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ABSTRACT. We consider the Cahn-Hilliard equation in one space dimension with scaling
parameter ¢, i.e. uy = (W' (u) — Ezum)m, where W is a nonconvex potential. In the
limit € | 0, under the assumption that the initial data are energetically well-prepared,
we show the convergence to a Stefan problem. The proof is based on variational methods
and exploits the gradient flow structure of the Cahn-Hilliard equation.

1. INTRODUCTION

In this paper we are interested in the convergence of solutions u. = u.(+,-,u.) to the
equation

{ut = (W'(w) = e"a) ,, in (0, +00) x T (1.1)

u =7, on {0} xT

as € | 0, where T := R/Z is the one-dimensional torus. Here ¢ is a spatial scale parameter
and W is a rather general smooth potential. Our analysis covers, in particular, the choice
of the double-well potential
(1-¢%)?
W) =
GEE
corresponding to the Cahn-Hilliard equation. We refer for instance to [5, 8] for the physi-
cal motivations leading to equation (1.1), in relation with the theory of phase transitions,
and to [18, 2, 6] for some mathematical results and connections with the Stefan problem
[14].

Equation (1.1) can be seen as the gradient flow, in the H ~!-topology, of the Allen-Cahn
type functional

£ eR, (1.2)

F.(v) = /T <52”§ + W@)) dz, (1.3)

where the scalar field v represents the local order parameter. The gradient flow structure
of (1.1) allows us to look at the convergence of the functions wu. in a purely variational
way, at least under the assumption of energetically well-prepared initial data.

The main difficulty in studying the limit of u. is due to the fact that, when the function
W is nonconvex, (1.1) is forward-backward parabolic for ¢ = 0. Looking at equation
(1.1), it is rather natural to expect a limit equation related to the H ~!-gradient flow of
the functional

F(v) = /TW(U) dz. (1.4)
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However, when W is nonconvex, the functional F' is not convex and not lower semicontin-
uous with respect to the H~!-topology, and the gradient flow dynamics is not well-posed.
The lower semicontinuous envelope of F' is given by

F(0) = /T W (v) da,

where W** denotes the convex envelope of W. It is not difficult to prove (see Proposition
A.1) that F** is the I-limit of the functionals F. as ¢ | 0, with respect to the H~!-
topology.

In this paper we prove that the solutions u. to (1.1) converge to the gradient flow of
F** as e | 0, under a suitable assumption on the initial data @.. Our main result can
be informally stated as follows (see Theorem 3.2 for the precise statement). Let @ be
such that F**(u) < +oo, take a sequence (u.) of initial data satisfying F.(u.) < 400,
converging to 7 in H~!(T) such that

/ugdx:/udx,
T T

lging(ﬂs) = (). (1.5)

and

Then the solution u.(-,-,u.) of (1.1) converges to the H !-gradient flow of F**, namely
to the solution u of
Opu = (W*'(u))  in (0,400) x T
u="u on {0} x T,
which, for W nonconvex, is the weak formulation of the Stefan problem [14].
Some comments concerning hypothesis (1.5) are in order, related to the so-called wrin-
kling phenomenon. Given @ € H~!(T), define

Sei={E€R:W(E) > WH(E)),  Ip:={£ecR: W) <0}, (1.7)

(1.6)

and
Yg) ={z eT:u(zr) € Xg}, Yr(@):={zeT:u(z)e X}

We call X;(w) the global unstable set of @, and ¥, (%) the local unstable set of . Numer-
ical simulations performed in [3] (see also [11]) show a quick formation of oscillations and
these microstructures seem to generically appear only in X7 (%), instead that on the whole
of ¥ (w). In addition, superimposing on @ a microstructure in a region ¥ C Y (u)\ X1 (1)
leads to a numerical solution which seems to depend on the choice of ¥. These simula-
tions show an instability of solutions u.(-, -, w) with respect to u. In particular, if we take
two sequences (u), (u.) of initial data both approximating @ and corresponding to two
different choices of ¥, in general one may expect that

leif(r)lué('v " (aé)) 7& lsiﬁ)lué(V ) (@5))

Hypothesis (1.5) can thus be interpreted as an energetically well-prepared assumption
on the initial data w., corresponding to the choice of the above mentioned region ¥ =
Ya(u)\ X (u). It is worth to remark that, in view of the I'-limit F. — F™** stated above,
given any u € H~!, there exists a sequence (%.) converging to u and satisfying (1.5).
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The proof of our main result is entirely variational, and it is worthwhile to observe
that we never use directly equation (1.1). The main point, indeed, is to derive sufficient
information on a sequence (v.) of functions (independent of time) satisfying the uniform
bound

sup {Fg(va) +/ [ (W’(va) _52vm) r daz} < +o00. (1.8)
€€(0,1] T z

We follow an idea formalized by E. Sandier and S. Serfaty in [17] (see also [16]), where it
is shown that the convergence of the gradient flows of a sequence of functionals F. : H —
[0, +0c], where H is a Hilbert space, to the gradient flow of F :=I' — lim F; is basically a
consequence of the I'-convergence of the sequence of the slopes of the gradients |V.F;| of
F to the slope of the gradient |V.F| of F. More precisely, it suffices to show the I'-liminf

inequality
' —liminf |VF| > |[VF]. (1.9)

e—0

The above inequality, in our setting, is the content of Theorem 3.3. We then obtain the
corresponding convergence of the gradient flows of F. in Theorem 3.2. The main difficulty
in the proof is contained in Lemma 5.1, where a careful analysis of the regions where the
functions v, oscillate is performed.

We mention that the same method proposed in [17] has been successfully applied in
[12, 13] to show the convergence, in all space dimensions, of solutions to the rescaled
Cahn-Hilliard equation

{ut = A(e7'W'(u) — eAu)
U(O’ ) = U,

under suitable simplifying assumptions, in particular related to the validity of the analog
of (1.9).

We observe that equation (1.1) is not the only way to regularize the ill-posed gradi-
ent flow equation of the functional (1.4): other regularizations have been considered in
the literature, see for instance [15, 7, 10, 9, 19]. In particular, in [7] it is proposed an
implicit variational scheme for the functional (1.4) which converges to (1.6) as the dis-
cretization parameter tends to zero. Due to the high instability of the problem, different
regularizations could in principle lead to different limiting solutions.

Acknowledgements. The authors are grateful to the Centro De Giorgi of the Scuola
Normale di Pisa for the kind hospitality, and to the Mathematisches Forschungsinsti-
tut Oberwolfach for providing a stimulating research environment. The third author
acknowledges the support of the ANR SHEPI grant ANR-2010-BLAN-0108.

2. NOTATION

Let T := R/Z be the one-dimensional torus of side length 1, and dx be the Lebesgue
measure on T. For m € R, let

HHT) :={ve HYT) : (v,1) =m}

m

where (-,-) denotes the HY(T)-H!(T) duality. H_!(T) is a closed affine subspace of
H~Y(T), that will be considered equipped with the induced metric. The linear space
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associated with #H,1(T) is the homogeneous negative Sobolev space

H™YT) ~ Hy'(T).

In the following, we denote by || - ||—1 the Hilbert norm on H~'(T), namely
vl = |vll%_ = sup {2 v,0) — g3 }, (2.1
o= ol = s (200,00 = ey )

and we understand ||v||_; := +oo if v & H~(T).

Throughout the paper, we use the term sequence also to denote families labeled by the
continuous positive parameter €. A subsequence of (f;) is a sequence (f;,) with 5, | 0 as
h — +o0.

2.1. Assumptions on W. In the sequel we assume that W is a function in C%(R; [0, +-00))
satisfying the following properties:

i) there exists a constant C' > 0 such that
WOl <CA+W(E), (€R, (2.2)

and

lim W(&) = +oc;
|€]—+o0

ii) W is not affine in any interval of R;
iii) the global unstable set X of W, as defined in (1.7), is a bounded open set,
consisting of a finite number of open connected components, denoted by
Y1y, 2.

For the standard double-well potential (1.2) one has £ =1 and g = 31 = (—1,1).

2.2. The functionals F,, F**, |[VF,|, [VF**|. For any ¢ € (0, 1] we indicate by
F.:H, }(T) - [0, +o0]
the functional defined as
2 (v2)? ) : 2 1
ef——+W(w)|dx ifv, € L*(T) and W(v) € L*(T),
R RGO (T) and W (v) € LX(T)
400 elsewhere,

and by
F™ 1, (T) — [0, +oc]
the functional defined as
. / W (o) de if W*(v) € LL(T),
F*™(v):= < Jr

+00 elsewhere.

It is clear that F™** is a convex functional.
We denote by

IVE.|: H,,'(T) — [0, 400



CONVERGENCE OF THE ONE-DIMENSIONAL CAHN-HILLIARD EQUATION 5

the functional defined as
| (W'(v) — 52vm)$||L2(T) if F.(v) < 400 and

W' (v) — €2045)5 € L2(T),
IVE.|(v) = (W'(v) ) (T)

400 elsewhere,
and by
|VF**| : H, }(T) — [0, +00]
the functional defined as

V| (0) = I(W**"())ellL2qr)  if F**(v) < +o0 and (W**'(v)), € L*(T),
. +o00 elsewhere.

3. STATEMENT OF THE MAIN RESULT
Given ¢ € (0,1] and u. € H,,'(T) such that
Fe(ue) < +oo,
we let u. € C*°((0, +00) x T)NC([0, +00); H,,1 (T)) be the solution to the Cauchy problem

{ut = (W’(u) - 6211:[:;1:)11 in (0,+00) x T,

u = on {0} x T. 3.1)

We notice that wu is the gradient flow of F. in H,,!(T) starting at %. in the sense of [1],
that is, it satisfies:
- uz € AC?([0,400); H,'(T)), where AC? ([0, +00); H,,'(T)) denotes the space
of absolutely continuous curves from [0,+o00) to H,}(T) having derivative in
L2((0, +00)),
- (0,400) 3 t > |VF.|(uc(t)) belongs to L2((0,+00)),
-forallt>0

F€<u€):F€(u€(t))+;/o |yatu€(s)u31ds+;/o VEPu(s)ds.  (3.2)

A differential characterization of the gradient flow of F** in H, !(T) is more delicate,
as regularity issues appear. Indeed, the function W** is just of class C1'*(R), and not of
class C2(R). Yet it is possible to see that |VE**| is a strong upper gradient for F** in
the sense of [1, Definition 1.2.1], so that from the general theory of maximal monotone
operators (see for instance [4, Theorem 3.2]) one gets the following result.

Proposition 3.1 (Gradient flow of F**). Let u € H,'(T) be such that
F** (1) < 4o0.
Then there exists a unique gradient flow solution uw of F** starting at w, which satisfies

-u€e AC? ([0, —i—oo);?-[;l(']l‘)),
- (0,+00) 3t = |VE*|(u(t)) belongs to L*((0,+0c0)),
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- forallt >0

) = P (1) + /0 JOru(s)] 2y ds + 5 /0 VESR(u(s)) ds. (3.3)

Note that u solves equation (1.6) in the sense of distributions.
We are now in the position to state the main result of this paper.

Theorem 3.2 (Convergence of solutions). Let u., u € H,,'(T) be such that
F.(u.) < +o0, F** (1) < 4o0.

Suppose that

hﬁ}u& =7w  in M, (T) (3.4)
and
lim F.(u.) = F*(a). (3.5)
el0
Then for any T > 0,
1%1 ue =u in C([0, T]; H,, (T)) (3.6)
&
and
T 2
lim (\VFgl(ua(t)) - \VF**y(u(t))) dt = 0.
E\LO 0

In particular

hﬁ)l F.(uc(t)) = F* (u(t)), t>0.
E.

As already mentioned, following [17], the main ingredient to prove Theorem 3.2 is the
following (time independent) result, which concerns the I-limit of the slope in H..}(T) of
the functionals F.

Theorem 3.3 ([-liminf of (|VF.|)). Let v € H,}(T) and let (v:) be a sequence in
H,,L(T) such that

limv. =v  in H,,}(T) (3.7)
el0
and
sup Fr(ve) < 4o0. (3.8)
e€(0,1]
Then
limi%nf |V E:|(ve) > |VE*|(v). (3.9)

We expect a full I'-convergence result to hold for (|VF;|), however such result is not
needed in order to prove Theorem 3.2.
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4. PROOF OF THEOREM 3.3: PRELIMINARY LEMMATA

We first introduce some regularity remarks for fixed ¢ > 0, that will be used in the
following to establish uniform estimates.

Remark 4.1. We have
F.(v) < 400 = v e L=(T).
Indeed, for z1,z9 € T,

o) vlea) < [ ol do < ([0 as) " oo

Hence, recalling that /v dx = m, it follows v € L>°(T).
T

Definition 4.2 (The function e.(v)). If v belongs to the domain of |V F¢|, we set
ec(v) = W' () — 2V
Remark 4.3. We have
|VF.|(v) < 400 = v € H3(T).
In particular, if |[VF.(v)| < 400 then
VEI®) = | W(0) - vadasla = 5w {2ec0hea @)~ gl } - (41
peH(T)
Indeed, remembering Remark 4.1, we have v € L*°(T). Hence, from the assumption
F.(v) < +o0 it follows
W' (v), = W (v)v, € L*(T). (4.2)
From (4.2) and the assumption |VF.|(v) < 400, we obtain vz, € L*(T) and therefore
v e H3(T).
Such a regularity allows integration by parts in the expression obtained of || (W'(v) —
€202z )zz||—1 from the rightmost equality in (2.1), namely (4.1) holds.

We next establish uniform bounds to be used for the proof of Theorem 3.3.

Lemma 4.4 (Uniform L*®-bound). Let v. € H,}(T) be such that

sup (Fg(vg) + \VFEI(%)) < 400. (4.3)
€€(0,1]
Then
sup ||vel| oo Ty < +o00. (4.4)
€€(0,1]

Moreover (ve) admits a converging subsequence in H,.'(T).

Proof. From Remark 4.3 we have v. € H3(T) and e.(v.) € H'(T). Moreover (4.3)
guarantees

sup |[VIE|(ve) = sup Hes(vs)xHLz(’H‘) < +o0. (4.5)
e€(0,1] e€(0,1]
We claim that
sup |lec(ve )| ooy < +o0. (4.6)

€€(0,1]
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Using assumption (2.2) on W and the periodicity of v, it follows

‘/eg(va) dx’ — ’/W/(UE) dx’ < C/(l—kW(va)) dz,
T T T
hence from (4.3)
sup ‘/ea(va) dw‘ < 4o00.
e€(0,1] ' JT
From this estimate and (4.5), claim (4.6) follows.

Let us now show that

sup [|W’(ve)|| ooy < +00. (4.7)
e€(0,1]

Since W’ is monotone increasing out of a compact set (see Section 2.1), to show (4.7) it
is enough to check that

sup W' (ve(xl)) < 400, sup (—W'(v:(z2))) < +o0, (4.8)
e€(0,1] e€(0,1]
where ¥ € T are such that

ve(z]) = max{v.(z) : v € T}, Ve(z) = min{vs(z) : ¢ € T}.

We have, using ve,,(z1) <0 and vy, (z7) > 0,

||€€(U€)||L°°(T) > 66(1’5(372_)) 2 W,(UE(x:))
and
_HGE(UE)HLW(T) <ee(ve(z)) < WI(UE@Q))-
Therefore, thanks to (4.6), (4.8) is proven, and (4.4) follows.
The last assertion follows from the compact embedding of L>(T) in H~1(T). O

In the next lemma we introduce a parametrized family p of probability measures,
associated with suitable sequences (v;), the so-called Young measures. Let P(R) be the
set of probability measures on R. For A € P(R) we let spt(\) be the support of \;
moreover, if f is a continuous function on R, we let A(f) = [ f dA. A :T>z— X, €

P(R) is a parametrized family of probability measures, by A(f) we mean the function
Tz AA(f) €R.

Lemma 4.5 (The measure p). Let v € H,'(T) and let (v.) C H,,'(T) be a sequence
such that

limv, = v in H,}(T) (4.9)
el0

and satisfying (4.3). Then there exists a measurable map
w:T>z— p, € P(R)
for which the following properties hold:
(a) there exists a constant M > 0 such that

spt(ps) C [-M, M) for a.e. z € T;
(b) v = (1), where v is the identity map on R;
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(c) there exists a subsequence (ve, ) such that

tim [ fo) ¢ do= [ ode. £, perl(m)

k—+oc0 JT
(d) p(W’") € HY(T), and

khT ee,, (ve,) = w(W')  weakly in H'(T) and strongly in L*(T).
5

Proof. By Lemma 4.4 we have

M = sup |lve| poo() < +o00. (4.10)
e€(0,1]

Therefore there exists a (not relabeled) subsequence such that §,_(,) ® dz converges to
ty @ dx weakly® in the space of measures on T x R, where p, € P(R) for almost every
x € T, hence (c) holds for all continuous ¢. Being the sequence (f(v.)) bounded in
L>°(T), the convergence holds for any ¢ € L'(T), and this proves (c).

Since all measures d,,(,) have support in [-M, M] also p, has support in [—M, M],
which gives (a). Assertion (b) follows by taking f =1 in (c).

From Remark 4.3 and the proof of Lemma 4.4, it follows that the sequence (ec(v:)) is
bounded in L?(T). The uniform bound (4.3) then implies

sup |lec(ve)l prr(my < +00. (4.11)

e€(0,1

Hence there exists a (not relabeled) subsequence along which e (v.) converge weakly in
HY(T) and strongly in L?(T). On the other hand, e (uc) converges to W’ (v) in the sense
of distributions on T. By uniqueness of the limit, assertion (d) follows. ]

The meaning of the next proposition is better illustrated by the subsequent Corollary
4.7 where the assumptions allow, roughly speaking, to locally choose | = W',

Proposition 4.6. Let (v.) and pu be as in Lemma 4.5. Let | € CO(R) be nondecreasing.
Then

p(IW') < p)p(W') < +oo. (4.12)

Proof. Since [ is continuous, from Lemma 4.4 it follows that the sequence (I(v:)) is
bounded in L*°(T). Using Lemma 4.5 (c), possibly passing to a (not relabeled) sub-
sequence, we have that I(v.) converge to u(l) weakly* in L>°(T) and strongly in H~*(T).
Then

/ (02 ee(ve) — p)u(W")] da
/ U(ve) — p(0))ee(v)] da + / (1) ee(v) — (W) de

<ll1(ve) = W1 (myllec () Loy + 1@l z2emlee (ve) = (W) L2y

Hence, recalling (4.11) and Lemma 4.5 (d), it follows that I(v.)ec(ve) converge to p(l)u(W')
in L(T) as € | 0.
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On the other hand, for all ¢ € C*(T;[0,+00)), integrating by parts and using the fact
that [ is nondecreasing,

[ 100 exton) o s
:/TZ(UE) W (0.) ¢ dm+62/

T
Z/l(vg) W’(vg)apdx—i—g/l(va) Veg Qg dT.
T T

From the uniform bound (4.3) and Cauchy-Schwarz’s inequality, it follows that the last
term on the right hand side of (4.13) vanishes as € | 0. On the other hand, applying
Lemma 4.5 (¢) with the choice f =IW’, we deduce that

/l(vg) W'(ve) ¢ do — / u(IW"y o da.
T T

U'(ve) (veg)? @ da + 52/TZ(UE) Vey Qo dT (4.13)

We conclude
[0 wvy o do> [ uaw) o da.
T T
O

As a consequence of Proposition 4.6 we have the following result which, roughly speak-
ing, says that the oscillations of a sequence (v:) satisfying (4.3), if contained in a con-
nected component of R\ ¥, namely in an interval where W’ is monotone, are damped
down. This result should be considered together with Lemma 5.3 of Section 5, which
gives further informations on . (W**').

Corollary 4.7 (Support of j,, I). Let u be as in Lemma 4.5. For almost every z € T
for which spt(uy) is contained in a connected component of R\ X1, we have that p, is a
Dirac delta.

Proof. Since the intervals where W’ is strictly monotone are at most countable, we can
fix an interval I where W is strictly increasing, and suppose that there exists a set A C T
of positive measure so that for almost every z € A the support of u, is contained in I.
Choose now a nondecreasing continuous function [ so that = W’ in I. Then from (4.12)
it follows
(W) < (ue(W'))? a.e. x € A,

which is a reverse Cauchy-Schwarz inequality. It follows that W’ is constant pu,-almost
everywhere in A, and the thesis follows recalling that, by assumption, W is not affine in
any interval. ([l

5. LOCALIZATION OF OSCILLATIONS

The information gained from the results of the previous section, and in particular
from Corollary 4.7, are not enough to conclude the proof of Theorem 3.3. Our aim now
(see Lemma 5.3) is to prove that for almost every x € T, either p, is a Dirac delta or
its support is contained in the closure of a connected component of Y. The following
result, heavily relying on the one-dimensional setting, is the crucial step toward the proof
of this assertion.
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For any p > 0 define
Y= {¢ e R:dist(&, Bq) < p}-

Lemma 5.1 (Localization of oscillations, I). Let v. € H,(T) and c¢ € (0,+00) be
such that

F.(v:) + |VF.|(v:) < ¢, e € (0,1]. (5.1)

For any n > 0 there exists § = §(n,c) > 0, depending on n and ¢, but independent of ¢,
such that for any pair x. € T, y. € T of points satisfying the properties

(i) 0 <ye—z: <9,
(ii) vep(ws) = ver(ye) = 0,
we have either
Us(z) € EnG? z € [xsays] (5'2)
or
Ve (ye) — ve(ze)| < 1. (5.3)

Remark 5.2. Before proving Lemma 5.1, some comments are in order. First of all
remember that (5.1) implies (Remark 4.3) that v. € H3(T), and therefore v. are Holder
continuous (in particular uniformly continuous). This fact, provided we assume 0 < y. —
ze < 9§, does not imply inequality (5.3), since 7 is required not to depend on . The second
observation concerns the meaning of Lemma 5.1: this lemma states, roughly speaking,
that between two stationary points the functions v, either have a small oscillation, or they
must be close to the set ¥ of the e-independent quantity n. In some sense, if v. have a
sufficiently large excursion between two critical points, their values cannot lie inside the
region where W is convex. Finally, the qualitative behavior of § in dependence of 7 is
explicit to a certain extent, see (5.18) below.

Proof. Fix n > 0, and let z,y. € T be such that 0 < y. — z. and ve,(z:) = v, (ye) = 0.
For simplicity of notation, in the sequel of the proof we skip the dependence on ¢ of x.
and y., thus we set * = x. and y = y..
Take a point
€ [z,y].
We have

z
/ e (Ve) Vey dx—/ W’ (ve) — e vsm) Ve dx
x

2
W 0(2)) ~ W) = S (002 o)
< W(ve(2)) — We(ve(z)),
and moreover .
/ eo(v2) veg da = W (va(y)) — We(vo(). (5.5)

On the other hand, integrating by parts we have

/ ec(us) vep dax = —/ e (ve), Ve dx + [ec(ve) veli.
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Using (4.4) and (4.5), and recalling assumption (5.1), we have

- /w ec(v2), ve dz = O ((z - x)1/2> :

where O is independent of € (while x, y and hence also z, depend on ¢), so that

/ ec(Ve) Vep dx = lec(ve) ve]Z 4+ O ((Z — :1:)1/2) . (5.6)
On the other hand, using again (4.5), for the boundary term we have
e (ve) velf =ee(ve(T)) [ve]7 + ve(2) [ec(ve)];
—ee(v:(@)) [v)z + O ((z = 0)'2),

where O is (another infinitesimal) still independent of . Collecting together (5.4), (5.5),
(5.6) and (5.7) we deduce

W(we(2)) = W (ve(2)) + e (ve(2) (0:(2) = 0:(2) + O (2 = )2) 2 € [w,y), (5.3)

and at z =y,

W (0e(y) = W (0e(@)) + eclex(@)) (0x(y) = v=(2) + O ((y = 2)¥2) . (5.9)

Assume now

(5.7)

[0:(y) — ve(@)] = . (5.10)
Under this assumption we can rewrite (5.9) as

eo(ve(@) =s(w,9) + O((y = )"/ (ve(y) — ve()) ™)

(5.11)
=s(a,y) +O((y—2)"*/n),

where

s(z,y) ==
From (5.8) and (5.11) we have
W (v:(2)) = W(ve() + (2, ) (ve(2) = ve ()
+0((z=2)"2) + 0 ((y—2)"/n) (5.12)
= W(ue(@)) + s(@,9) (ve(2) = ve(2)) + O ((w = 2)/2/m) ,

where, again, O is independent of . Inequality (5.12) says, roughly speaking, that
between v, (z) and v.(z), the function W must be concave, where however one must take
into account the presence of the error term O((y — z)'/2/n). For future purposes, it is
convenient to rewrite (5.12) in the form

W (vo()) = W (0:(2)) + (2, ) (ve(2) = ve(2)) < O ((y = 2)'/% /) (5.13)
Without loss of generality, in the sequel of the proof we assume

ve(x) < ve(y).
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Recalling Lemma 4.4, we set
M = sup ||lve| peo(ry < +00.
e€(0,1]
Given a,b € R, a < b, define

¥(a,b) == max W(a) — W(e) + W(bl)):ZV(“)

(c—a)

Notice that the positivity of ¢)(a, b) measures how much the function W fails to be concave.
Observe also that

lbifgw(a’ b) =0. (5.14)

For any p > 0 let Z, be the family of those intervals [a,b] C R satisfying the following
two properties:

-b—a > P
- [a,b] is not contained in X7, i.e.,
[a,b] N (R \ 2’5) £ 0. (5.15)
It is convenient to introduce the function w : (0, +00) — [0, +o0] defined as follows:
w(p) = inf a,b). 5.16
(p) la,blC[—M,M], [a,b€Z, 77[}( ) ( )
If Z, = 0 (namely, if p > 0 is such that there are no intervals [a, b] contained in [—M, M]

with b — a > p and satisfying (5.15) at the same time) then the infimum on the right
hand side of (5.16) is 400, so that w(p) = +00. On the other hand, possibly increasing
the value of M, we can always ensure that w < +o0 on (0, pg), for some pg > 0. In the
sequel we shall assume 1 < pg, so that w(n) < +oo.

Note that if w(p) < +oo then the infimum on the right hand side of (5.16) is a minimum,
since [a, b] are constrained to lie in the compact set [—M, M|. Moreover, recalling that
by assumption W is not affine in any interval, we have

- W(p) > O)
- if p1 < p2 then 7, D 7,,, and therefore w is nondecreasing;
- lim,gw(p) = 0, as a consequence of (5.14).

Suppose now that

[ve(x), ve(y)] is not contained in . (5.17)
Recalling that w is positive, choose § be such that
08" /n) < w(zn), (5.18)

where O denotes the remainder term appearing in (5.13). From (5.13) it then follows

s (W (0x(2) — W(02(2)) + s(a, ) (0(2) — 02(0))) < O(0Y2/) < A (5a9)
z€[z,y]

On the other hand, choosing
a:ve(x), b:vt‘(y)



14 G. BELLETTINI, L. BERTINI, M. MARIANI, AND M. NOVAGA
on the right hand side of (5.16), and remembering (5.10) and (5.17), it follows

max (W (ve(2)) = W(ve(2)) + sz, 1) (- (=) = v:()) ) = w(a),

2€[z,y]

which contradicts (5.19). We conclude that
[ve(2), v (y)] € T (5.20)

Let us now complete the proof of (5.2). If v.(2) € [ve(z),v:(y)] for any z € [z,y], from
(5.20) we deduce v:(z) € X, and the proof is concluded. It remains to consider the case
when there exists z € (z,y) such that

ve(2) & [ve(x), ve(y)].

We can assume that v.(z) > v.(y), the case v-(z) < v.(x) being similar. Choose ¥ € [z, y]
so that v-(y) = max v.(7) > v-(z), and 2’ € [z, y] so that v.(z) = n%in ve(1) < ve(2).
T Y TE|T,

Recalling (5.10) we have |v:(y") — ve(2")] > 1. Therefore we can apply the previous
arguments replacing = with 2/ and y with ¢/, so that inclusion (5.20) reads now as

[ve(2), ve(y')] € E&. This is precisely inclusion (5.2). O

The next lemma says, roughly speaking, that if v. asymptotically oscillates (as € | 0),
then it necessarily does it within the same connected component of ¥g. We will focus
our attention on W**'(v.), in view of the applications in Section 6.

Lemma 5.3 (Support of p,, IT). Let v, (v:) and p be as in Lemma 4.5. Then, one of
the two following alternatives holds:
- for almost every x € T such that pu,(W**') is not contained in W**' (27(;), then
W s a Dirac delta;
- for almost every x € T such that p,(W**') is contained in W**' (27(;), then pg s
supported on Y¢.

Proof. Define
we == W' (v,)
which, remembering (4.4), is a Lipschitz function on T. We now translate the thesis of
Lemma 5.1 for w,.. For § as in Lemma 5.1 we set
§(n):=6 (%,c) n >0,
where L is the Lipschitz constant of W**' in [—M, M], and M is as in (4.10). Notice that

in the definition of ¢’ we need 2L instead of L, to cover the case when (5.2) holds.
If z. and vy, satisfy the assumption of Lemma 5.1 with ¢ replaced by §’, we have

‘wi(xf) - wa(ya)| <. (5.21)

Observe that this is not a uniform continuity condition on we, since the points z., y. are
just critical points of v, (and depend on ¢), and therefore are not arbitrary points of T.

Possibly replacing ¢’ with its convex envelope, we can assume that ¢’ is a nonzero
convex function (tending to zero at zero) in a bounded open interval having zero as the
left extremum.
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From Lemma 4.5 (c) we know that

lig]l we = p(W**') =1 w weakly™ in L*°(T).
3

We now want to pass from a control on critical points to a control on the whole of T. We
therefore find convenient to consider linear interpolations.

Claim. Up to extracting a (not relabeled) subsequence, we have
We — W almost everywhere in T as € | 0. (5.22)

Let w. € Lip(T) be such that @w. is affine in each maximal open interval of strict
monotonicity of v., and coincides with w. on the boundary of such an interval. Notice
that there exists at most a countable number of such intervals.

Let us show that from (5.21) it follows that for all n > 0 there exists ¢”(n) > 0
independent of € such that

2T, yeT, lz—yl<d'(n) = |0(2)—De(y)| <. (5.23)

To prove (5.23) we distinguish two cases.

First case: x and y belong to the same monotonicity interval I of v.. Assuming without
loss of generality that x < y, let 2/ <z and ¢’ > y be such that I = (2/,y). Set

[z —yl

= —— € (0,1].

o7 —y1 €1

By construction and from (5.21) we know
2" — | <&'= | (a") — D(y)| <.
Hence, as w, is affine in I,
|z —y| < AN = |W.(z) — D(y)] < M. (5.24)

Since ¢’ is convex and ¢’(0) = 0, we have \§'(n) > ¢'(An), and therefore replacing 7 by
An and using (5.24) we deduce (5.23) with 6” replaced by ¢’

Second case: x and y do not belong to the same monotonicity interval of v.. Assuming
without loss of generality that x < y, let 2/, v’ be such that

-x <o’ <y <y,
- 2/ and y are critical points of v,,
- W, is strictly monotone between z’ and /.

Then the formula
[z —yl=lz—2'| + 2" —y/| + ]y —yl <'(e)
implies, using the first case in [z,2'] and in [y, y], and using (5.21) in [2/, /],
@ (2) = B (y)] < [ (2) = B (2')| + | Be(a’) = Dy)] + |D:(y) = Be(y)] < 3.
That is,
|z —y| < 8"(n) = |@:(x) — De(y)| <,

where

6"(n) = &'(n/3).
This concludes the proof of (5.23).
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From (5.23) it follows that the functions @, are equicontinuous, and by Lemma 4.4
they are also uniformly bounded. We can apply Ascoli-Arzela’s Theorem to get that,
possibly passing to a (not relabeled) subsequence,

W, — W uniformly in T,
for some @ € CO(T).

For any n € N we let I}, ..., Iy" be such that I;" = (a",b;") C T is a maximal

interval of strict monotonicity of v. and

1 1
osc(va;[;’”) :=supv, — inf v, € <, } , j=1,...,Nep, (5.25)
e =" nn-—1

where N; , € NU {4o0}. Actually, N, , is finite, since from Lemma 5.1 it follows
emn| | EN £,n
|7 = [a;" =07 > 6(1/n),
so that )
Ne,n < ——

5(1/n)

Up to extracting a further (not relabeled) subsequence, we may assume that
Nepn = Ny,
where N,, depends only on n, and
aj’n—mzj, bj’"%b? as €} 0, je{l,...,N,}.
Let 15" := UM 1™ and I™ := UR" I, Notice that from (5.25) it follows
m"nim =0 ifn#m.

For any interval [a,b] C UpenI", the functions w. are monotone on [a,b] for all € > 0
small enough. As a consequence, up to a further subsequence,

We — W a.e. on Upeny I ase | 0. (5.26)

On the other hand, given n € N and x € T \ (UpenI™), we have dist(z, I5) > ¢(n) > 0
for all € > 0 small enough, so that

we(a) — B(w)| < hue(@) — Be(@)] + 1)~ D@ <+ 4, (5.20)

for ¢ > 0 small enough. By the arbitrariness of n € N we then get w. — @ uniformly on
T\ UnenI™ as € | 0. This shows that
o=w T\ |JT™ (5.28)
meN

Then (5.26) and (5.28) conclude the proof of claim (5.22).

Eventually, we show that the claim implies the thesis of the lemma. Indeed, for almost
every € T such that w(x) € W**/(Xq), by the strict monotonicity of W**’ we have

ve(z) = v(z) aselO,

which implies ji; = d,(;). On the other hand, for almost every x € T such that w(z) €
W*'(Lq), we have dist(ve(z),Eg) — 0 as € | 0, which implies spt(u,) C Zg. O
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A useful consequence of Lemma 5.3 is the following.

Corollary 5.4. Under the assumptions of Lemma 5.3, we have
e (W) = W (v(x)) for a.e. x € T.

Proof. If u,(W**') is not contained in W**' (Eig), then p, is a Dirac delta, and the
assertion follows. If p,(W**') is contained in W**' (Tg), then f, is supported on Xg,
where W** is constant. O

We now improve Lemma 5.1 and deduce two corollaries, which will be necessary in
the proof of Theorem 3.3. For clarity of exposition, we prefer to state the next lemma
separately from Lemma 5.1, even if its proof remains almost unchanged.

Lemma 5.5 (Localization of oscillations, II). Let (v.) C H,,'(T) be a sequence of
functions satisfying the bound (5.1). For anyn >0 and C >0

- there exists 6 = §(n,c) > 0, depending on n and ¢, but independent of € and C,
- there exists eg = eo(n,¢,C) > 0 depending on n, ¢ and C,
such that for any pair x. € T, y. € T of points satisfying the properties
(i) 0<y:—z: <0,
(i) Jvea(ze)| < C, |veg(ye)| < C,
we have either
ve(2) € Eg, z € [Te, Yel, e € (0,e9), (5.29)
or
[ve(ye) — ve(ze)| < m, e € (0,¢0). (5.30)

Proof. The proof closely follows the proof of Lemma 5.1. Set x = z. and y = y.. In the
present situation, inequality (5.4) must be replaced by

/ ee(ve) vy dr < W(va(2)) — We(ve()) + O(2,C), (5.31)
and equality (5.5) by
/ Y e (02) vey dz = W (vo(y)) — Welvo(2)) + O(2, C), (5.32)

where the term O(e?, C) is actually of the form O(C?¢?). Following the same computa-
tions of Lemma 5.1 we must now add on the right hand sides of (5.6), (5.7), (5.8), (5.9),
(5.11), (5.12) and (5.13) a remainder term of the form O(C?%¢?).

Next we take ¢g > 0 so that

0(C?*e?) < WEL??)’ e € (0,¢ep), (5.33)
and § > 0 so that
0(6Y2/n) < “)El”). (5.34)

Then (5.18) transforms into

0(C*?) +0(32 /) < 7).
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and (5.19) into

max (W(v-(2)) = W(ve(2)) + s(, ) (0=(2) = ve(a))

z€[z,y]

() (5.35)

< 0(6Y2 /) + 0(C2%e%) < %
Then the assertions of the lemma follow reasoning along the same lines as in the proof of
Lemma 5.1. O

Corollary 5.6. For any n > 0 and ¢ > 0 there exist g > 0 and &' > 0 such that, if
(ve) € H,H(T) is a sequence of functions satisfying
F.(ve) + |VF;|(ve) < ¢, e € (0,e0), (5.36)
and x € T s such that
dist(ve(z), Xa) > 2n, e € (0,e0),
then
dist (v-(y), X¢) >, ye(x—58x+78), € (0,¢).

Proof. By Lemma 4.4 there exists M = M (c) such that sup.¢ g 1) [|Ve[| oo (1) < M. Letting
d = 0(n, ¢) be as in Lemma 5.5, there exist 1 € (z—3/2,2—0/6) and x2 € (z+6/6,z+3/2)
such that |ve,(z1)], |vez(21)] < C := 6M/6. By Lemma 5.5 there exists g9 such that, if
e € (0,¢e0), then |v-(z1) — ve(z2)| < n. We now claim that

dist(ve(y), Xg) > n for all y € [z1, z2], (5.37)

which implies the thesis since (z — ¢,z + ¢') C (21, 22), with & = 6/6. Indeed, letting
y1 (resp. y2) be a minimum point (resp. a maximum point) of v, on [x1,x3], again by
Lemma 5.5 we have |v:(y1) — v:(y2)| < 1 so that

[0=(y) = ve(2)] < Jve(yr) — ve(y2)] <
for all y € [x1, z2], which gives (5.37). O

In general we cannot expect the limit function v to be continuous. Nevertheless, we
can prove the following results. Recall the definition of 31, ..., 3, given in Section 2.1.

Corollary 5.7. Let (v:) C H,,}(T) be a sequence satisfying the uniform bound (4.3) and
let v € HH(T) be such that

limv. =v  in H,,}(T). (5.38)
el0

Then the set
Q:={reT:v(x) ¢ X}
has an open Lebesgue representative, and

i, Geiv(e), ) o

Moreover, the sets

Ci::{xET:v(x)efi}, 1=1,...,¢,
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have closed Lebesgue representatives and
dist(C;, Cj) > 0, h,j=1,...,6, i #j. (5.40)

Proof. Let x € Q be a Lebesgue point of v such that dist(v(z),Xq) > 3n > 0. Letting
8" > 0 be as in Corollary 5.6, for all ¢ > 0 small enough there exists z. € (x—0¢'/2,z+0"/2)
such that |v.(ze) — v(z)| < n, so that dist(v:(z.),Xg) > 2n. By Corollary 5.6 it follows
dist(ve(y), Xg) > nforally € (zc—0",xc+06") D (x—0"/2,2+¢'/2), which in turn implies
dist(v(y), Xq) > n for all y € (z —8'/2,2 + &' /2).
It follows that
(x—0/2,x+6/2)CQ

and (5.39) holds. The assertion concerning the sets C; can be proved similarly. Indeed,
since U/_,;C; = T \ Q has a closed representative, it is enough to show (5.40). Assume
by contradiction there exists € C; N éj. In this case, in a neighbourhood of T we can
find points z. such that v.(z.) ¢ X¢, for € > 0 small enough. Reasoning as above, this
implies v(z:) € §, thus leading to a contradiction. O

6. PROOF OF THEOREM 3.3

We are now in a position to conclude the proof of Theorem 3.3. Let v. — v in anl(T)
as € | 0, and choose a subsequence () C (0,1) such that

kgr-{loo IVFSICK,UE}@) = hrgj)nf ‘VFEI(%)

and

sup ((Fy(vs,) + [V [(v2,)) < +oo.
keN

Recalling (4.1) we have

. - . . 2
Jm VE ) = Jim s [ (20 (o )an 0 00)?) da .
6.1

> sup limsup/ (2€5k(vsk)mx Y — (SO:B)Q) dx.
peHY(T) k—+oo JT

Since (v, ) converges to v in H,,,}(T) as k — +o0, we have at our disposal a corresponding
measure 4 given by Lemma 4.5. Using Lemma 4.5 (d), from (6.1) and (3.7) we have

Jim (VA ) 2 sup [ (2aV)s o (62)) do
—-+o00 peHY(T) JT
= ((W"))allZ2 )
(recall from Lemma 4.5 (d) that (u(W’)), € L*(T)).
We now want to show that

NV 22y = 1OV ()l (6.2)

Let us define
Q= {x eT:w(z) ¢ ia}.
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In order to prove (6.2), we will show that W**'(v) = p(W’) in ©, and that W**'(v) is
constant on the connected components of T \ Q.

By Corollary 5.6, it follows that 2 has an open Lebesgue representative (still denoted
by €2) and that, for any i = 1,..., /¢, the set

C; = {:E eT:v(x) e ii}
has a closed Lebesgue representative (still denoted by C;). Then, by Lemma 5.3,
pe (W) = W'(v(x)) = W**'(v(z)) for a.e. z € Q.
Hence, being p.(W’) € H'(T), we get
W' (v) € HY(RQ).
In particular W**(v) is uniformly continuous on €2, and can be continuously extended to
2. Moreover, for all T € 99, from (5.39) one gets that if z € Q — 7, then dist(v(z), ¥g) —

0, and
lim W* (v(x)) € W* (ig) .

Qox—T,z€Q
Recalling (5.40) and the fact that W**'(v) is locally constant outside (2, it follows
W*(v) € HY(T),
and in addition

W (0))ell L2ery = I(W* ()2l 12(02)-
We then have

i [VEL(00) 20OV DalZagry = 10V ey = IOV @) ey

=W (@)allz2 () = [VE|(v).

7. PROOF OF THEOREM 3.2

With Theorem 3.3 at hand, we can prove our main convergence result, Theorem 3.2.
We will use the standard notation f(t)(z) = f(t,z) for a function f € C°([0,T7];T).

Since (F:(ue)) is bounded by (3.2) in [0,7] x T, and W has at least linear growth
at infinity, the sequence (u.) is uniformly bounded in L°°([0,T]; L'(T)). Hence (u.) is
bounded in L*°([0, T; H,,;}(T)) and in particular in L?([0, T]; H,,,}(T)), since the subspace
of all functions in L(T) with mean m (compactly) embeds in H,}(T). Using once more
(3.2) it follows that

(uz) is uniformly bounded in H'([0, T7; H,,}(T)).
Let (ug,) be a subsequence weakly converging in H'([0, T]; H,,}(T)) to some function w.
From Ascoli-Arzela’s theorem in H([0,T]; H,,}(T)), it follows that (u.,) has a further

(not relabelled) subsequence converging to w in CY([0, T); H,,}(T)). Hence
lim wu,, (t) = w(t) vt € [0,T] (7.1)
k—ro0

and in particular, recalling (3.4),
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u = klggo ue, (0) = w(0). (7.2)

We now want to show that w = u, and to do this we follow the proof of [17, Theorem
1]. By assumption (3.5), and remembering (3.2), for any ¢ € [0,7] we have

I:= 1 F, F,
i (s / orue, s+ [ 1VE Pl (o)) s -

= lim F;, (u.) = F**(u
k—ro0

On the other hand,
I > liminf F;, (ue, (t))

k—+o0

t
.. 2
+lé§igof2/0 |Orue, (s)|2 ds (7.4)

k—4o00

1 t
Fliminf 7 / VE., [2(u., (s)) ds
0

Applying (7.1) and the lower semicontinuity of F**, it follows

liminf F, (ue, (t)) > liminf F** (u,, (t)) > F**(w(t)). (7.5)
k——+o0 k—+o00
From Fatou’s Lemma and Theorem 3.3 we have
¢ ¢
lim inf / VE* 2(ue, (5)) ds > / VE*2(w(s)) ds. (7.6)
k——+o0 0 0
From the lower semicontinuity of the norm, and using again Fatou’s lemma, we have
t ¢
lim inf/ 19stte, (5)|12, ds > / 1Bsw(s)|2, ds. (7.7)
k—+o00

Collecting together inequalities (7.5), (7.6) and (7.7), from (7.4) and (7.3) we infer

F (@) > F™(w /||8tw 2, ds + = /|VF** (5) ds.  (7.8)

On the other hand we have, using (7.2),

]- ]- )k ¢ %k
5 [ NomEy s+ 5 [Pl ds 2~ [ VE @) ds

J (7.9)
—- / L (w(s)) ds = F(w(0)) ~ Fw(t) = F(1) ~ Fw(1),
which is the reverse inequality of (7.8). Therefore
F* (@) = F*(w / 19ew(s)|2, ds + / VE*R(w(s)) ds vt > 0.

Then w is the gradient flow of F** starting from @, hence w = u. In particular, the whole
sequence (ug) converges to u and the proof is concluded. [l
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APPENDIX A

For completeness, in this appendix we quickly prove here a I'-convergence result con-
cerning the functionals F.. This result is unnecessary for the proof of Theorem 3.2.

Proposition A.1 (I-limit of F.). The sequence (F.) I'-converges to F** in H,'(T) as
el 0.

Proof. The functional F** is lower semicontinuous in H,,'(T). Since F. > F**  if v. — v
in H,,}(T), then liminf. o F:(v:) > F**(v), namely the I-liminf inequality holds.
We now prove the I'-limsup inequality: given v € H,!(T) we have to find a sequence
(ve) € H1(T) with
ve — v in H, YT (A.1)
such that
lsifg F.(v:) > F(v) aselO. (A.2)

Assume first that v is piecewise constant and takes values in R\ X. Then, taking a piece-
wise linear function v. € H'(T) which coincides with v out of a small §.-neighbourhood
of its jump set, where lim, o i = 0, and that keeps the constraint fT ve dx = m, one gets
(A.1) and (A.2).

It is now enough to show that the class of functions v considered above is dense in
H,.1(T) and with respect to F**, so that the thesis will follow by a standard density
argument. Since piecewise constant functions are dense in H,'(T), it is sufficient to
show that a piecewise constant function v can be approximated in H'(T) by piecewise
constant functions v, taking values in R \ X and such that

ngrfoo F*™(vy,) = F**(v). (A.3)
Let v be piecewise constant. Let A C T be an interval where v takes value in (a,b), with
(a,b) a connected component of ¥g. Let A € (0,1) be such that v = Aa + (1 — X\)b. We
can now take v, € H~1(A) such that v, — v in H~1(A), v,(z) € {a,b} for any = € A,
and fAvn dr = fAv dx. Then

F** (v, A) == / W**(vy,) de = AW (a) + (1 = N)W™(b) = F** (v, A) = / W**(v) dz,
A A

since W** is linear on [a,b]. We can apply the same argument in the intervals where v

takes values in X, while we keep v, = v in the rest of the domain. This concludes the

proof. O
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