €[0,T] : ({t} x [-L,L))NETNE™ # @} is nowhere
dense in [0, T).
The set of entropy-splittable solutions to (1.1) is denoted by S. An entropy-splittable solution
u € S such that H(u) < +00 and
(i) For each L > 0 there exists 6, > 0 such that o(u(t,z)) > 0 for a.e. (t,x) €
[0,T] x [— L, L].
is called nice w.r.t. o. The set of nice (w.r.t. o) solutions to (1.1) is denoted by S, .

Note that S, C S C £ C X, and that, if ¢ is uniformly positive on [0, 1], then S, = S.
In Remark 2.9 we exhibit a few classes of entropy-splittable solutions to (1.1).

In the next theorem we state our results concerning the I'-convergence of the rescaled
functional H., see (2.6) and (2.14), to the functional H defined in (2.15).

Theorem 2.5. (i) The sequence of functionals {H.:} satisfies the T-liminf inequality

I'-lim_H, > H on X.

(ii) Assume that there is no interval where f is affine. Then the sequence of functionals
{H.} is equicoercive on X.

(iii) Assume furthermore that f € C?([0,1]), and D,o € C*([0,1]) for some o > 1/2.
Define

H(u) == inf { lim H (u,,), {un} CSo : up — u in X}

Then the sequence of functionals {H.} satisfies the T-limsup inequality T-lim. H. <
H on X.

From the lower semicontinuity of H on X, see Proposition 2.6, it follows that H > H on
X and H = H on S,, namely the I'-convergence of H, to H holds on S,. To get the full
I'-convergence on X, the inequality H(u) > H(u) is required also for u ¢ S,. This amounts
to show that S, is H-dense in X, namely that for v € X such that H(u) < +o0o there exists
a sequence {u"} C S, converging to u in X such that H(u"™) — H(u). As mentioned at
the end of the introduction, this appears to be a difficult problem. A preliminary step in
this direction is to obtain a chain rule formula for bounded vector fields on [0,7] x R the
divergence of which is a Radon measure (divergence-measure fields). This is a classical result
for locally BV fields [2]. However, while entropic solutions to (1.1) are in BVjo([0,7] x R)
[1, Corollary 1.3], as shown in Example 2.8 below, the set {u € X : H(u) < 400} is not
contained in BVi,e([0,T] X R); see [8] for similar examples including estimates in Besov
norms. Chain rule formulas out of the BV setting have been investigated in several recent
papers; in particular in [7], a chain rule formula for divergence-measure fields is addressed,
providing some partial results. In the remaining of this section we discuss some properties
of H, and some issues related to the H-density of S,.

In the following proposition we show that H is lower semicontinuous, and that it is
coercive under the same hypotheses used for the equicoercivity of { H.}. Moreover, we prove
that the minimizers of H are limit points of the minimizers of I, as € — 0, so that no further
rescaling of {I.} has to be investigated.

Proposition 2.6. H is lower semicontinuous on X, and H(u) = 0 iff u is an entropic
solution to (1.1).

Assume that there are no intervals where f is affine. Then H is coercive on X .

Assume furthermore that f € C?([0,1]) and let u € X. Then H(u) = 0 iff u is a limit
point of a sequence {uf} C X such that I.(u®) = 0. In particular the map that associates
to a given ug € U the Kruzkov solution to (1.1) with initial datum ug is bijective on the
zero-level set of H.
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N|=

0 b1 —b2 b1 —b3 b1
F1GURE 1. The values of v in Example 2.8 for T' = 1.

If u € X is a weak solution with locally bounded variation, Vol’pert chain rule, see [2],
gives a formula for H(u) in terms of the normal traces of u on its jump set.

Remark 2.7. Let u € X N BVoc([0,T] x R) be a weak solution to (1.1). Denote by J, C
[0,T] x R its jump set, by H'LJ, the one-dimensional Hausdorff measure restricted to J,,,
by n = (nﬂnw) a unit normal to J, (which is well defined H'L J, a.e.), and by u™ the
normal traces of uw on J, w.r.t. n. Then the Rankine-Hugoniot condition (u™ — u™)n' +
(f(u™)=f(u™))n® = 0 holds. In particular we can choose n so that n® is uniformly positive,
and thus u™ is the right trace of u and u™ is the left trace of u. Then u € £ and

dH'LJ,
{wh —um)2 + [f(ut) — f(um)]?}

where, denoting by u~ Aut and u~Vut respectively the minimum and mazimum of {u™, u™},
p:10,1]> — R is defined by

plv,u® um) = [fuT) (@’ =)+ fu") (v —u) = fFO)(u" =) M- put umvar) (V)

Hence, denoting by p* the positive part of p

ou(v;dt,dx) = 73 p(v,u™ u™)

H(u) =

dH* dv ot + . —\ D)
pt(v,utuT) 2
L. {wr—uy2 4 @h)—fum)2} / )

_ fJu dHY|n?| [dv pt(wutu) D(v)

wF—u- ] o(v)

(2.16)

Note p(v,u™,u~) < 0 iff ﬂ”g:i(_“i) > f(“;r)ii(”). This corresponds to the well known
geometrical secant condition for entropic solutions, see e.g. [5, 15]. Therefore H (u) quantifies
the violation of the entropy condition along the non-entropic shocks of u.

In the following Example 2.8 we show that neither the domain of H, neither the H-closure
of S, are contained in BVlOC([O, T] x R).

Example 2.8. Let f(u) = u(l — u) and pick a decreasing sequence {b;} of positive reals
such that by < 1/2, 3. b; = 400 and >, b3 < +oo. Let u be defined by

(t,2) 1/2+b; if T(by — b;) <x+bit<T(b1 —le) for some i
u(t,x) := _
1/2 otherwise

Then H(u) = 237, f[o,bi]dv %v(bi —v) < +00. Note that, even if the initial datum

is in BV(R) and f is concave, u ¢ BVioc([0,T] x R). However H(u) = H(u). Indeed the
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sequence {u"} C S, defined by

Wt ) = u(t,z) if x+byt <T(by — bny1)
T 1/2 otherwise

is such that u™ — w in X and lim,, H(u"™) = H(u).

In the following remarks we identify some classes of entropy-splittable solutions to (1.1),
see Definition 2.4.

(entropic solutions) or o, ., > 0 (anti-entropic solutions) are entropy-splittable. Indeed they
are entropy-measure solutions (see Proposition 2.6) and they fit in Definition 2.4 with the
choice E= = [0,T] xR and ET = 0 (for entropic solutions), and respectively ET = [0,T] xR
and E= =0 (for anti-entropic solutions).

Let u € BVioc([0,T] x R) be a weak solution to (1.1). In the same setting of Remark 2.7,
let us define JF := Closure({(t,x) € J, : v € [0,1] : Fo(v;u™,u~) > 0}). Suppose that
for each L > 0 the set {t € [0,T] : ({t} x [-L,L]) NJ; NJ;} is nowhere dense in [0,T].
Then u is an entropy-splittable solution. If f is convex or concave the sign of p(v,u™,u™)
does not depend on v € [u™ AuT,u~ VuT|. Therefore, under this convexity hypothesis, weak
solutions to (1.1) with locally bounded variations and with a jump set J, consisting of a
locally finite number of Lipschitz curves, intersecting each other at a locally finite number of
points are entropy splittable.

Remark 2.9. Weak solutions to (1.1) such that, for each convex entropy 1, pn. < 0

For a general (possibly neither convex nor concave) flux f, even piecewise constant solu-
tions to (1.1) may fail to be entropy-splittable. However, in the following Example 2.10 we
introduce a family of weak solutions u to (1.1) that are not entropy-splittable, and show that
they are in the H-closure of S,, and thus H(u) = H(u). However, while Example 2.10 can
be widely generalized to prove H(u) = H(u) for u in suitable classes of piecewise smooth
solutions, it does not seem that the ideas suggested by this example may work in the general
setting of entropy-measure solutions u € €.

Example 2.10. Let v :[0,T] — R be a Lipschitz map, let u be a weak solution of bounded
variation to (1.1), and suppose that the jump set of u coincides with v. Let u~ = u™(t)
and ut = ut(t) be the traces of u on vy, and suppose that there exists u® € (0,1) such
that u=(t) < u® < u*(t) for each t and f(vl)):i(,u_) > f(“;):f(”) for v € [u=,u’] and

f(vg;i(_ui) < f(u;):f:(”) forv € [u=,u®]. Then, if these inequalities are strict at some v and

t, u is not entropy-splittable. However defining u™ € X by

u(t,z+n"t) difx <~y@t)—nt
u(t,x) = < u’ ify(t) —n~t<a <yt)+nt
ult,r —n~t) ifax <yt)+nt

we have that u™ € S, u™ — w in X and H(u") = H(u). In particular, if o(u) is uniformly
positive on compact subsets of [0, T| xR, then H(u) = H(u). It is easy to extend this example

to the case in which the jump set of u consists of a locally finite number of Lipschitz curves
f=fw) _ fuh)—f(v)
=

v— ut—v

non-intersecting each other, provided that on each curve the quantity
changes its sign a finite number of times for v € [u™ Au",ut Vu~].

We next discuss the link between this paper and [9, 17]. In the introduction we informally
described the connection between the problem (1.4) and stochastic particles systems under
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Euler scaling. It is interesting to note that such a quantitative connection can also be
established for the limiting functionals. The key point is that we expect the functional H
defined in (2.15) to coincide with the large deviations rate functional introduced in [9, 17],
provided the functions f, D and o are chosen correspondingly. Unfortunately, we cannot
establish such an identification off the set of weak solutions to (1.1) with locally bounded
variation.

Remark 2.11. Let H' : X — [0, +00] be defined by

HY () = {sup{||p1‘7“7u||TV7L, L>0,neC?[0,1]) : 0<on’ < D} ifueé&

+00 otherwise

Then H > H' and H(u) = H'(u) whenever there exists a Borel set E¥ C [0,T] x R such
that the measure dv o) (v;dt,dzx) is concentrated on [0,1] x ET and dv o}, (v;dt,dz) = 0
on [0,1] x ET. In particular if f is convex or concave and u € BVio([0,T] x R), then

H(u) = H'(u). If f is neither convex nor concave, then there exists u € X such that
H(u) > H'(u).

A general connection between dynamical transport coefficients and thermodynamic po-
tentials in driven diffusive systems is the so-called Einstein relation, see e.g. [16, I1.2.5].
For a physical model described by (1.4), this relation states that the Einstein entropy
h € C?%((0,1)) N C(]0,1]; [0, +0cc]) defined by

o()h"(v) =Dw)  wve(0,1)

is a physically relevant entropy in the limit ¢ — 0. We let g(u) := flu/zdv W (v)f'(v) be the
conjugated flux of h. Note that h, g may be unbounded if o vanishes at the boundary of
[0,1] and that g < C; + Cy h for some constants Cy,Cy > 0. If u is a weak solution to (1.1)
such that h(u) € L 10¢([0,7] x R) and such that the distribution h(u); + g(u), acts as a
Radon measure on (0,7) x R, we let ||p;u||Tv be the total variation of the positive part

of such a measure. By monotone convergence H'(u) > ||p) |y for such a u, and if f is
convex or concave and u has locally bounded variation, then indeed H'(u) = ||p; ,[|Tv. If

f is convex or concave, we do not know whether H(u) = H'(u) = HP;{u”TV for all u € X,
since a chain rule formula for divergence-measure fields is missing.

The problem investigated in [9, 17] formally corresponds to the case f(u) = o(u) =
(1 —u) and D(u) = 1, so that the Einstein entropy h coincides with the Bernoulli entropy
h(u) = —ulogu — (1 — u)log(l — u). The (candidate) large deviations rate functional
H7V introduced in [9, 17] is defined as +oo off the set of weak solutions to (1.1), while
H”Y(u) = |lg} Il rv for u a weak solution (this is well defined, since h is bounded). We thus
have H > H’V, and in view of the I'-liminf inequality, H comes as a natural generalization
of H’V for diffusive systems with no convexity assumptions on the the flux f.

Outline of the proofs

Standard parabolic a priori estimates on  in terms of I (u) imply equicoercivity of Z. on
M. Equicoercivity of H, on X is obtained by the same bounds and a classical compensated
compactness argument.

The I-liminf inequality in Theorem 2.1 follows from the variational definition (2.6) of I..
The T-liminf inequality in Theorem 2.5 still follows from (2.6) by choosing test functions of
the form ed(u®(t, z),t,x), with 0’ < D.

The I-limsup inequality in Theorem 2.1 is not difficult if p; . = dy(,.) for some smooth
u; the general result is obtained by taking lower semicontinuous envelope. The I'-limsup
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statement in Theorem 2.5 is proven by building, for each u € S,, a recovery sequence {u°}
such that a priori H.(u®) — H(u). The convergence u® — w is then obtained by a stability
analysis of the parabolic equation (1.4) w.r.t small variations of the control E.

Eventually, in Appendix B we apply our results to Hamilton-Jacobi equations.

3. REPRESENTATION OF I, AND A PRIORI BOUNDS

Given a bounded measurable function a > 0 on [0,7] x R let D! be the Hilbert space
obtained by identifying and completing the functions ¢ € C°([0,T] x R) w.r.t. the semi-
norm ({¢,ap,))/2. Let D;! be its dual space. The corresponding norms are denoted
respectively by [ - |p1 and || - [[p-1.

We first establish the connection between the cost functional I, and the perturbed para-
bolic problem (1.4). The following lemma is a standard tool in large deviations theory, see
e.g. [11, Lemma 10.5.3]. We however detail its proof for sake of completeness.

Lemma 3.1. Fize >0 and let w € U. Then I.(u) < +oo iff there exists ¥ € D}T(u) such
that u is a weak solution to (1.4) with E = V5", namely for each ¢ € C>([0,T] x R)

x 7

(u(T), o(T)) = (u(0), 2(0)) = [((u, 00)) + ({f(w) = D + o) TE,0.))] =0 (3.1)

In such a case U&" is unique and

w + f(w)e = 5 (D(wus)

_1 e,ul|2
=g e (3.2

o (u)

() = 3|

x

Proof. Fix € > 0 and w € U such that I.(u) < +00. The functional £, defined in (2.5) can
be extended to a linear functional on C2°([0,T] x R) by setting

() = (T, 1) ~ (ul0),9(0)) ~ {fue0) — () 02) 53
+%<<D(u)uz, ‘Pw>>
Since for any ¢ € C([0,T] x R) the map [0,7] > t — (u(t),v(t)) € R is continuous, it is
easily seen that
u 1
L= sup  {£2(p) = FUo@enea) }
peC ([0, TIXR)
We claim that ¢ defines a bounded linear functional on D}T(u). Indeed, since I.(u) < +00

" 1
0(9) < L) + g llelidn
which shows that £¥(¢) = 0 whenever H<pHD1( = 0, as £%() is 1-homogeneous. We also get

that ¢ is bounded in D}T(u), and it can therefore be extended by compatibility and density
to a continuous linear functional on D};(uy Still denoting by ¢¥ such a functional we get

" 1
L) = swp {€2p) = owese.) | (3.4)
‘pep}r(u)
which is equivalent to the first equality in (3.2). By Riesz representation theorem we now

get existence and uniqueness of ¥" ¢ Dclr(u) such that (¥ (p) = (\IJE’“,@)D$<u> for any

2
converse statements are obvious. O

¢ € Dy, which implies (3.1). Riesz representation also yields I.(u) = 2w 2, . The
o (w)

In the following lemma we give some regularity results for u € U with finite cost, and we
prove some a priori bounds.
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Lemma 3.2. Lete > 0 and u € U be such that I.(u) < +oo. Then u € C([0,T7]; L1,10c(R)).
Moreover for each entropy — entropy fluz pair (n,q), each ¢ € C(]0,T] x R), and each
te€ 0,7

(n(u(t)), o()) — (n(u(0)), 9(0)) — fig ys [(n(u). 0:) + (a(w), ps)]
= =5 Jiods [0 (@)D (u)ta, 1) + (o () Dz, 02| (3.5)
+ f[07t] ds {(n”(u)a(u) Uz, T ) + (' (w)o(u) T, <pz>}

where W& is as in Lemma 3.1. Finally, there exists a constant C > 0 depending only on f,
D and o such that for any e, L > 0

e/dt/ dru? < Cle™'I(u) + L +1] (3.6)
(—L,L]

Pmof Recall that the linear functional /¢ on D ) 18 defined as the extension of (3.3). Let
= —f(u) + £D(u) uy, — o(u) TS¥ € LQJOC([O T] x R); by (3.1) uy = 6, holds weakly.
Since I.(u) < +oo we also have u, € LQJOC([O,T] X R), so that u € C’([O,T]; LQ,IOC(R)) by
standard interpolations arguments, see e.g. [12]. Since w is bounded, this is equivalent to
the statement u € C([0,T7]; L1 10c(R)).
This fact implies that integrations by parts are allowed in the first line on the r.h.s. of (3.3),
namely for each measurable compactly supported ¢ : [0,7] xR — R with ¢, € Lo ( [0, T x ]R)

£(8) = (fur, 90) + ({f (), 8)) + 5 (D), 62)) (3.7)

Since w, is locally square integrable, if n € C?([0,1]) and ¢ € C(]0,T] x R), then

7' (u)p has compact support and its weak a-derivative is square integrable. We can thus

evaluate (3.7) with ¢ replaced by n'(u)g, and since £4(n(u)p) = (U=, n'(u)p),  and
o(u)

u € C([0,T]; Lajoc(R)) we get (3.5).

To prove the last statement, consider an entropy — entropy flux pair (7, ). By (3.4) and
(3.7)

?).))
0)> [<< (u), i) + ((q(u), z)

K — & 7 >
+%[<D<u>n’/<u)i o)+ <<’u> (0t ) — (o001 )

We now choose 7 > 0, uniformly convex and such that on” < D, and for such a n we let
o :=max, [D(v)n' (v)?/n"(v)], so that o (n)? < a. By Cauchy- Schwarz inequality

2o ()" (W' (s, 0 ea))| < ((o(uw)n” (@)*uz, %)) + (o (W' (u)?, pops))
< (D(u)n" (W, 9*) + a{(¢z, Pa))
Letting ¢ : [0, 1] — R be such that ¢/ = #’ D, and integrating by parts we get (n'(u)D(u)uy, ) =
—(C(w), pgz). Collecting all the bounds

(n((T)), p(T)) + S{(D(u)n" (w)uz, ¢ — 20%))
< e e(u) + (n(u(0)), 9(0) + ((n(w), 1)) + ((a(w), )
+%<<<(u) Paz)) + € (P @)
We now choose ¢ independent of ¢ and such that p(x) = 1/4 for x| < L, 0 < ¢(z) < 1/4
for L<|z|<L+1, p()=0for |z| > L+1,and (¢g, vz) + (Puz, Pzz) < 2. Since ¢, ¢ are
bounded and 7 > 0, estimate (3.6) easily follows. d
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Lemma 3.3. The sequence of functionals {I.} is equicoercive on U.

Proof. Let u € U be such that I.(u) < +oo and ¥** be as in Lemma 3.1. By (3.1), (3.2)
and the bound (3.6), for each s,t € [0,T], each L > 0, each ¢ € C°(R) supported by [—L, L]

[(u(t) = u(s), )| = | fy, gdr (F(0) = D@y + 0 () V3", 02)
< {Qf[s,t]x[_L,L]d’" dx [f(u)2 + %D(u)Qui}} ! ([t — 5|(par 0]
+[f[s,t]dr<0(U>\Ifi’“,\If%“ﬂ / (It = s|{o (), 0)] "/

1/2
<C[1+ Lt L]t = 520, 00) 12

for a suitable constant C' depending only on f, D, and o. Since (U, dy) is compact, see (2.1),
recalling (2.2) and the Ascoli-Arzeld theorem, the equicoercivity of {I.} on U follows. O

As mentioned in the introduction, the assumption that o is supported by [0, 1] allows
us to consider only functions u that take values in [0,1]. More precisely, consider a cost
functional I; analogous to I. but defined on Lj 10c([0,7] x R). We next prove that, if
u € L1 10¢([0,T] x R) is such that I.(u) < 400 and satisfies some growth conditions, then u
takes values in [0, 1].

Proposition 3.4. Let f, D, o : R — R; assume f Lipschitz, o and D continuous and
bounded, with o > 0 and D uniformly positive. Let I. : L 10([0,T] x R) — [0, +00] be
defined as follows. If f(u) € Laioe([0,T] x R), we define I.(u) as in (2.6), and we set
I.(u) = +0o otherwise. Suppose that u € Ly 15c(]0,T] x R) is such that I.(u) < +oo. Then
u € C([0,T); L110c(R)). Moreover, if o is supported by [0,1], and u is such that u(0) € U
and [dtdz |u(t,z)|e”"1*| < 400 for some r > 0, then u takes values in [0, 1], hence u € U.

Proof. Let u € Li10c([0,T] x R) be such that I.(u) < +oc. By the same arguments of
Lemma 3.2, since f(u) € La 10c([0,T] x R), u; = 6, holds weakly for some 6 € Lg 15.([0, T] X
R). Hence, as in Lemma 3.2, u € C([O,T]; LLIOC(R)). Suppose now that o is supported by
[0,1]. Pick a sequence of positive entropies 7, € C?(R) such that: ‘n;(u) , h(u) < €, for
some C,, > 0; for u € (0,1), n,(u) does not depend on n and satisfies 0 < ¢ < 9/l (u) <
D(u)/o(u); for u ¢ [0,1] the sequence {n,(u)} increases pointwise to 400 as n — oo. Still
following the proof of Lemma 3.2, for t € [0,T] and ¢ € C(R)

(1 (u(1)), ) + 5 fig.ds (D(wni(w)u, ¢ — 2¢%) < e . (u)
+<77n(u(0))7 90> + f[(),t]ds {<Qn(u)7 3096> + %<Cn(u), Saxz> +eao <Q0z7 Sch>

where g, and ¢,, are defined (up to a constant) by g,(v) = [“dwn/,(w) f'(w) and ¢}, = 1/, D,
and o := max,ejo,1] D(u)n), (u)?/n}(u) is a constant independent of n, since o is supported
by [0,1]. Since f is Lipschitz and D is bounded, it is possible to choose the arbitrary
constants in the definition of ¢, and ¢, such that |g,|, (.| < Cn,, for some constant C > 0
independent of n. In particular ¢, gn € L1 10c([0,T] x R); for each ¢ € C°(R) such that
0<op(x)<1/2

((na(uw))) < Te ' e(u) + T (na(u(0)), o)
+ f[O,T]dt f[O,t]dS |:<q"(u)’ Pa) + %(Cn(u)7 Paz) + € (P, 9091:>:|

Let now r be such that [dtdxe "*l|u(t,2)| < +oo. By a limiting procedure, the above
bound holds for any ¢ € C*°(R) such that 0 < ¢ < 1/2 and sup,cp €"®! [|p(z)| + |¢. (z)] +
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|¢aa(2)|] < +o0. For such ¢, by the choice of g, ¢,

(), e) < e a(w) + (1a(u(0),9)

It is easy to verify that, given L > 0 large enough, we can choose ¢ such that ¢(z) = 1/2
for |z| < L, p(z) = e "l#=Ll for |2| > 2L and [p.(z)| < rles(2)] < r?o(z) < r?/2 for
|z| > L. Moreover, with no loss of generality, we can assume that ~ — C (r + £r?) > 0,
otherwise we can suppose T small enough and iterate this proof. Therefore

1 . T
[F-COo+5] [ drdenau) £ ) + G (0(0)s0) + £ (o)
T 2 [0.T]x[~L,L] 2

If u(0) € U the r.h.s. of this formula is finite and independent of n, and therefore the
Lh.s. is bounded uniformly in n. Taking the limit n — oo, by the choice of 7,, necessarily
u(t,z) € [0,1] for a.e. (t,z) € [0,T] x R. O

The following result is not used in the sequel, but together with Lemma 3.1 and Propo-
sition 3.4, motivates the choice of I. as the cost functional related to (1.2).

Proposition 3.5. For each € > 0 the functional I, : U — [0, +00] is lower semicontinuous.

Proof. Let {u™} C U be a sequence converging to u in U, and such that I.(u™) is bounded
uniformly in n. By (3.6), for each L > 0 we have that f[omx[_L’L]dt dz (u™)? is also
bounded uniformly in n. Therefore, recalling definition (2.6), the lower semicontinuity of I,
is established once we show that u™ converges to u strongly in Lj 10¢([0,7] X R). Fix L > 0
and pick xz € C(R) such that 0 <y < 1 with xr(z) =1 for « € [-L, L]. We show that
u™L = u" xp converges to u’ := uxr in Ly([0,T] x R). Choose a sequence of mollifiers
gk R — RY with [dz g(z) = 1, then

Hun,L _ uLHL2 ) < Hun,L — gk * u™

(£O,T]><]R . LHLQ([S,T]X]I%)
I RU ||L2([O,T]><R)+ JE U —U HLQ([O,T]X]R)

where the convolution is only in the space variable. For each k the second term on the r.h.s.
above vanishes as n — oo by the convergence u™ — w in Y. Since the third term vanishes as
k — oo it remains to show that the first one vanishes as k — oo uniformly in n. Integration
by parts and Young inequality for convolutions yield

|k u”

HU"’L — Jk * U”’L||L2([0,T]xm) < H]I[Oﬁoo) - /_Oodyjk(y)HLl(R)H“Q’LHLQ([O,T]xR)

The uniform boundedness of f[o T)x [, dT (u?)?, (3.6) and the choice of x, imply that
the second term on the r.h.s. is bounded uniformly in n, while the first term vanishes as
k — oo. O

4. T-CONVERGENCE OF Z.

In this section we prove the I'-convergence of the parabolic cost functional Z. as ¢ — 0,
see Theorem 2.1. Some technical steps are postponed in Appendix A.

Proof of Theorem 2.1: equicoercivity of Z.. Recall that (M, dxq) has been defined in (2.3),
(2.4) and note that (N, dyag) is compact. By Lemma 3.3, for each C' > 0 there exists a
compact K¢ C U, such that for any ¢ small enough {u € M : Z.(n) < C} C {p e M :
itz = Oy(t,z)for some u € Ko} =: Kc. In order to prove that K¢ is compact in (M, da),
consider a sequence {y" = d,n } C K. Then there exists a subsequence {u™ } such that, for
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some p € N and u € U, ™ — pin (N, dyag), and p"i (1) = u™ — w in U, hence p(z) = u.
Therefore p € M and p™ — pin (M, da). O

Proof of Theorem 2.1: T'-liminf inequality. Let {u} C M be a sequence converging to p in
M. In order to prove lim__ ,Z.(u°) > Z(p), it is not restrictive to assume Z.(u®) < +o0,
and therefore yif , = 0ye(¢4) for some u® € U. For each ¢ € CX((0,7) x R), recalling
definition (2.6)

L) z (@) —slelln
= (=@, @) = (B (f) ) — 5 (15(0)pm, ) + §((D(u)us, o))

Let d € C'(]0,1]) be such that d’(u) = D(u). Then D(uf)us = d(uf),, and an integration
by parts shows that the last term on the r.h.s. of the previous formula vanishes as ¢ — 0.
Hence

lim Ze (1) 2 —((u(2), 1)) — ((p(f), #a)) — : (1), 0a))

e—0 2
By optimizing over ¢ € C°((0,T") x R) the I'-liminf inequality follows. O
Proof of Theorem 2.1: T-limsup inequality. Let
M, = {u eEM : I(u) < +oo, Ir, L >0, Jus € P([0,1]) such that L1)
(1), () = 7, pue = pc for [a] > L} ’
My = {,u €M, : p =4, for some u € C*([0,T] x R; [0, 1])} (4.2)
and define Z : M — [0, +-00] by
= Z(p) if pe Mo
I(p) := 4.3
) {+oo otherwise (4:3)

We claim that for u € My, a recovery sequence is simply given by p° = u. Indeed, if u = 4,
for some u € C*([0,T] x R;[0,1]), we have

up + f(u)e — %(D(u)ur)

a)z
14e~ !

—(1 + ; %(D(u)um)r ,D—l)

o(u) o(u

x

L) = L) =3

2

2

As p € My, u is constant for |z| large enough, in particular u, € L([0,7] x R). Since
we have also o(u) > r > 0, the last term in the above formula vanishes as ¢ — 0. Hence
I-lim. Z. < Z. As well known, see e.g. [3, Prop. 1.28], any I'-limsup is lower semicontinuous;
the proof is then completed by Theorem 4.1 below. O

The relaxation of the functional Z on M defined in (4.3) might have an independent
interest; in the following result we show it coincides with Z, as defined in (2.8).

Theorem 4.1. 7 is the lower semicontinuous envelope off.
The following representation of Z is proven similarly to Lemma 3.1.

Lemma 4.2. Let p € M. Then I(u) < +oo iff there exists V" € D}L(U) such that p is a

measure-valued solution to u; + f(u), = —(U(U)@I;)x, namely

() + p(f)e = —(u(o) ) (4.4)
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holds weakly. In such a case V" is unique and
1

1 2
1 - 7” T = —||¥H 2 1
(1) = 5 || (@) + p(f) - el |

)

Furthermore, suppose that u(o) > r for some constant r > 0. Then I(p) < 400 iff there
exists G* € L2([0,T] x R) such that

p@)e+ pu(f)e = =G5 (4.5)
holds weakly. In such a case ¥ can be identified with a function in Lo([0,T] X R), and
2
1 (GH(t,x))
GF = p(o) ", T :f/dtdmi 46
(o) =5 o (46)

The following remark is a consequence of Lemma 4.2.

Remark 4.3. Let {u*} € M be such that p* — p in M, T(puF) < +oo and p* (o) > r
for some r > 0. Let also GH* be defined as in Lemma 4.2. If u¥(c) — u(o) strongly in
L1,0c([0,T] x R) and {GH"} is strongly precompact in Ly([0,T] x R), then Z(p*) — Z(p).

Throughout the proof of Theorem 4.1, approximation of Young measures by piecewise
smooth measures is a much used procedure. In particular we will refer repeatedly to the
following result, which is a simple restatement of the Rankine-Hugoniot condition for the
divergence-free vector field (u(z), p(f) + G*) on (0,T) x R.

Lemma 4.4. Let v : (0,T) — R be a Lipschitz map with a.e. derivative v, and let OF C
(0,T) x R be a left, resp. a right, open neighborhood of the graph of v; namely Graph(y) C
Closure(O™) N Closure(O™), and for all (t,z) € O, resp. (t,x) € O, the inequality x <
v(t), resp. x > (t), holds. Let also O := OTUO~UGraph(vy). Suppose that a Young measure
w € M is such that, for each continuous function F € C([0,1]) the map (t,x) — 5 (F) is
continuously differentiable in O~ U OY, and denote by uT(F) the respective traces of p(F)
on the graph of v. Then there exists a map G : O — R, defined up to an additive measurable
function of the t variable, which is continuous in O~ UO™, and such that (4.5) holds weakly
in O. Moreover the Rankine-Hugoniot condition holds for a.e. t € [0,T)], namely

G" =G = [p()" = pu() 7|5 = [T = ulf)7] (4.7)
where GT are the traces of G on ~y evaluated on the neighborhoods OF of .
Proof of Theorem 4.1. Since Z is lower semicontinuous, it is enough to prove that My, as
defined in (4.2), is Z-dense in M, namely that for each y € M with Z(u) < +oo, there

exists a sequence {u¥} C My such that p* — g in M and limy, Z(p*) < Z(p) (we will also
say that p* Z-converges to ). We split the proof in several steps.

Step 1. Here we show that Mg is Z-dense in the set of Young measures which are a finite
convex combination of Dirac masses for a.e. (t,z). More precisely, recalling definition (4.1),
we set

ni= {u EMy: p=3"a'é, for some a’ € Lo ([0,T] x R;[0,1])
with 32" o' = 1 and ui € Loo ([0,T] x R; [0, 1])}
and

My = [ M}

n=1
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In this step, we prove that M is Z-dense in M;. We proceed by induction on n; to this
aim, for n > 1, we introduce the auxiliary sets
M = {u EMy:Ir>0:pu=>3" a",, for some
0 € Lo ([0,T] x R; [r,1]) with 3", o = 1 and w € CO([0,T] x R; [0, 1])}

M = {u EMg:Ir>0: p=3",a"d, for somea’ e C*([0,T] x R;[r,1])
with >0 ot =1 and u’ € C*([0,T] x R;[r,1 —7]), such that v > u’ + 7’}

Note that MV? c My € M?, and /f\\/l/% C M. We claim that for each n > 1, /\A/lj’f is Z-dense
in M, that M) is Z-dense in M?, and that M7 is Z-dense in M7 *. The Z-density of
Mg in M then follows by induction. The previous claims are proven in Appendix A.

Step 2. In this step we prove that M, is Z-dense in M, see (4.1). We use the following
elementary extension of the mean value theorem.

Lemma 4.5. Let X be a connected compact separable metric space, Fi,..., Fy € C(X) be
continuous functions on X, and P € P(X) be a Borel probability measure on X. Then there

ezist o, ... a? > 0 with Y, 0t = 1, 2t,..., 2% € X such that P(F') = 25:1 Al Fi(a9),
i = 1,...,d. Furthermore there exists a sequence {P"} C P(X) converging weakly* to

P, such that each P™ is a finite convex combination of Dirac masses, P*(F') = P(F*) for
i=1,...,d, and for each n the map P(X) > P+ P" € P(X) is Borel measurable w.r.t. the
weak* topology.

Proof. 1t is easy to see that the point P(F) := (P(F}),..., P(Fy)) € R? belongs to the
closed convex hull of the set B := {(Fi(x),..., Fy(z)), z € X} C R% Since B is compact
and connected, Caratheodory theorem implies that P(F') is a convex combination of at most
d points in B, namely the first statement of the lemma holds. Since X is compact, for
each integer n > 1, there exist an integer k = k(n) and pairwise disjoint measurable sets
AR,..., A? C X, such that P(X \ UF_ A") = 0, P(A}) > 0, and diameter(A7) < n~ 1 [ =
1,...,k Forl=1,...,k, let P(:|A}) € P(X) be defined by P(B|A}) := P(A} N B)/P(A})
for any Borel set B C X. By the first part of the lemma, there exists a probability measure
P € P(X), which is a convex combination of d Dirac masses, such that P} (F;) = P(F;|A}").
The sequence {P"} defined as P"(:) := Zle P(A})P}(-) satisfies the requirements of the
lemma. O

Let 4 € M,. By Lemma 4.5, there exists a sequence {y"} C M converging to p in M
such that 1, , is a convex combination of Dirac masses (¢, z) for a.e. (¢,z), and " (2) = p(z),

u"(f) = u(f), p*(o) = p(o). Hence Z(u") = Z(p) and p™ € M.
Step 3. Recall Lemma 4.2 and set
Mjz = {u €M : I(u) < 400, Ir > 0 such that u(2), u(o) >r,
Gr e CH([0,T] x R) N L ([0,T] x R),
for each F € C([0,1]) w(F) e CH([0,T] x R)}

In this step we prove that M, is Z-dense in M3.
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Let p € Ms, and choose a constant us, > 0 such that p(2) — use > ¢ for some § > 0.
Define the maps v% € C([0,7]) N C1((0,T)) as the solutions to the Cauchy problems

{W(t) _ G @)ty ()= f(ueo)

oty (1) (1) —Uoo
~v(0) = £k

7% are well-defined by the smoothness hypotheses on ; and G*. On the other hand, since
we assumed G* to be uniformly bounded, |4 (¢) F k| < C, for some constant C' > 0 not
depending on k. We define, for k& > C, u* by uf@ = o if YE(t) < x < A% (t) and
pif . = 0y otherwise. Clearly % — pin M as k — co. We also let e (t,z) = G*(t,x)
if 7% (t) <z < ~%(t), and GH" (t,z) = 0 otherwise. By (4.7) and the definition of 7% the
equation p*(2); + pk(f), = —szfk holds weakly in (0,7") x R. In particular, by Lemma 4.2,
I(p*) < Z(p).

Step 4. Here we prove that Mg is Z-dense in

My ={peM: I(p) < +oo, Ir > 0 such that u(z), u(o) > r}

Let 4 € My and {)*}x>1 € C®(R x R) be a sequence of smooth mollifiers supported
by [~T/k,T/k] x [-1,1]. For k > 1, let us define the rescaled time-space variables b* :
[0,7] xR — R x R by
t+T/k x
Vet x) = 4.
(t,z) (1+2T/k:’1+2T/k:) (4.8)
For k > 1 we also define the Young measure u* by setting for F' € C([0,1]) and (t,z) €
[0,T] xR

IU’ZI(F) = /dy dS]k(t — 5T — y)ﬂbk(s,y)(F)

It is immediate to see that u* € Ms. Moreover, as k — oo, u* — pin M and p*(F) — u(F)
strongly in Lq 1oc([0,T] x R) for each F' € C([0,1]).
Let us also define G** € Ls([0,T] x R) by

Gf; = /dy dsyk(t — s,z —y)G* (b}“(s7 y))

Then 4i*(1); + p*(f)e = —G%" holds weakly, and G** — G* in Ly([0,T] x R) as k — oo.
The proof is then achieved by Remark 4.3.

Step 5. My is I-dense in M. For y € M with Z(u) < +oo, we define p* = (1 —
k™Y + k=161 /2. Clearly p* — pin M, and p¥ (1) > k71/2, p¥ (o) > k= o (1/2). Therefore
u* € My. From (2.8) it follows that Z is convex, and since Z(61/2) = 0, we have I(pk) <
1=k HI(n). O

The following proposition is easily proven, and will be used in the proof of Corollary 2.2

Proposition 4.6. Let X, Y be complete separable metrizable spaces, and let w : X — Y
be continuous. Let also {F.} be a family of functionals F. : Y — [—oo,+0o0]. Let us define
F,: X — [—o00,400] by
Fe(z)= inf F(y)
yEw—1(x)
Then
(MimF.)(z) < inf (T-lim 7)(y)

yewH(x)
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Furthermore if {F.} is equicoercive on'Y then {F.} is equicoercive on X. In such a case
(Tim F.)(z) < inf (Tlim F)(y)

yew=1(x)
Proof of Corollary 2.2. Since the map M > p+— pu(2) € U is continuous, by Proposition 4.6
we have that I. is equicoercive on U (which we already knew from Lemma 3.3) and I'-
converges to I : U — [0, 4o00] defined by
I(u) = inf 7z
()= oinf, T
Recall that, if Z(p) < +oo, U has been defined in Lemma 4.2. Equality (4.4) yields

1) = inf { (o) Ve, Wh)), @ € Lo joc([0,T] X R), € M :
() < +00, p(2) = u, B, = —p(2), weakly, p(0)Wt = @ — u(f) }

The corollary then follows by direct computation. O

5. '-CONVERGENCE OF H.

Proof of Proposition 2.3. (i) = (ii). We first show that ||, .| Tv,z is finite for each 1 such
that 0 < n” < c. It is easily seen that for each ¢ € C°((0,T) x (—L, L);[0,1]) there exists
¢ € Ce((0,T)x (—L, L);[0,1]) such that ¢ > ¢ and [||@¢|+ |@z|||r, < 2(2L+T). Therefore

= Opul(@—¢) = nu(®) < llofullrv.e + (n(u), @) + (g(u), &z))
< leyullrv.e + 200l + llgllec) (2L + T)

and thus [y allrv, < 2lgi ey, + 20l + lallee) @L +T).

Let now 7j(v) := cv?/2, and for n € C?([0,1]) arbitrary, let « := ¢~! max, |n”(v)|. Then
Pnu = =05 n/au + Q@i Since both 7 —n/a and 7 are convex with second derivative
bounded by ¢, ;. is a linear combination of Radon measures, and thus a Radon measure
itself.

(ii) = (iii). Throughout this proof, we say that n1, n2 € C?([0, 1]) are equivalent, and we
write 11 ~ m2, iff 7} = n%. We identify C?([0,1])/ ~ with C([0,1]), which we equip with the
topology of uniform convergence. For u € X’ a weak solution to (1.1), for ¢ € C¢° ((0, T) XR),
the linear mapping C2([0,1]) > n — @,,.(¢) € R is compatible with ~, and it thus defines
a linear mapping P, ,, : C([0,1]) — R. It is immediate to see that P, , is continuous, and
by (ii) for each n € C2([0,1]) and L > 0

sup { P,u(n"), ¢ € CZ((0,T) x (=L, L)), l¢| <1} = lpgullrve < +oo
By Banach-Steinhaus theorem
sup { Ppu(e), ¢ € C2((0,7) x (=L, L), |¢| < 1, ¢ € C([0,1]), |e] < 1} < +o0

Therefore the linear mapping P : C([0,1])xC((0,T)x (=L, L)) — R, P (e, ) := P, (e)
can be extended to a finite Borel measure on [0, 1] x (0,7) x (=L, L). The collection {PX} 1,
defines a unique Radon measure P, on [0, 1] x (0, T) x R, since two elements of this collection
coincide on the intersection of their domains. Recalling (2.10), we thus gather for each
n € C%([0,1]), for each ¢ € C2°((0,T) x R) and for some constant C' > 0 depending only
on

@n,u(_@)

f
| [ Putdv.dt,do) i ©)o(t,2)| = [o0.)]| < CUl s () [0 )

P, thus defines a linear continuous functional on Ly ([0, 1]) x C((0,T) x R). This implies
that the Radon measure P, can be disintegrated as P, = dv g, (v; dt, dzx), for some bounded
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measurable map g, : [0,1] — M((0,T) x R). From the definition of P,, we obtain for
n € C*([0,1)), ¢ € C((0,7) x R) and 9(v, t,z) = n(v)p(t, )

Py = onul /P (dv, dt, dz)n" (vV)p(t,x) = /dv ou(v;dt,dx) 9" (v, t, x)

By linearity and density (2.13) holds for each entropy sampler 9.
(iii) = (i). It follows by choosing d(v,t,z) = n(v)e(t,z) in equation (2.13) for ¢ €
C((0,T) x R;[0,1]) and n € C%([0,1]) with 0 < 7" < ¢ for an arbitrary ¢ > 0. O

Proof of Theorem 2.5 item (ii): equicoercivity of H.. The equicoercivity of H. w.r.t. the
topology generated by the dy-distance (2.2) follows from Lemma 3.3. It remains to show
that, if u® is such that H.(u®) is bounded uniformly in e, then {u®} is precompact in
L1 10¢([0,T] x R). By equicoercivity of {Z.}, the sequence {u°} defined by 5 , = 6ye(1,0) 18
precompact in M. Therefore we have only to show that any limit point p € M of {u°} has
the form iy, = 0y(4,5) for some u € X, to obtain the existence of limit points for {u®} in
X. This is implied by a compensated compactness argument due to Tartar, see [15, Ch. 9],
provided that there is no interval where f is affine, and that, for any entropy - entropy flux
pair (1, q), the sequence {n(u); + ¢(u®),} is precompact in Hy ! ([0,7] x R). Let us show
the latter. By (3.5), there exists C' > 0 such that for each ¢ € C’°°((0 T) x (—=L,L))

[((n(u)e + a(u)a o)) < 5[{(0" (u) D (0 )ua, pus) |+ 51((n D(UE)UE,@W
H(" (o (u®) ug, U5 o)) | + [{(r (u)o (u) U5, )]

< O+ Ho(w) }[sf[o,T]x[_L,L]dtdﬂ >2]||so||Lx([0T]xR>
1/2
+C [5Ha(u€) +¢&? f[o’T]X[fL,L]dt dx (u;)Z} ||<)0:C||L2([0,T]><R)

By the bound (3.6), n(u®); + ¢(u®), is the sum of a term bounded in L j0c([0,7] x R)
and a term vanishing in ngi([O,T] x R) as ¢ — 0. By Sobolev compact embedding and
boundedness of 7, ¢, the sequence {n(u); + g(u),} is compact in H; ! ([0,T] x R). O

Proof of Theorem 2.5 item (i): T'-liminf inequality. Let {u®} be a sequence converging to u
in X. If u is not a weak solution to (1.1), by Theorem 2.1 we have im__,, I (u®) > Z(d,) > 0,
and therefore lim__, H.(u®) = +00. Let now u be a weak solution to (1.1). With no loss
of generality we can suppose H.(u°) < Cy. We now consider an entropy sampler — entropy
sampler flux pair (9, Q) such that

0 < o(v)d'(v,t,z) < D(v), (v,t,z) €10,1] x (0,T) x R (5.1)
We also let ¢ (¢, z) = v’ (u®(t, ), t, z), and introduce the short hand notation (¢'(u®))(t,z) =

V' (uf(t,2), t,2), (9" (u))(t,z) = 9" (u(t,2),t,2), ((0:9)(u))(t,x) = (9.9') (v (L, x), L, ).
As we assumed H_(uf) < 400, ug is locally square integrable, see (2.6), and since 9 is com-
pactly supported we have ¢ = e’ (u®) u +¢(9,9) (u®) € La([0, T] xR). The representation
(3.7) of £ (¢°) thus holds, and recalling (2.11) we get

= lg? 5., = {Cuf, 0" (u)) +
(g% )(u€)>>6—%

>> (D),
0:9') (u))) — §{{o(u )(3 7')(

He(u®) > e M0 (¢

) - f (), 0 (uf)))
+5(D(u)ug 19”( %

{o(u)0" (w)ug, 9" (uf)ug))
—((o(u )" (u

:ffdtdz[( (u (t,z),t,2) + (0.Q) (v (t,z),t,x
+5((D(uf) — ( ) (), " (U) ug)?)) + S{UD(w)us, (0:0) (u)))
—e({o(u)0" (u)ug, (9a9") (u))) — §{(o(u) (00") (uF), (000") (uF)))
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By the bound (3.6), the last three terms in the above formula vanish as ¢ — 0, while
{([D(uf) — o(u®)9" (u®)Jus, 9" (uf)us)) > 0 for each entropy sampler ¢ satisfying (5.1).
Therefore, taking the limit € — 0 and optimizing over ¥

lim H.(u®) > sup lim — [ dtdx [(atﬂ)(us(t, z),t,x) + (0.Q) (v (t, z), 1, x)} = sup Py 4,

e—0 9 e—0 9
where the supremum is taken on the ¥ € C>°°([0,1] x (0,T) x R) satisfying (5.1). Recalling
that we assumed the L.h.s. of this formula to be finite, we next show that this inequality
implies that u € £, and that the r.h.s. is equal to H(u). By taking 9(v,t,z) = n(v)p(t, x)
for some ¢ € C2°([0,T] x R;[0,1]) and entropy n such that 0 < o(v)n”(v) < D(v), we
get on.u(p) < lim, H.(u®). Optimizing over ¢ it follows that w fulfills condition (i) in
Proposition 2.3 with ¢ = min, D(v)/o(v) > 0, and thus v € £. By (iii) in Proposition 2.3
and monotone convergence we then get

lim__ o H.(u®) > supy Py, =supy [dv g, (v;dt,dz) " (v,t,z)

= [dvo] (v;dt,dx) 5((;})) = H(u)

(5.2)

O

Lemma 5.1. Let f € C%([0,1]), and assume that there is no interval where f is affine.
Then entropy-measure solutions to (1.1) are in C ([0, T]; L1 10c(R)).
Let furthermore

+ . / - . : /
V"= max f'(v) Vi = vren[(l)fll]f (v) (5.3)

Then for eachu € £, x e R, V > Vf+ orV < Vf_
}ir%/dt|u(t,x+C+Vt)—u(t,x—kVt)] =0 (5.4)

Proof. With the same hypotheses of this lemma, in [4, Sect. 4] it is shown that if a weak
solution u to (1.1) is such that g, is a Radon measure, then, for each L > 0 and ¢ €
[0,T), limg, f[_L,L]\u(&x) — u(t,x)|de = 0. Therefore, by item (ii) in Proposition 2.3,
entropy-measure solutions enjoy this property. Since the set £ of entropy-measure solutions
is invariant under the symmetry (¢,z) — (—t, —x), the same holds true also for s T ¢, and
thus £ C C([0,T]; L1,10c(R)).

If u is an entropy-measure solution to the conservation law (1.1), then u""*(¢,z) :=
u(#t, 2 £ Vt) is an entropy-measure solution to the conservation law with flux f*, where
fH(w) = f(w) F Vw. With no loss of generality, we can thus prove (5.4) only in the case
V = 0 with the assumption fo > 0. In this case f is invertible on its range [a, b], and we let
g € C%([a, b]) be its inverse. We define v : R x [0, 7] + [a,b] by v(z,t) = f(u(t,z)). Then v
satisfies

vy +g(v)y =0 (5.5)

Furthermore, if [,m € C?([a,b]) satisfy m’ = 'g’, then by chain rule I(v), + m(v): = @y u,
where n(w) := [“dzl'(f(z)). Therefore v is an entropy-measure solution to (5.5), and by
the first part of this lemma

%irr[l) ds |v(z + ¢, s) —v(z,s)| =0

The result then follows by recalling u(t, x) = g(v(x,t)). O
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Proof of Theorem 2.5 item (iii): T-limsup inequality. Given an nice (w.r.t. o) solution @ €
Sy, let E* be as in Definition 2.4. We want to construct a recovery sequence {uf} C X that
converges to 4 in X as ¢ — 0, and such that lim. H.(u®) < H(@). We split the proof in four
steps. In Step 1 we build a suitable family of rectangles contained in [0,7] x R. In Step 2,
for €, §, L > 1, we introduce two collections {UE’J’L’i} of auxiliary functions on [0,T] x R.
In Step 3, for N € N we define a collection {u®%" L} C X, and we prove
lim Tim H. (u®%ME) < H(a) (5.6)
6—0e—0
In particular {u%N:1} is precompact in X. In Step 4 we show that any limit point of
{us%N:-L} coincides with @ in X, provided we consider the limit in ¢, §, N, L in a suitable
order. More precisely we show
lim lim lim lim w
L—o00 N—oo §—0e—0
By (5.6) and (5.7) it follows that there exist subsequences {§¢}, {L¢} C (0, 4+00) and {N°} C
N such that u := u&% N"L" provides the required recovery sequence for 1.

Throughout this proof, we assume f’ to be uniformly positive in [0, 1], namely that Vf_,
as defined in (5.3), is positive. As noted in the proof of Lemma 5.1, this assumption is not
restrictive. Note also that the calculations carried out below make sense also if ET = ) or
E-=0.

Step 1. For each t such that ({t} x [-L,L]) N ET N E~ = ), the compact sets ({t} x
[—L, L]) N E* are disjoint, hence strictly separated. By (ii) in Definition 2.4, there exists a

countable collection of pairwise disjoint time intervals {(s*,t*)}ien, with (sF,tF) < (0,T)

SONE = (5.7)

such that 75 := U;(s%,tE) is dense in [0,T], and for each i € N the two sets BT =
((sk,tF) x [-L,L]) N E* are strictly separated. By splitting each of these intervals in a

finite number of intervals, with no loss of generality we can assume

tL L

- —s; < ——— distance E-L’JF,EL’* 5.8
i i 4+4Vf+ ( i [ ) ( )

where Vf+ is defined in (5.3), and it coincides with the Lipschitz constant of f since we
supposed Vf_ > 0.
For i € N let n € N be such that

L 1

T < 1 min{1,distance(EiL’+,EiL’_)} (5.9)
and consider the rectangles RiL’j = (sk tF) x (H%L, %L), forj = —nk, —nF+1,..., nF-1.
By the definition (5.9) of nl and condition (5.8), for each |j| < nl —1

1 —
diaunetelr(RiL’jf1 u Rﬁj U R£j+1) < §distance(EiL’+,EiL’ ) (5.10)

In particular each RiLJ- has nonempty intersection with at most one of the sets ET, E~. We
define

; j:\Lj|Sn§—1,
(Ryj_1UR};URy; | )NET=0

and for N € N
RNEE = U RPF RE* = Uy RV (5.12)
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Note that by (5.8) and (5.9)

I+ 1
RL. (r,x) : sbh<r <tk +’/‘S$SLL—V+T (5.13)
1,7 ) 2 I nL f
3 K3
and by (5.10)
nffl
rRMTURT =) U RY (5.14)
i j=—nk+1

Step 2. For L > 1 and 6 € (0,1/2), let @>" € X be defined by

a(t,z) if |x| <L and a(t,z) € [§,1 — 4]
if |z| < L and a(t,z) < ¢

1—0 if|z|<Landa(t,z)>1-9§

1/2 if || > L

wl(t, z) = (5.15)

6,L,—
G

Fore > 0,7 € N, we define v;”
Cauchy problem

,t£) xR — R as the solution to the forward-parabolic

v(sE) = L (sE) (5.16)

: (sF,tF) x R — R as the solution to the backward-parabolic Cauchy problem

{m+f()§@%®%h
_ 6L(

and v55L+

vt fv)a = —5(D(v)va)
z 5.17
{w#> a(eh) (517
We also define v=%5L* 1 7L x R — R by requiring v=%%*(r,z) = vE(SLi( x) for r €

(sk,tF). Note that v=9 L+ € C( U) and v=%1%(t, z) € [6,1 — 6] by maximum principle.

’L”L

Furthermore v5* Lt o Lg’loc(’]’ X R)7 and indeed by standard parabolic estimates

N

5/ dr dx (vfn"s’L’i(r, x))2 < Zs/ drdx (v;"s’L’i(r, x))2 < CNE o (5.18)
RN.L.+ =1 [sEtEx[-L,L]

for some constant CN>* > 0 independent of ¢ and 6.
We claim
lim lim dr dx [v=* 5% (r,2) — a(r,z)| = 0 (5.19)
d—0e—0 RN.L,+
We show (5.19) for v=%L~. The analogous statement for v=%LF follows by the fact that
the set S, is invariant w.r.t. the symmetry (¢,z) + (—t, —x), while the supports of o are
exchanged under this symmetry. By the well known results of convergence of the vanish-
ing viscosity approximations to conservation laws (and as it also follows from the T'-liminf
inequality in Theorem 2.5 item (i))

lim dr dx fve";’L’f(r, x) — u‘s L — sk, z)| =0 (5.20)
€0 JsL 1L [~L,L]

where u‘s is the Kruzkov solution to (1.1) with initial condition ﬂf’L(O, ) = u‘”( sk,

On the other hand, by the definition (5.11) of RL ", if j is such that Rﬁj C RZ- , then

—1

@ is entropic in the rectangle (sF,tl) x ( L 7+ L)7 namely g, (@) < 0 for each convex
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entropy n and each positive test function ¢ compactly supported in (s&, L) x (77;1 L, J:Ll L).
Therefore, by Kruzkov theorem [15]

- Hir-—vir 5L ~
lims o SUpP,L <<yt %Lﬂ/f”dx’ﬂi’ (r — sk z) —a(r, x)‘
e B Tl ~
< limg_g f%Ldas‘ui’ (0,2) — a(st, z)| = lims_o fj,L"l Jda|a®(sf,x) —a(sf,z)| =0
n i

and thus, fixed N € N, by (5.13) the convergence claimed in (5.19) holds on each RiL’j for
each ¢ < N and each j such that R{jj C RiL’_, and therefore on RN~ itself.
Next we claim that for each L > 1, N € N and ¢ € C (RY-5*;[0,1])

Tim Tm € €,6,L,4\, &,8,L,+ D(Us’é’L’Jr) e,6,L,+ ~
i hm §<<D(U Jvg P (oo a L) ) < H(a) (5.21)

Note that the Lh.s. of this formula is well defined, since § < v®%L+ < 1 — § and thus
o(v®%5F) is uniformly positive. For each ¢ € C2(([0,T]xR)\ E~;[0,1]) and n € C?([0,1])
such that on” < D we have

H(@) 2 [dw oawsdt. do) " (w)(t, ) = on.0(6) (5.22)
By (5.17) and (5.18) for each n € C?([0,1]), N € N and ¢ € C°(RN-L:T)
;HI(I) hr% g<<D(U5,6,L,+)U;7§,L7+, wn//(ve,&L,Jr)v;,é,LHr» — @77,71(50) (523)
—0)Ee—

This implies (5.21) if o is uniformly positive on [0, 1], since we can evaluate (5.23) on an
entropy 1 such that n” = D/o and use the trivial bound (5.22). On the other hand, if
o(0) =0, resp. if o(1) = 0, then by condition (iii) in Definition 2.4, we have that 4(t, z) > (g,
resp. U(t,x) < 1—(g, for a.e. (t,z) € (0,T) x (—L, L) and for some (z > 0. By the definition
of @5 and maximum principle, we have also v=%L* > (| resp. v&%L+ <1 —(;, and thus
(5.19) follows by evaluating (5.23) on an entropy 1 such that n”(w) = D(w)/o(w) for all
w >, resp. w < 1—(g.

Step 3. In this step, with a little abuse of notation, we denote by f and D two bounded
continuous functions on R, such they their restrictions to [0, 1] coincide with f and D, and
f is uniformly Lipschitz and D uniformly positive. We also let o® € C*([0,1]) be such that
o (w) = o(w) for w € [6,1 — §], 0°(w) < o(w) for w € [0,1], and o (w) = 0 for w < §/2 or
w>1-4§/2.

For L > 1and N € N, let ZV:F € O (RN’L’+; [0, 1]), and define

PN-L+ .= Interior ( { (¢, ) € RN+« ENA(t,2) = 1}

(5.24)
PN-L= .= Interior ( { (¢, z) € RN~ : ENI(t,2) = 0}

For each fixed L > 1, we require the sequence {Z":I'} to be increasing in N and such that
Uy PNEt = REF (5.25)
For 6, L > 1 and N € N define u=%™* : [0,7] x R — R as the solution to the Cauchy

problem

_= SRR VLA ORI YR N AR S
us + f(u), = ;(D(u)um)m 5[_ \/WD(UE Yl N (5.26)
u(0,2) = a>L(0, r) r€eR
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Note that the term in square brackets in (5.26) is well-defined since v=%%7F is well-defined
on the support of ZV-F and since § < v=0L+ <1 -6, o(v5%%T) is uniformly positive.

It is easily seen that the problem (5.26) admits at least a solution us%™ L € L, ([0, T XR)
with uS®™M L € Ly 10c([0, 7] x R). By (5.26) we also gather

HU?&N,L + f(ua,&N,L)m _ %(D(ua,é,N,L>ua,(5,N L

Ll

- e,8,L,+
= (DA (BN 2 v ) < oo

Therefore, replacing o with ¢ in the statement of Proposition 3.4, we have § < u&%N.L <
1—¢ and us%N-L € X. Since (EV:F)? € C°(RN-1++:10,1]), by the same estimate and (5.21)

Tim T, HL (usN-L)

_— —_ S5 e,0,N,L e,6,L,+
= lims lim, £ ((D(v50 5T )pS 0kt (ENL)2 Z((uus N L)) ?((ss ST +)) 0Ly

< T, T, §((D(vo0 0 )ug oot (@NE)2 RIS s o lt)) < H(a)

so that (5.6) holds.

Step 4. Since {H.} is equicoercive on X and (5.6) holds, there exist dg, €0 = €0(dg) small
enough and a compact set Ky C X such that u=®N-L € K, for each € < g9, § < 6y, N € N
and L > 1. In this step we show that any limit point u of {u®®-F} coincide with @, provided
the limits in €, §, N and L are taken in a suitable order, see (5.7). This will conclude the
proof.

Let 250N:bot o 7L R — [—1,1], 250NEE = 20N L _gedLE - By (3.6), (5.6) and
(5.18), for each N € N

5/ dt dx (250N 1+)2 < ONE (5.27)
RN,L,+

for some constant CN>* > 0 independent of ¢ and 6.
Since we will first perform the limit € — 0, we now fix 4, IV, L as above, and we drop
for a few lines these indexes, thus writing u® = uS0N:L o+ = ¢o0lE ot = 40N Lt

= = =NV'L. Recalling the definition (5.24), by (5.26) and (5.16), we have weakly on PN-%:

N
o~

I
+
—~
-
—
IS
™
—
I
s
—
<
™

|
—
S~—
8

|

I
)
—
<
™
N~—
I
Hu
S~—
8
+
N ™

([D(ue) — D(’UE’_)] vfg’_)m

Let now [ € C?([-1,1]) and ¢ € C2°(PN-L7). Tt follows

|
—~
=
=
—~
w
o
I
—
S
=
NS
=
I
—~
=
-
—
e
™
—

= f=7), V(= )ea)) — ((f () = F(v=7), 17(z57) 207 )
(D(uf)z57, 1"(257) 257 ) — (D)5, U(z57 )pa))

(u%) = D(v=7) V2~ A7)0 e)

(u) — D(v=7) 05 (= o))

In the same fashion, by (5.17), weakly on PN:-Z:+

SIS

(5.28)

a7+ (fwf) = f5h), = 5(D)zpT), +5([D(u) ~ 13+ =H)]vet),
+e([v/o(vot) = /oo (uf)] \l/jci(v%v ™),
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Since vt takes values in [§, 1 — 4], we have ¢ (v®F) = o
as above, for each | € C?([-1,1]) and ¢ € C°(PN-1-T)
(f

UG RN ) —f F=), V(25 )pa)) — ((f flw) = f=), 1"(z5 )20 )

(v®T) and thus, in the same fashion

)
(u)z5 ", 17 (= er) 25 0)) - << (u

e )zt (= )en)
= 5{[D() = D)ot 17 (=5 )25 )
= 5{[D() — D)ot 1))

— e([VaT (o) = Voo ()] % Ll (25 )2 ))

— (Vo (v F) = /o ()] %vzwwm»

is nonpositive. With these assumptlons on [ and ¢ we thus define B; =

[((D(uf) 22,1 (25%) 255 0))] /%, and Jet for F € C([0,1))
Chy=max{l"(z)|F(v+2)—F)? : ve[5,1-6], z€[-1,1],v+2z€[0,1]}  (5.30)

Since v + zfc’i € L joc (PN *L’i), by Cauchy-Schwarz inequality and the fact that D is
uniformly positive7 we have for each nonnegative p* € cr (PN L ’i), and for some constant
C= C’;’f’N’L independent of [

[((f(u) = F55), 1 (z5F) 205 05) | + |§U[D(w) = D(v™F)Jug®, 1" (25%) 25 %)) |

Hel VT2 ) = Vol wh)] Z Lo, o1 (o) 25 )|

<C] ,/Cfc’lJr\/Cg,ﬁ,/Cgﬁ’l]Bl
We also let C; := max,c[_1,17|'(2)| and note that, in view of (5.18) and (5.27), for any
nonnegative p* € C° (PN ’L’i) and for some constant C' = C"s’iv L independent of € and [

5Dz, =)o) + (D! P
e/ - AT B e <

Patching all together, for each nonnegative p* € C° (PN ’L’i) we gather
—((U="%),9i)) = ((f(u®) = F(0°F), U (z5%)7))
< -$B} +C[/C, +,/C;§J+T/Cf/;5’l]Bl+CClﬁ (5.31)
< EOCH, + Chy+ O ]+ COE
It is then easily seen that we can take a sequence of convex smooth functions {i,} C

C?([-1,1]) such that |I/,(2)] < 1, I,(2) — |2, 2I’,(z) — |z| uniformly on [—1,1], and such
that, by the Holder continuity hypotheses on D and o

lim (Cs, +Chy, +Clz, ) =0

Evaluating (5.31) for | = [,,, taking the limit n — oo, and recalling that we assumed f’ to
be positive on [0, 1], we gather for each nonnegative ¢* € C° (PN-2:%)

—((ju® = v @i)) = (£ () = fT )] 03)) < C'Ve (5.32)

We now reintroduce the dropped indexes d, N, L, and recall that for 6 < g, € < £o(dp),
N € Nand L > 1 we have u=%N:L € Iy for some compact Ky C X. Let u™L € Ky be a
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generic limit point of {u®®N-L} in X as ¢ — 0 and successively 6 — 0. By (5.19) and (5.32),
for each nonnegative ¢ € C° (PN»L’* U pN,L,Jr)

([ —al, ) = ((|[F@™F) = f(@)], a)) <O (5.33)

Since u™V'T € Ko, there exist u” € X and a subsequence { Ny} C N such that u™¥*L — 4% in

X as k — +oo. By (5.25) and (5.33), it follows that for each nonnegative ¢ € C2°(RY~ U
RL’+)
—({Ju" =, p0)) — (| f(u") = F(@)], pa)) <0 (5.34)

Since 77 is dense in [0, T, by (5.14) and (5.9) we have that, for L > 1, RETURE ™ is dense
n[0,7] x [— L+ 7=,L — 7-]. Note also that @ € S, C € by hypotheses. Furthermore,
since u” is a limit point of a sequence with uniformly bounded H.-cost, we also have u’ € £
by item (ii) in Theorem 2.5, namely % and u” are entropy-measure solutions to (1.1). By
Lemma 5.1, @, u” € C([0,T]; L110c(R)). By the same Lemma 5.1 and the assumption
Vi > 0 we have that the maps  — a(t,z) and = — ul(t,x) are continuous from R to
Ly ([O, T ]) Therefore, since the boundaries of R+ and RL~ \ RLF are countable unions
of segments parallel to the z and ¢ axes, we have that (5.34) holds for each nonnegative
e Cx((0,T)x (—L+ &,L— ).

Recalling {u*} C Ko, let u be a limit point of {u*} along a subsequence Lj, — oo. From
(5.34) we get for each nonnegative ¢ € C°((0,7) x R)

~((lu—al,0)) — (| f(w) = f(@)],02)) <0 (5.35)
Reasoning as above, we also have u € £, and thus setting z := u—u, by Lemma 5.1, u, u, z €
C([0,T); L1 10c(R)). By (5.35), it is then easily seen that for each bounded nonnegative
Lipschitz function ¢ on [0,T] x R such that [dtdz [|¢| + |[p:| + |pe]] < +o0, and for each
te[0,7T)
(lz(0)]; o (1)) = ([2(0)], ¥(0)) f[Otdr[ (I21(r), r(r))
H(|f@r) + 2(r) = f(@(r)], a(r))] <0
Fixed L > 1, we evaluate the inequality (5.36) for ¢(t,x) = ¢¥(x) defined as
e~ =2 ifr < —L
ol(x) =<1 if—-L<z<L
e~ if g > L

(5.36)

so that setting ZZ(t) := {|z(t)|, ¢*) we have

20 - 220 <V [ ardalen ety < vy [ drzte)
[0,¢] [0,¢]
By Gronwall inequality, for each L gel and t € [0,T], ZL(r) < exp[VfJr t]Z%(0). Note that
u(0,z) = @(0,z) by (5.15) and the definition of convergence in X. Therefore ZZ(0) = 0,
and thus ZZ(t) = 0 for each t € [0,7] and L > 1. Hence u = 4. O

Proof of Proposition 2.6. In order to show that H is lower semicontinuous, first note that
the set of weak solutions is closed in X. Moreover for each entropy sampler ¥ the map
X > u+ Py, € Ris continuous. On the other hand, if u is a weak solution to (1.1) then
the equalities in (5.2) holds, and thus H is a supremum of continuous maps.

Since D(+)/a(+) is uniformly positive on [0,1], H(u) = 0 iff u € £ and o} = 0, thus u is
entropic. Conversely, entropic solutions u are in £ by item (i) in Proposition 2.3, and the
entropic condition is thus equivalent to o = 0.
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The coercivity of H follows from the Tartar’s method of compensated compactness, that
we already applied in the proof of Theorem 2.5 item (ii). Suppose indeed that we are
given a sequence {u"} C X such that H(u") < Cgy < +4oo for each n. Then each u"
is an entropy-measure solution to (1.1) by the definition of H. For each entropy 7, each
n, L > 0, by the same bound in the proof of Proposition 2.3, ||on.un[lrv,z < 2/l@) un lTv,L +
2 (Inllso + llglloc) (2L + T). On the other hand, for each n € C?([0,1]) such that on” < D,
o7 unllTv,L < H(u™) and therefore ||y un [Ty, is bounded uniformly in n. Since n and ¢

are bounded, we have that {n(u™);+q(u™),} is precompact in H,,! ([0, T]xR). As we already
noted in the proof of Theorem 2.5 item (ii), see [15, Ch. 9], this yields the compactness of

{u™} in X.
The last statement follows by the first part of proposition, Lemma 5.1 and Kruzkov
uniqueness in C([0, T; L1,10¢(R)) of entropic solutions to (1.1), see e.g. [5, 15]. O

Proof of Remark 2.7. By well known properties of functions of locally bounded variation,
for each entropy 7 and u € X N BWoc([0,T] x R) we have that g, , is a Radon measure
on (0,7) x R. If u is a weak solution to (1.1), by Vol’'pert chain rule [2], the absolutely
continuous and Cantor parts of g, , w.r.t. the Lebesgue measure on (0,7") x R vanish, and
we get

oo = {[nw™) = )]’ + ) = )]} 'L,

On the other hand the Rankine-Hugoniot condition [ut —u™|n’ + [f(u") — f(u™)]n* =0
holds. The statement of the remark follows by direct calculation. O

Proof of Remark 2.11. For u € £ we have
H'(u) = sup { pyu(p), ¢ € CZ((0,T) x R; [0,1]), n € C*([0,1]) : 0 < on” < D}

so that the inequality H > H’ follows from the equalities in (5.2). The same inequality
vields H(u) = H'(u) if there exists a set ET as in the statement of the remark. If f is
convex or concave and u has locally bounded variation, we can take ET = {(t,z) € J, :
Jv € [0,1] : p(v,ut,u”) > 0}, where J,,, u™ and p are defined as in Remark 2.7.

If f is neither convex nor concave, then there exist u~, u*, v/, v € (0,1) such that
p(v',ut,u”) > 0 and p(v”,ut,u”) < 0, where p is defined as in Remark 2.7. Let V :=

M, and define u : [0,7] x R — [0, 1] by

ut—u—
ut forx< Vit
u(t,x) :=
u- forx >Vt

Then u € € and by direct computation H(u) > H'(u). O

APPENDIX A. Z-APPROXIMATION OF ATOMIC YOUNG MEASURES

Here we prove the claims stated in the proof of Theorem 4.1, Step 1, where the sets M,
MY, M., are defined.

Claim 1: /K/lv’f is T-dense in M . Forn > 1, let u € My, let G* be defined as in Lemma 4.2.
Let also 7, o, u’ be as in the definition of M} and L, piss be as in the definition (4.1) of
M. With no loss of generality, we can assume that u'*! > u',i=1,...,n —1, since we
can reorder the u‘(t, ) for all (¢,r) preserving continuity of the u* and measurability of the
a'. Analogously it is not restrictive to assume, for |z| > L, u'(t,z) = ul,, a'(t,z) = o' for
some constants ul,, a’, € (0,1]; in particular poe = Y, b Gyi .
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Let now {7*} € C>°(R xR) be a sequence of smooth mollifiers supported by [~T'/k, T /k] x
[ —1,1], and recall the definition (4.8) of b*. For i = 1,...,n and h,k > 1 define o%* €
C1([0,T] x R; [r, 1]) and u'"* € C1([0,T] x R;[h~1,1 = h™']) by

Rt x) = [dydsg*(t — s,z — )aijbk(s,y))
i ):‘hl[”m | |
+a”f7(tz) Jdyds i (t — s, 2 — )oﬂ(bk(s,y)) uz(b’“(s,y))

Clearly o* and u%™* are smooth, with a* > r, 3, a®* =1, and a*, u’"* are constant
for |z| > L + 1. Furthermore for i =1,...,n—1 and (¢t,z) € [0,T] x R

limy o0 [ui+1;h,k(t’x) _ ’U,i;h’k(t,x) _ h’;]

n

> limy oo |uTHE(E 1) — uR(t x) — m}

= [1 =37 ] [uthhF(t, ) — uihk (¢, 2)]

Since the u’ are continuous, it is not difficult to see that convergence in the last line above
is uniform on compact subsets of [0,7] x R. On the other hand, since the u’ and u%*
are constant for |x| > L + 1, we have that convergence is indeed uniform on [0,7] x R. It
follows that for each h > 1 there exists K > 1 such that w1k > 5k L p=1n=2 for each
k > K". Therefore, defining u* € M by

ﬂt x Z a’ uI hok (t,x)

we get, for k > K" uh*t ¢ M{L provided Z(u"*) < +00. Recalling Lemma 4.2, this follows
by the existence of G*"" € Ly([0,T] x R) satisfying weakly on (0,7) x R:

h.,k
p @)y + pWE (), = -G

Indeed G*"" can be computed explicitly as

(A1)

h,k

GH(tx) = (1-3n71 )fdsdyj (t— s,z —y)G* (b (s,y))
+(1*3h )dedy] (xfyv ):U'bk(sy)(f)
—uF(f) = (1= 3R oo (f) + ui"(f)

where .
= Dot (7 g+ ()

It immediately follows that limy_ .o limy_, o ||G“ — GM|| L, (j0,7)xr) = 0, and it is also
straightforward to see that, for each F' € C([0,1])
hm hm plE(F) = u(F) strongly in Lq 10¢([0,T] x R)

h—oo
By Remark 4.3, we can extract a subsequence {z*} from {u/*} that Z-converges to .

Claim 2: M is I-dense in M?. For n > 1, let u € M?. Let also of, u* and L be as in
the definition of M7 and M,. With no loss of generality, we can assume that o’ > 0, since
we do not require the u’ to be distinct. As in Claim 1 above, we can also assume that, for
|| > L, ul(t,x) = u'y, a'(t,x) = a’, for some constants u’_, o’ € [0, 1].
With these assumptions, for h, k > 1 and i = 1,...,n, let us define a** as in (A.1), and
ui;k by
uk(t,x) = g [dyds 3 (t — 5,2 — y)a’ (B (s,y))u’ (b¥(s,y))
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Letting
k. = ik t 5
Ht g = Za ( ,.T) ubk (t,z)
=1

we gather p* € /W? A computation similar to the one carried out in Claim 1 shows that
uF T-converges to p as k — oo.

Claim 3: MY is I-dense in M?JFl, This is the key step in the proof of Theorem 4.1. For
n>1let ue M?+1, and let G* be defined as in Lemma 4.2. Let also r, o, u* be as in
the definition of M?*!, and L, jis as in the definition (4.1) of M. Note that for |z| > L,
al(t,r) = ol and u'(t,z) = u’, for some constants o’ € [r,1 — 7], ul € [r,1 — r], with
uglzuéo—i—ni:l,...,n. -

Let us define the Young measures v*, 1° € M7} by

n

1. 0 ._ o' (t,x)
Vt,:r = 6un+1(t7x) Vt,:c = Z 1— a”+1(t x) 6ui(t,x)
i )

1=

so that, letting 3(t,z) :== a" ™ (t,2) <1 —r
Mtz = IB(t7x)V151,z + (1 - ﬁ(@l"))V?,z

The basic idea is to build up a sequence {u*} Z-converging to u, as follows: we first slice up
[0, 7] x R in small strips, alternating a strip of width 8 k~! with a strip of width (1 —3)k~};
we then set uf, = v}, for (t,x) in the first family of strips, and puf, = v, for (t,z) in
the second family of strips. As we let k& — oo, we easily get p* — p; however, to get also
Z(p*) — Z(u), we will have to carefully define these strips.

For j € Z and k € N, let us consider the maps v} : [0,T] — R solutions to

Vi ()=} (F)

(il MOET M0y (A.2)
7(0) =14

These equations are well-posed since v1(f), v°(f), v*(2), v°(2) are Lipschitz functions in the
(t, ) variables, and v'(2) — 1°(2) > r, by the definition of M}*!. Furthermore, by standard
theory for (A.2), 'y]’-“ e C([0,T)) N CL((0,T)); |7]k| < 2r—1 max,eo,1] | f(v)]; WJ"CH > 'y]’-“; and
7]]?+1(t) - 7;?(t) < Ck~! for some constant C' independent of k, j and t.

We next define the maps ﬁf :[0,7] — R by

5 (6)+65 (t) Vg1 ()
/ do ok ) =, 0) = [ deb) - B ] (A9)
V() V()

Since v} () =P, (1) > > 0, for any fixed ¢ € [0,T] the Lh.s. of this equation is increasing in
fBF(t). Since it vanishes for 7 (t) = 0 and it is larger than the r.h.s. for B¥(t) = ~%,, (£) =¥ (t)
(recall 5(t,x) € [r,1—r7]), there exists a unique 0 < B (t) < yF, | (t) —~F(t) satisfying (A.3).
Furthermore, since § and the 7% are smooth, we have 8} € C°([0,T]) N C*((0,T)). The
mean value theorem then implies

k 10 k k12 r—2
g0~ [ e8] < Ol —f0] < O (A4)
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for suitable constants C, C’. For h and k two positive integers, we next define the Young
measure u* € M by

1

. v, if3j € Z, |j| < hk such that vF(t) + BF(t) <z <%, (1)
* v, otherwise

Since thx is constant for |z| sufficiently large, we have p"* € M, for h large enough.

Furthermore, since convergence in M is local, (A.4) yields limyj, oo limy_ oo p* = p in M,
and for each F' € C([0,1])

hm lim " (F) = u(F) strongly in Lq 1oc([0,T] x R)

h—o0 k—o00

We next prove that Z(u"*) < 4oc and limy, limy, G = G in Ly([0,T] x R); so that,
reasoning as in the proof of Claim 1, by Remark 4.3 we get the existence of a subsequence
{u*} Z-converging to u. For each F € C([0,1]), (t,z) u?f(F) is smooth outside the
graph of the curves 'y;?. Therefore by Lemma 4.4 there exists G™* € La10.([0,T] x R), such
that p"F (1), + k(). = —G™F holds weakly. First we show that we can choose G"F
to be compactly supported, so that G"* € Ly([0,7] x R), and thus Z(u"*) < 400 with
Ghk = gn™" according to the definition given in Lemma 4.2.

Since G"* is defined up to a measurable function of ¢, and G*(¢,z) = 0 for z < 4%, (¢)
(we are considering h large enough as above), we can assume G"*(t,z) = G*(t,z) = 0 for
x < 4%, (t). Furthermore, by (4.7) and (A.2), for each j € Z, G"* is continuous in the
regions {(¢,x) : yf(t) + ﬁjk(t) <z < ’yJ}?H(t) + B;?H(t)}. Let now j € Z with |j| < hk, and
t €10, T]; by (4.7) and (A.2)

-G BFO +AHO1) ~ CHEFO)] = V(D) Hap ()
I ),

and

e %ﬁl())—gh,k( D5 @+ B85OI = vk, 0 ) = Yop s (F)
+f7425+w<t>dw [Vtx(l)}, = [2 485 0 (f) = thv;‘(t)Jrﬁk(t)(f)]
R O R T Y Ol A ORICAO)

y (A.3) and simple algebraic manipulations

ah k(t 7;11( ) — G (t, 45 ()
— [ [0 )],

- [Mt,yfﬂ(t) (f) = Py (N]
G" (ta ’Yf—s-l(t)) -G (t, ’Yf(t))

Since GMF(t, 7k, (1) = G*(t,7F (1)) = 0, we have G"*(t,vF(t)) = G*(t,7F(t)) for any
j € Z. In particular, since G*(t, ¥, (t)) = 0 and G’;’k(t,x) = GH(t,z) = 0 for = > ¥, (1),

we have GME(t,2) = GH(t,x) = 0 for z > ¥, (t) and # < 4%, , (¢). That is, G»* and G* are
compactly supported. Thus Z(u"*) < 400 and G?F = =G,
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Finally, by the definition of G* and G*"", recalling GR(t,4F(t)) = G*(t,~%(t)) we have
h.k 2 hk Yj+14t) ik

(L GMHLQ([O,T]XR) =2 j=—neJio 1y dt | k](+t)é (G G (t ) — Gh(t,))

=0 o, T]dt{ LT [ ody ) = O+ by () = (]

2

J ® T 2
L @ [ L@ 05 0) = e + 70, (F) = e (D) }
Since all the integrands in the are last two lines of this formula are bounded uniformly in h
and k, each term of the sum is bounded by C k3 for some constant C' > 0. Therefore the
sum itself is bounded by 2C h k=2, and we get limj,_. oo limg oo Z(p*) = T(p).

APPENDIX B. I'-VISCOSITY COST FOR SCALAR HAMILTON-JACOBI EQUATIONS

In this appendix we establish a I'-convergence result for a sequence of functionals associ-
ated with the Hamilton-Jacobi equation (1.1)

b+ f(bs) =0 (B.1)

which is related to (1.1) via the transformation v = b,. In (B.1) we understand (¢,z) €
[0,7] x R and b(t,z) € R. As usual, we assume f to be a Lipschitz function on [0,1], D
and o continuous functions on [0, 1], with D uniformly positive and o strictly positive on
(0,1). We will just sketch most of the proofs, since they are similar to the proofs of the
corresponding statements for (1.1).

We introduce the equivalence ~ on O([O,T];LQV]OC(R) by setting b' ~ b% iff b! — b? is
constant in [0,7] x R. We let B be the set of functions b € C([0,T]; L2,10c(R)/ ~ such that
b, € U. The requirement b, € U is clearly compatible with ~, so that B is well defined. We
equip B with the metric

dp(b',b%) := dy(bL,b2) + inf sup Z 2NHbl ) =b3(t, )+

B.2
c€R ¢, T] (B:2)

Lo ([—N,N])
Note that the second term in the r.h.s. of (B.2) is the projection of the C([0,T]; La,10c(R))-
distance w.r.t. the ~ equivalence. (B,dg) is a complete separable metric space.

For b € B such that by, € L2 10c([0, 7] x R) and € > 0 we next define the linear functional
a? on C°((0,T) x R) by

at() =~y p) + (F2),2)) = SU{Db2)bos, 0)) (B:3)
and the functional J; : B+ [0, +00] by
sp [alle) = 3o )p )] bre € Lagoe([07] < B)
Js(b) — peCx>((0,T)xR) (B.4)
400 otherwise

We want to study the I'-convergence of {J.}. As shown below, this problem is strictly
related to the T'-convergence of {I.} defined in (2.6).
We introduce the set A := {(b, w) EBXM : b, = ,u(z)} which we equip with the metric

da((b', 1h), (0, 1)) :=dp(b',b%) + dpg (i, 1?) (B.5)
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We say that (b, ) € A is a measure-valued solution to (B.1) iff b; + u(f) = 0 weakly in
(0,7) x R. We lift J. to a functional J; : A — [0, +00] by setting

Je<b) if Htx = 5bz(t,z)

. (B.6)
400 otherwise

Je(b, ) = {
Theorem B.1. The sequence {J:} is equicoercive on A and I'-converges to

T(om)= s { e+ () o) - 5 e o))} (B

©EC((0,T)xR)

Note that J ((b, 1)) = 0 iff (b, ;1) is a measure-valued solution to (B.1).
On the set B we next introduce the metric dy

dy(b',b?) := dx(bL,b2) + inf sup Z NHbl V2(t) + ¢|| (B.8)

CeRte[O 7] & Ly ([=N.N])

and denote by (¥,dy) the complete separable metric space consisting of the same set B
equipped with the distance dy. We say that b € ) is a weak solution to (B.1) iff —({b, p1))+
((f(bs), ) = 0for each ¢ € C((0,T) xR). We denote by W C Y the set of weak solutions
o (B.1). We rescale the functional J. defining K, : Y — [0, 40| as

K.:=¢1J.
Theorem B.2. (i) The sequence of functionals {K.} satisfies the D-liminf inequality
H(b,) ifbew

+00 otherwise

(I th ) (b) > {

(ii) Assume there is no interval where f is affine. Then the sequence { K.} is equicoercive
on ).
(iii) Suppose furthermore f € C?([0,1]) and D,o € C*([0,1]) for some a > 1/2. Then

(Fth)(b) {

H(b,) ifbew
+00 otherwise

Since b(0,-) is bounded and Lipschitz, by a well known connection between entropic
solutions to (1.1) and viscosity solutions to (B.1), see e.g. [10, Theorem 1.1], we gather
(IHim K. )(b) = 0 iff b is a viscosity solutions to (B.1). It follows that if b° satisfies the

€

equation

by + f(by) = gp(bm)bm — o(by)E® (B.9)

for some E° € Ly([0,T] x R, o(b,)dt dz) such that lim, 5||E’5||2 . = 0, then

[0.T)xR,0 (b, )dt dz)
limit points of {b°} are viscosity solutions to (B.1). On the other hand if b° solves (B.9) for

some E¢ with e[| E¢]|? uniformly bounded, then limit points b of {b°} are
Lo ([0,T] xR0 (b, )dt dz)

such that b, € €.

In order to prove Theorem B.1 and Theorem B.2 we first establish some preliminary
results. Given a measurable map a : [0,7] x R — [0,400], we let £, be the Hilbert space
obtained by identifying and completing the set {¢ € C°((0,T) x R) : ((ap,¢)) < +oo}
w.r.t. the seminorm ({(ay, ©)).
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Lemma B.3. Lete > 0 and b € B be such that J.(b) < +oo. Then there exists E=" € Ly,
such that

by + f(by) = %D(bw) byw — o (by) B (B.10)
holds weakly on (0,T) x R and J.(b) = %||E5’b||2ﬁa(b”). Furthermore I.(b;) < 400 and there

exists Y5 € Lop,)-1 such that 75 = 0 and o(by) E5Y = o(by) U=t 4 451 where WP= s
defined as in Lemma 3.1. In particular

1 — 1> £
|%U(bz) = I.(bs) + §<<U(bx) 17 ’ba’Y ’b>> (B.11)

Proof. The existence of E=* (B.10) and the equality J.(b) = %||E€’b||%6(b , are achieved as
in Lemma 3.1. We also have '
Je(b) = SUPyeCs ((0,T)xR) {ag(@ - %l«g(bm)% <P>>}
> SUPgecm((0.7)xR) 195 (02) — 1§<<0(b1’)¢z7 b))}
= SUPgecs ((0,1)xR) 145, (9) = 5((0(b2) P, D)) } = I (b2)
By (3.1) and (B.10) there exists W&t ¢ D;(bw) such that (o(b.)E®?) = (o(by)¥5)

namely o (b, ) E5® = o (b, )WE b +~45°(t) for some measurable map 7 : [0,7] — [— o0, +00].
It is then easy to check (B.11). O

1 1> 1 £
Je(b) = 5”‘1’ ’bz||27337(b t §||V b

./1?’

The following lemma is proven analogously.

Lemma B.4. Let (b, 1) € A be such that J ((b, 1)) < +00. Then there exists E®M € L,
such that

be + u(f) = —p(0) B
and J((b,p)) = %HE(’“‘)H%MU). Furthermore Z(p) < +oo and there exists "1 € L)1

such that %(gb’“) =0 and
1 1 _
T((b) = 100+ IR, = T() + 54Ga(0) 40 (B.12)

where WH is defined as in Lemma 4.2.

1

Lemma B.5. The sequence of functional {J.} is equicoercive on (B,dp).

Proof. Let {b°} C B be such that J.(b°) < C; for some C; < +oo. By (B.11) I.(b%) <
Cy, and thus {bZ} is precompact in U by Lemma 3.3. We are left with the proof of the
compactness of {b°} w.r.t. the second term on the r.h.s. of (B.2). By (B.11) and (3.6) we
have that for any N > 0, 2 f[O,T]x[—N,N]dt dz (b5,)? < C(Cj + e N + 1) for some constant
C > 0 depending only on f and D. It then follows by (B.10) that for each N > 0,
16511 2, (jo, 77 [~ v, N7 18 bounded uniformly in e. Since b, € U for each b € B, we also have
0 < b < 1. Recalling that elements in b are defined up to a constant, the conclusion follows
by these bounds on b¢, b5 and compact Sobolev embedding. O

The following remark follows by Proposition 3.3 and Lemma B.3 and the definition (B.2)
of dB-

Remark B.6. For each € > 0, J¢ is lower semicontinuous on (B,dg).

Lemma B.7. For each u € U such that I.(u) < 4oo there exists b>" € B such that
bo* = u and Jo(b5") = I.(u). Furthermore if b € B is such that b, = u and J.(b) < +o0,
then by = b" +~5°, where v € Lyuy-1 18 defined as in Lemma B.3. Conversely, given
Y € Lowy-1 with v, = 0, there exists a unique b € B such that b, = u and by = by + .
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Proof. From the definitions (2.6) and (B.4), it is not difficult to gather

I.(u) = ber! bfm:u Je(b)
Since J¢ is coercive and lower semicontinuous on B, and {b € B : b, = u} is a closed subset
of B, there exists a b* on which the infimum is attained.
If b is such that b, = v and J.(b) < 400, then by the decomposition of £ in Lemma B.3
we have (b — b%); = o(u)(E*? — E=") = 45*. The converse statement follows by choosing
b(t,x) = b"(t,z) + ftdS’}/(S), which identifies a unique b € B. O

Proof of Theorem B.1. Equicoercivity follows by (B.11), the equicoercivity statement in
Theorem 2.1 and Lemma 3.3.

In order to prove the I'-liminf inequality, let {(b%, u¢)} C A converge to some (b, u) € A.
It is not restrictive to assume J.(b%) < 400, and thus b5, € Lz 10c([0,7] X R) and p€ = pe .
Then for each ¢ € C((0,T) x R)

To((0,15)) = Jo(8) 2 —{(07, 00) + {05, 00) — 5 (D)0 0)) — 5,062

As in the proof of the I'-liminf inequality in Theorem 2.1, an integration by parts shows that
the third term in the 1.h.s. vanishes as ¢ — 0. Hence

lsn T2 (1)) 2 (b 00) + (u(D): 21} = 3 {m(o)er )

and the I'-liminf inequality is achieved by optimizing over ¢.

Let (b, ) € A be such that J((b,p)) < +oo. By Lemma B.4 Z(u) < +oo and by the
I-limsup inequality in Theorem 2.1 there exists a sequence {u®} C U such that d,- — u
in M and lim I (u®) = limZ.(6,c) < Z(u). By Corollary B.7 there exists b*" € B such
that b5 = u® and J.(b5%) = I.(u®). Letting y(>*) be defined as in Lemma B.4, it is also
easily seen that there exists a sequence v* € L, ()1 such that v =0, v* — A1) weakly
in Ly([0,TY]), and ||7¢] ¢ o)1+ Recalling Corollary B.7, we define the

sequence b® by the requirements b5, = u® and b7 = bf’us +v°. We have

= [y

o(us)—1

i 7. (1, 64:)) = B Jo (0 45 {0 ()", 7)) < Z(u) g (o3 @), 9)) = 7 (0, 10)

2
On the other hand dp: — p in M, and it is not difficult to check bf — b; weakly. Therefore
any limit point in A of {(b%, s )} coincides with (b, ). O

Proof of Theorem B.2. If b € Y is such that (b,dp,) is a measure-valued solution to (B.1),
then b € W. By the I'-liminf inequality in Theorem B.1 we thus obtain (I*lim K.)(b) = 400

if b ¢ W. The T'-liminf inequality on W follows immediately by (i) in rEl“heorem 2.5 and
(B.11).

Equicoercivity is a consequence of (ii) in Theorem 2.5 and Lemma B.5.

In order to prove the I'-limsup inequality, let b € W be such that H(b,) < +oc. By (iii)
in Theorem 2.5 there exists a sequence {u®} C X' converging to u := b, in X and such that
lim H. (u®) < H(u). Let b° := b>*"; by Corollary B.7 lim K_(b>*") < K (b). Furthermore,
by (i) and (ii) proven above, {b°} is precompact in ) and its limit points are in W. Let
b € W be a limit point of {b°}. Then b, = b,, since b5 = u° — u = b, in X; on the other
hand b; + f(b,) =0 = by + f(l;x), so that we also gather by = b;. Tt follows b = b. O
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