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Abstract

In this paper we prove an asymptotic estimate, up to the second order included, on
the behaviour of the one-dimensional Allen-Cahn’s action functionals, around a periodic
function with bounded variation and taking values in {£1}. The leading term of this
estimate justifies and confirms, from a variational point of view, the results of Fusco-Hale
[11] and Carr-Pego [8] on the exponentially slow motion of metastable patterns coexisting
at the transition temperature.

1 Introduction

In this paper we are interested in the asymptotic behaviour as € — 07 of the one-dimensional
Allen-Cahn’s action functionals

r = [ (50024 M) an

where T is the one-dimensional unit torus, W is a smooth double well potential with zeroes
at &1, and v : T — R. These functionals arise in several models of phase transitions in
materials science, see for instance [4, 12, 13, 11, 8] and references therein. In particular, two
phases u = £1, coexisting at the transition temperature, exhibit metastable patterns which
slowly evolve according to the L?-gradient flow of Fy,

up = 2ugy — W (u), (1.1)

where a time rescaling has been performed. Equation (1.1) is perhaps the simplest partial
differential equation modelling nonlinear relaxation to equilibrium in the presence of com-
peting stable states. In [11, 8] the authors showed that, as e — 0, a solution u of (1.1) is
locally equal to +1 and the transition points evolve, exponentially slowly, in accordance to a
specific system of ODEs (see [11, Eq. (3.11)] and [8, Eq. (1.2)]). The exponential speed is
dictated by the qualitative properties of W, in particular by its nondegeneracy at +1.

In this paper we aim to provide a variational couterpart of the dynamical results of [11, §],
recovering an analogous ODEs system obtained as a by-product of the behaviour, at the
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leading order, of the action functionals F; for ¢ << 1, around piecewise constant functions
u with values in {£1}, which correspond to the metastable patterns in the two-phase model
described above. It is well-known [10, 14] that the sequence (F%) is equicoercive in L!(T) and
I-L'(T)-converges, as ¢ — 0T, to the functional Fyy : L'(T) — [0, +o00] defined as

N(u)o if we BV(T;{xl}),

1.2
400 otherwise, (1.2)

Fy(u) == {

where N (u) is the number of jump points of u, and where

1

o := inf {/ <(v/)2 + W(U)) dy:v € H . (R),v(0) =0, lim v(y) = j:l} (1.3)
R \ 2 y—Eoo

is sometimes called surface tension.

The main results of this paper are the following asymptotic estimates. Firstly (Theorem 6.1)

we prove that

N(v) N(v)

dE dE
F.(ve) > N(v)o — gk’ e —a k2 e o7
k=1 k=1
N(v) i N(v) i (14)
o e oot
k=1 k=1

as ¢ — 0T, where (v.) is any sequence converging to v € BV(T;{£1}) in LY(T), a+, x+
are constants! depending on W, in particular ay := /W”(+£1), and d; is the distance
between the k-th and the (k + 1)-th transition of v® (see (5.9) and (6.2)). Notice that the
terms appearing on the right-hand side of (1.4) scale differently in e, as soon as the limits
di(v) := lim. dj, are different for different k’s, and in particular we cannot substitute the
approximate distance di with the distance dj(v) = xp41(v) — 25 (v) between the consecutive
k-th and (k 4 1)-th jump point of the limit function v. Estimate (1.4) is sharp, in the sense
that for any v € BV(T;{£1}) there exists a sequence (v:) such that the equality holds in
(1.4) (Theorem 6.5).

Secondly (Theorem 8.1) we show that if W is a parabola near +1 then we can improve (1.4),
obtaining the (sharp) estimate

N(v) i N(v) i
F.(ve) > N(v)o — apkt Z e T —a_k? Z e e
k=1 k=1
1.5
N(’U) 3o di N(U) 3a_ di ( )
to[ Y ez e |40 e =
k=1 k=1

Observe that (1.5) provides a sort of second order asymptotic expansion (with vanishing
second order term) of F, around functions v € BV(T;{%1}), which is reminiscent of a I'-
expansion of F_ in the sense of [1, 2, 5, 6]. However, our results cannot be straightforwardly

'+ are defined in (3.7), (3.8).



framed in that setting: for instance, we do not restrict ourselves to expand around a global
minimizer of Fy (which would be the constant state u = 1 or u = —1), but we need to
work around an L!(T)-local minimizer, more specifically around a periodic bounded variation
function taking values in +1. In Section 7 we associate to our first order estimate (1.4) a
I'-limit, which turns out to be unbounded from below.

Now, let us introduce the functional G, : BV (T;{£1}) — R as

N(v)
dp. (v) dg(v)
Go(v) i= N(w)o = > (aprd e™+ 75 +a 2 e70 70, (1.6)
k=1

Notice that the right-hand side of (1.4) coincides, at the leading order, with G.(v) where
however, the approximate distance df, is replaced by the distance dy(v).
The functional G. may be considered as a function of N(v) variables, that is

Ge(v) = Ge(x1(v), 22(v), - -+, TN () (V) (1.7)
and the gradient flow of G. is given by the system of ODEs

o 9G.(v) _a%r/s;i g E0=T510) gy i1 @)=z )
&j(v) = = e c —e E
0z ;(v) € (1.8)
2 .2 . . . .
a‘ Kk (zj(v)—z;j_1(v)) (zj41(v)—z;(v))
—RZ (eia_ J o - J o, >
for all j = 1,---,N(v), where @; stands for the derivative of z; with respect to t. Notice

from (1.8) that the jump point z;(v) interacts only with z;_1(v) and ;41 (v).

An interesting observation is that system (1.8) coincides, up to a multiplicative constant?,
with the evolution equations obtained in [11, Eq. (3.11)], [8, Eq. (1.2)], thus showing the
consistency of (1.4) with the behaviour of (1.1) as ¢ — 07. This is in accordance with the
general principle outlined in [15, 16], where the authors relate the gradient flow of the I'-limit
of a sequence of functionals with the limit of the gradient ﬂowg..

We observe that, not surprisingly, only the terms of order e~ %+ di are relevant for the evolution
law of the jump points z;(v).

We conclude this introduction by mentioning that the results of [11] and [8] have been gen-
eralized to a vector setting (in the target space) in the paper [3]; generalizing estimate (1.4)
to this more general situation seems, however, not easy.

The content of the paper is the following. In Section 2 we set the notation. In Section 3 we
introduce the contants cy+ and hence the constants k1 appearing in (1.4), (1.5) and (1.8). In
Section 4 we introduce various functions, which are useful to prove the main results. The
expansions of those functions are computed in Section 4.1. Two lemmas, based on variational
arguments, and necessary to the main results are next proven in Section 5. We prove estimate
(1.4) and its sharpness in Theorems 6.1 and 6.5. In Section 7 we find a related first order
I’-limit, under the additional assumption that W is even. This is the only place of the paper
where we make such an assumption. Eventually, in Section 8 we prove (1.5): as mentioned

2The presence of a multiplicative constant is not surprising, for instance, a similar phenomenon happens
in mean curvature flow when approximated with the parabolic Allen-Cahn’s equation. Such constants can be
normalized to one by a time scaling.



above, we are able to show this estimate supposing that W is a parabola near its minimum
point, and this makes easy to treat the various singular integrals involved (in particular, the
derivative of the function D, defined in (4.5), evaluated at the point s = 1.

2 Notation

The assumptions on the double well potential W are the following:
(W1) W:R — [0,400) and W € C*(R);

(W2) W=H(0) = {&1};

(W3) W”(£1) > 0. We set

Notice that we do not suppose that W is even. We define
By = W"(£1).

A Taylor expansion around s = 1 gives

2W (s) = a2 (1 — s)? [1 + ?)ﬁg(s - 1)] +o((1- 5)3) as s — 17, (2.2)
ot
and similarly in a right neighborhood of —1 with a_ replacing a4 and B_ replacing 5.
. 1 o 1 Bi _ . _
From (2.2) it follows NGO D) <1 + 60&(1 s)+o(1 s)) as s — 17, so that
1 1 3
- = P L), (2.3)

2W(s)) a+(l—s) 6ol
where the reminder

p:[0,1] — R is continuous, lim p(s) =0.
s—1—

We define .
o(n) = /1 V2W (s) ds, ne[-1,1], (2.4)
It is known that o in (1.3) satisfies
oc=¢(1)=0-+o4,

where we have set

a::/_ol\/st, U+;:/Ol¢mds.

Remark 2.1. Our assumptions on W ensure that for n € (0, 1) (resp. n € (—1,0)) sufficiently
close to 1 (resp. to —1) we have

W(n) <Wi(s), se(0,n)  (resp.s € (n,0)),
and W'(n) < 0 (resp. W'(n) > 0).



2.1 Periodic BV functions

Let T be the one-dimensional unit torus. We denote by BV (T;{%1}) the space of functions
of bounded variation in T taking values £1. For a function v € BV (T; {£1}) with nonempty
jump set S(u) C T, we write S(u) = {w1(u), -+, 2N (u)}, where N(u) € (0,+00) is the
number of the jump points of u, and

r1(u) < 22(u) < - < TN (U) < T+ (w) = 21(u). (2.5)

We let N, (u) be the number of increasing jumps from —1 to 1 (resp. N_(u) be the number
of decreasing jumps from 1 to —1). Due to the periodicity of functions in BV (T;{%1}), N(u)
is even (or zero) and Ny (u) = N_(u). If S(u) = 0 we set N(u) = Ny (u) = N_(u) = 0.

Definition 2.2. Let u € BV (T;{£1}) be nonconstant. We define

di(u) :== zpi1(u) — zg(u), k=1,--- ,N(u)—1, (2.6)
dn) =1 (TN — 21(w) = do(u),
and
T (u) ::{k: e€{l,---,N(u)} : u jumps from —1 to 1 at xk(u)},
T () =1, N(u)} \ T (u).
2.2 The functionals F. and the minimizer ~
For any € € (0,1) let F. : L'(T) — [0, +00] be defined by
€/ N2 W (u) : 1 1
Fou) = /T (2(u) + 6 ) dr if ue H'(T) and W(u) € L' (T), (2.7)

+00 otherwise.
When I is a measurable subset of T, we denote by F.(-,I) the localization of F.(-) on I

(obtained by replacing T with [ in (2.7)) and we set F.(-,T) = F.(-).
If J C R is a bounded interval and v € H'(J), we set

F(v,J) = /J @@/)MW@)) dy, (2.8)

and for v € HL _(R), we let F(v N2+ W(v)) dy.

L

Jo (40
It is well-known that the mﬁmum in (1. ) is a minimum and is attained by the function
v € C*®°(R) solving

{ v =42W(y) inR, (2.9)

~v(0) = 0.



3 The functions B, the constants c; and k.

We let . )
B+ (n) ::/0 \/ﬁ ds, n € (0,1). (3.1)
Note that
B, (n) = al+ log <1in> Fo(l)log(l—n)  asy—1-. (3.2)
Indeed, from (2.3) and de 'Hopital theorem, we deduce

lim

B,
n—1- —log(l—n)  n—1- \/2W(y) 4
and (3.2) follows.

Lemma 3.1 (Expansion of B.). Let By be the function defined in (3.1). Then
3 lim (Ba(y) - ——1 ! cy ER (3.3)
im ——log|——) | = . :
1 +\"n a E\1_Z 1 +

Hence

1
By(n) = —log (1 —

) +cy +0(1) asn— 17. (3.4)
oy

Proof. We have

1 1 n 1 1
B+(77) - a log <177> = /0 ( QW(S) - (Jl+(1 — S)) ds, ne (0, 1) (35)

Coupling (2.3) with (3.5) we get

B+(77)—110g< ! )—ﬂ*m /D"p<s> ds, e 0.1). (3.6)

ay 1—n

Then formula (3.3) follows, and

[ 1 1 e 11 )
c+:n1£{1’ 0 < 2W(s)_04+(1—3)> ds_/o ( 2W (s) a+(1—s)> d

B+ !
= s) ds.
" /0 o(s)

-3
6a

The minimizer v tends to its asymptotic values with an exponential rate given by a4. For
convenience of the reader and for future reference (see the proof of Theorem 6.1) we give the
proof of the following result (see for instance [8]).



Corollary 3.2 (Asymptotic behaviour of ~). There exist the limits

1-— 1
lim ﬂ =: ky € (0,400), lim L(y)

y——too e XtY y——o00 e%—

=: k_ € (0,400). (3.8)

Proof. We consider the case y > 0, the case y < 0 being similar. From (2.9) it follows

Yy /
i
—m—=—dz=B:(v(¥)) =y, y>0. (3.9)
/o V2W ()
Therefore, using (3.4) we find y = —i log(1 —v(y)) + ¢+ + o(1) as y — +oo. This implies
the assertion in (3.8) with
Ky = €%t (3.10)

We set B_(n) := f; 2;‘/(3) ds for n € (—1,0), and

) n 1 1
c_ = lim — ds, K = e* %,
n—1=Jo 2W(—8) O‘*(l + 5)

4 The functions Q., A, Dy, L

From Remark 2.1 we have that the function

U
Q4(n) := /0 \/ZW(S)l— k) ds, n € (0,1) close enough to 1 (4.1)

is well defined (one checks that
We let

1 1

1 n 1
A (n) = M/O T 7eon (4.2)

Setting 1 — n = &, changing variable with 1 — s = ¢ and then t/§ = x we get A, (n) =
1

i flm —L_ dz. With a direct integration we have

Va2-1
A+<n>=al+log(1 11‘(”177)2), ne(0.0) (43)
Hence?
Ai(n) = 041+ log (1377) +o(1) asnp— 17. (4.4)
For n € (0,1) sufficiently close to 1, we also consider the difference
Dy (n) == Q+(n) — Ar(n). (4.5)

1
1-s

3Notice that if we put n = 1 inside the integrand of (4.2) we get i fO" ds, which is not equal to the

leading term on the right hand side of (4.4).



Finally

U
Li(n):= /0 V2W (s) — 2W () ds, n € (0,1] close enough to 1, (4.6)

Notice that

and
/J’Jr(n) =-W'(n)Q+(n), n € (0,1) close enough to 1. (4.7)
We set Q_(n) = fsm ds, L_(n) = ff? V2W (s) —2W (n) ds, and D_(n) :=

_ _ i _ — 0 1
Q_(n)—A_(n) forn € (—1,0) sufficiently close to —1, where A_(n) := - fn (Emp ds
for n € (—1,0).

4.1 Expansions of D, O, and L
We shall need the following result.

Lemma 4.1 (Expansion of D). Let ¢4 be as in (3.3). Then

f(@) =2W(z) —ai(l—2)* - =" (z — 1)°, z €R.

For s < n <1 we write f(s) — f(n) = f(§)(s — n) for a suitable £ € (s,n): for s sufficiently
close to 1 we deduce

2W (s) — 2W (n)

o3 (1= 97— (1 =) + 2 (s 1)° — (9~ 1)) y
W) 4202 (1 €) — Aa(l— %) (s — ) (4.9
=2 (1= 9 = (=) (14 go vt + RGs.m)
where
1P -1 (—sPt(—s) (=) + (-7’
L G oy e -5+ ’
(4.10)
@WE) + 2021~ &) — By (1 - £)?)
il = ot (s+n-2) '
Since 1 —n <1 — s we have
P(s,n) < 3(1—s). (4.11)



Taylor expanding W’ around s = 1, we have

m

W) + 20301 €) — B (1 g2 = L)
for a suitable ¢ € (£,1). Hence
09 _
R(3777)_ 2—(3+77) _O((l ))

It then certainly follows from (4.9)
1 1+0(1—5s)

V2W(s) =2W(n) a0 —s)2—(1—n)2

Therefore, for s < n and as (s,n) — (17,17),
1 1 B O(1 — s)

— = . 4.12
VWG W0 e /0P 0 O
For n € (0,1) sufficiently close to 1 we have
nm 1 1
Dy (n) = / ( - ) ds
0 \VIWE -2 ax/A—57 —(A—np s
! 1 1 '
0 \V2W(sn) —2W(n)  apy/(1—sn)? = (1—n)?
From (4.12) applied with sn in place of s it follows
1 B 1 C(1—sn)
V2W(sn) =2W(n)  ap/(T—sm)? = (12|~ /(1 —sn)? = (1-n)?
B C
27
1—
- (56)
for a suitable absolute positive constant C. Since the function n € (0,1) — <1>2
1— 11:57%

is decreasing, the integrands on the right member of (4.13) are equiintegrable. Thus, by
Lebesgue’s dominated convergence theorem, we can pass to the limit in (4.13) as n — 1~ and
obtain

, ! 1 1 .
nlil{l‘D—i_(t)_/o (\/m 04+\/W> ds = cq. (4.14)

O]

Lemma 4.2 (Expansion of Q, at first order). Let Q be the function defined in (4.1).
Then

1 1 log 2
=—1 —_— 1 1. 4.15
Q4 = 108 (12 ) + 2 s oft) s (1.15)



Proof. Using (4.4) and (4.5) we have

1 2
Q4(n) = —1log () +Dy(1)+0(1) asn—1", (4.16)
ay 1-— n
and the assertion follows from (4.8). O

Lemma 4.3 (Expansion of £, at first order). Let £ be the function defined in (4.6).
Then

L) =0~ SE(1 - n)?1og (1;7)

) (4.17)
a _
=5 (tost2en) 3 ) = m2 ko (=) asy -1
Proof. Using de I'Hopital theorem, (4.7), (2.2) and (4.15), we compute
Lit) o+ %1 -0 1og ()
lim 5
n—1~ (L—n)
1 Wmi(n)+ar(l—n)log (ﬁ) -5 (1)
=_ lim
2 n—1- 1-— n
1 y —a%r(l -n) [i log (ﬁ) + 13%2 + c+] + a4y (1 —n)log (ﬁ) — %(1 -n)
_5 nigl_ 1-— n
! 1
=— % [log2+a+0+ + 2} .
Then formula (4.17) follows, recalling also (3.10). O

We shall use expansions (4.15) and (4.17) in formulas (6.13) and (6.16) below.

5 Two useful lemmas

In this section we prove two useful lemma, which are preliminary for the results of Section 6.

10



Lemma 5.1 (The functions z.). Let v € BV(T;{£1}) be a function with N(v) > 0. For

any k = 1,--- ,N(v) with k even, suppose that v = —1 in (zx_1(v),zk(v)) and v = 1 in
(xk(v),2p11(v)). For any k =1,--- ,N(v), let (z) C T be a sequence of points converging
to xi(v) as e — 0T, where we set k()41 = 21 Let

S0 € (—1,0), (5.1)

and define
A5 (s0) = { = € H' (@}, 2511) + 2(2]) = 0, 2(af11) = 0, (—1)*2(2) = s for any @ € (25,2541 |-
Then there exists a function z. € H'(T;(—1,1)) with the following properties:

(i) for any k=1,---,N(v)

F (ze, (2%, 7741)) = min  F (2, (2f, 2541)) 5 (5.2)
2€Af (s0)

(ii) there is a positive constant C' depending only on W and v such that

sup F.(z:) < C; (5.3)
€€(0,1)

(iii) for any k=1,--- ,N(v) we have z. € CV'([a5, 25_4]);

(iv) foranyk =1,---, N(v) we have that, for e € (0,1) sufficiently small, 2. € C*(x, x7 )
s a classical solution to

—ez/ +e7'W'(2) =0 in (% 2511)5

ze(xg) = Za(xi-i-l) =0,

: e (5.4)
2e >0 in (xf,27,,) if k is even,
2e <0 in (27,25, ) if k is odd.
Morover, zj, is even with respect to the mid point of (xf,xy_ );
(v) for any k=1,--- ,N(v)
lim max |z(x)] =1. (5.5)

=0t z€lag,zf ]

Proof. Given k = 1,--- ,N(v), the minimum problem on the right hand side of (5.2) has a
solution zf, by direct methods. Hence?, setting

Ze 1= 2, on [z, xy 4], k=1,---,N(v),

we have that z. satisfies (i); note that, by truncating with the constants —1 and 1, we can
suppose that z.(x) € [-1,1] for any = € T.

“ffa<b<c<d uec Ha,c), v € H(c,d), and u(c) = v(c), then the function w defined in (a,d) as
w:=wu in (a,b) and w := v in (c,d) belongs to H'(a,d).

11



Assertion (ii) follows by comparing F:(z.) with the value of I, on each interval (z7, 7 ), of
a competitor which, for k even (resp. k odd) takes values in [0, 1] (resp. in [—1,0]) and grows
(resp. decreases) linearly from 0 to 1 (resp. from 0 to —1) in (zf,x} +¢€), it is 1 (resp. —1)
in (7}, +¢,7f, —¢), and then decreases (resp. grows) to 0 (resp. to —1) in (2§, —¢&, 25, ,).
Let us show (iii) and (iv). Without loss of generality, we fix k£ even. The minimality of
ze in (25,25, ) entails —e2/ + ¢ 'W/(2) > 0 in the distributional sense in (5,25 ). It
follows that z! < e ?minge[_1 1) W’(s) in the distributional sense in (f,25_,). Therefore
2. is semiconcave [7] in (zj,z7,,) and, even more, it is semiconcave in [zf,zj.,,]. As a
consequence, the inequality —ez? + e 'W’(z) > 0 holds in [25,25 ] in the viscosity sense.
We also have that z. is classical solution to —ez” + ¢ 1W/(z.) = 0 in the set {z. > so} N
(x5, 2%,,) and, in particular, —ez/ + ¢ 'W'(2.) < 0 in the viscosity sense in {z. > so} N
(7, 75,41), SO that

z. e Clt ({ze > so} N (2f, 2541)) NC™ ({22 > s0} N (af, 25p1)) -

On {z. = so} N (2}, 2}, ), the function z. has a minimum, and therefore —z < 0 in the
viscosity sense. Coupled with the previous observation, we deduce
1,1
ze € C ([2}, g ])-
1\2
The energy conservation implies that E(z% — e~ 1W(z.) is constant in any interval contained
in {ze > so} N (zf, 7}, ), therefore

/\2
E(ZS) — e "W (2.) is a constant e(2f) in (25,75, ). (5.6)
In particular
W (z) 2 —e()  in a2 (5.7
We claim that
Ze > S0 in [z, 25, 4] (5.8)

Suppose by contradiction that {z. = so} N (2}, z,,) # 0. From (5.6) it follows that —e(z},
e~ W (s0) because on the set {z. = s} there holds 2z = 0. We deduce from (5.7)

Fe(ze, (a5, 25.41)) = €7 W (s0) (af11 — 27) > C,

for £ € (0,1) sufficiently small depending only on v and sg, in contradiction with (5.3). We
conclude that {z. = so} N (2f,27,,) = 0, and this proves our claim (5.8). Notice that the
same argument shows that z. cannot have critical points in {z. < 0} N (2}, 27,,), hence in
particular

ze >0 in (2%, v541)-

The proof of the validity of the ordinary differential equation in (5.4) then follows, and hence
by uniqueness z.(x) € (—1,1) for any x € T.

Let us show that zj; is even with respect to the mid point of (zf, 25, ). Let T € (zf, 2§ ;) be
a point where zj takes the maximum value in [xf,z}_]. Observe that zj(z) := 2;(27 — )
solves the ordinary differential equation in (5.4), with Z5(z) = 2{(%) and zf/(7) = 2§/ (%) = 0.
Hence by uniqueness z;, = z;. If by contradiction 7 is not the mid point of (z},zf +1)7 we
have that zj vanishes somewhere in (xf, ), which is impossible, because zj, > 0 by (5.4).
Assertion (v) follows, because contradicting (5.5) would contradict estimate (5.3). O

12



Note that assertions (ii)-(v) are valid independently of sgp; we shall make use of sy in the
second case of the proof of the next lemma. We need the following preliminary observation.
Let v € BV(T;{#1}) and (v.) C H*(T) be a sequence converging to v in L}(T) as ¢ — 0%,
The continuity of v. and the convergence of (v:) to v imply that, for any &k = 1,--- , N(v),
there exists a sequence (x}) C T of points converging to x(v), such that

ve(73) = 0, (5.9)
where x?v(v)ﬂ = z5.

Lemma 5.2 (Action comparison between v, and z.). Let v be as in Lemma 5.1. Let
(ve) € HY(T) be a sequence converging to v in L'(T) as e — 0F. For any k =1,--- ,N(v),
select a sequence (z7,) C T of points converging to x(v) such that ve(xf) = 0, where we have
set :va(v)ﬂ = 1x5. With so as in (5.1), let (z:) be the sequence of functions given by Lemma
5.1. Then

FE(UE’(miaxi—&-l)) > FE(va(xivxi-H))v k=1,-- 7N(v) (5'10)

for e € (0,1) small enough.

Proof. Without loss of generality, let us fix k even. We divide the proof into two cases.
Case 1. ve > sg in (zf, 5, )-

In this case we have that v. € AL (so), and (5.10) follows by the minimality of z. (see (5.2)).
Case 2. Suppose that v.(7) < so for some T € (v}, 27 ).

We have
E(oeGhori) 2 [ VWG o= [ ot de
> (6(0) — 6(mf)) + ((M) — o(m)) + (S(MF) — 4(0))

=2(o(Mj) — ¢(my))
where ¢ is defined in (2.4), and
Mj = max{v.(x) : x € [x}, 2} 1]} > my, = min{v.(z) : © € [z}, v544]}

Since ¢ is strictly increasing and m{, < sg, we deduce

Fe (ve, (25, 2741)) 2 2 (6(M) — ¢(50)) > 2(6(1) — d(s0)) +o(1) (5.11)
as € — 0T, where in the last inequality we have used that lim,_,g+ [|ve — 1HL1($27$Z+1) =0.
For any k =1,--- ,N(v) — 1 let now dj, := zj_, — z}, and Ay =1- (va(v) — 25), so that
lim, o+ d5 = dy,(v).

Define

=

v(x_fi) if z € (xi,xi—k%’“),

5, . —T . dé
7 (B2 i w e (af + Foai),
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where v solves (2.9). We have z{ € A% (sg) and, as ¢ — 07,
F. (3. (0, af)) = 2 <¢ ([mx ]zz@c)) - ¢<0>> =2(6(1) ~6(0)) +o(1). (512

In addition, by minimality,

E (zlsw (xi,xi+1)) e (257 (xiaﬂUi_H)) : (5.13)
Then (5.10) follows from (5.11), (5.12) and (5.13) provided e > 0 is sufficiently small since,
being ¢ strictly increasing and sy € (—1,0),

Fz (ve, (g, k) 22(¢(1) — (s0)) + o(1) > 2((1) — ¢(0))
=FL (2, (@, 1)) + 0o(1) = Fe(zg, (25, 2541)) + o(1).

6 First order estimate for F;

In this section we prove the first order expansion for F, in the sense specified by Theorems
6.1 and Theorem 6.5.

Theorem 6.1 (First order estimate from below). Suppose that assumptions (W1) —
(W3) hold. Let (v.) C HY(T) be a sequence converging in L*(T) to a non constant function
v € BV(T;{£1}). Then, for any k = 1,--- ,N(v), there exists a sequence (d},) satisfying
lim+ di, = di(v) such that

e—0
N(v) @ N(v) @
F.(ve) >N (v)o — ayr? Z e T —a k2 Z e %

k=1 k=1

N () (6.1)
dE

+o Ze_‘“?k +o ase — 0%,
k=1

Proof. Without loss of generality, we can assume N (v) > 2, and that v = —1 in (x_1(v), 2% (v))
and v = 1 in (2 (v), zk11(v)) for any k =1,-- ,N( ), k even. For any k =1,--- , N(v) se-
lect a sequence () of points of T satisfying lim. o+ 27 = x,(v) and equality (5.9), where
Now, let dj, be defined as

dj, = xq, | — j, k=1 ,N(v) -1, (6.2)
Ay = 1= (@) — 1) = d,

and set
dk—l €
1,‘2(302) = (mi -, X+ 7)

From inequality (5.10) of Lemma 5.2 it follows

14



N(v) N(v)

Fa(va) = Z F; (Uap (1527«7524_1)) > Z I (Zav (xiaxi-i-l))

k=1 k=1
6.3
N (o) (6.3)
)= S F (s, I (55)
k=1
for € € (0,1) small enough. With the change of variable x = ey + x} we get
2
Rodii) = [ (G Cler s W ley+50)) dn (64)
=1k
where . e e
SIE(0) = (=L 2R 6.5
L) = (Tt g (6:5)
Let wi € H! (é[g(())) be the function defined as
13 g 1 €
wi(y) = 2z:(ey + x3), ye gIk(O% (6.6)

where we set wg 1= wyy,y. We deduce

RGoii) = [ (G008 s weio)) ar=7 (i 250). 60

where F is defined in (2.8). Hence, from (6.3),

N(v) .
) > Z F(ui 1;(0))

(6.8)
- > f(wk, )+ Y Fuf LEO).
ke (v keZ_(v)
for € € (0,1) small enough. Observe from (5.4) that wf, solves
gn / 13 3 k 1 d
—wi" + W (w;) =0 in ( e ,2€>\{0} (6.9)
wi(0) = 0.
Moreover, from (5.5) we get
& de
: € k—1 o e %k )| _
()@ e
Defi d h d d f 0, 3t
efine e(wj,_,) and e(wy,) as the (conserved) energy densities of wj, in < —=1, ) ( , 2—5)
respectively, namely
(w = (0))?
e(wiy) =t = W(0) = =W zf;
(w€,+(0))2 i (6.11)
ey . \PE _ - _ ek
e(uwf) =t W(0) = -W <wk<2€> <0,
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where w{ ~(0) (resp. w§ T(0)) stands for the left (resp. right) derivative of ws at 0. Set also
e(w§) := e(w?v(v)). We have, for k € Z, (v),

\/ZW(wz) + 2e(wf,_;) in (72"2‘1 , O) ,
wy = V2W (wg) 4 2e(wy) in (O, %) , (6.12)
wi(0) = 0.

Hence

ds /wk(z’“) 1 p

%k _ s

2 Jo V2W (s) + 2e(ws)
From (6.11) and the expression of Q in (4.1), we get

dj, _ e (%
o (i (2)). 013

From (6.13), (3.10) and (4.15) we deduce, as e — 07,

1 dj,
log T (5 = 04+2f]; —log(2k4) + o(1), (6.14)
— Wy (2?)
and therefore®
dé di
1 —wi <2‘]z‘> = 2k ez toll) ase — 0. (6.15)

Adding and subtracting the term W <w,i (g—g)) inside the integral, and taking advantage of
(6.12), for k € T, (v) we write

e (o %
(v (02))

dS

S o v (s (5))) v o (o ()

€
dy

_ 025 \/QW(w,‘i(y)) —2W <wi (gi

| )
:/sz("’g) \/QW(s) _ow <w,§ (;@
(5220 (s()

where we recall that £, is defined in (4.6).

€ di 2
1-wi(32)

*From (6.15) it follows lim,_,g+ ~———=~%— = 4%, a formula also proven in [8, Prop. 3.4].
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Substituting (4.17) and (2.2) into (6.16) we deduce, using also (6.14) and (6.15),

AN
1—wi =
(- (2))
ds, d§,
=0, — a+nie_o‘+?k +o0 <e_°‘+sk>

as e — 0T,
With similar arguments one can prove that

dé dag d§
F <wi, (—’?,O)) —o_ —a_Kk’e ¥ o +o0 <e°‘— E 1> )
€

Hence, for k € 7, (v) we get

1 ds, ds ds i
F (w5 250)) = o —autenn F maszen B g () o (e
€
Similarly, for £ € Z_(v), we have

1 ds, ds dc i

F <w}5€, 8I,i(O)) —o—a Kre T — a+ﬁie*a+% +o (ea‘ek> +o0 <e°‘+ksl> .
(6.18)
From (6.8), (6.17) and (6.18) the assertion of the theorem follows. O

Remark 6.2 (W even). When W is even, in order to prove Theorem 6.1 there is no need
to introduce sp as in (5.1), and there is no need to use Lemmas 5.1 and 5.2. Indeed, if W is
even, we can define zf a a solution to (5.2) where s¢ is replaced by 0, and we can directly
prove inequality (5.10), since

Fe(ve, (2, 2y 41)) = Fe(lvel, (2, 2541)) = Fe(2, (2, 25 41))-
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€ d5
Remark 6.3. As soon as di(v) # di(v), the corresponding infinitesimals e~ emox T op
the right hand side of (6.1) are not comparable. It may happen that the error on a term of

dE

d
di dj, .
@£% . An estimate more

the sum, say e~ ** = , is larger then another term of the sum, say e~

dE
rough than (6.1) is obtained by replacing the terms o <Z,]§V_(11}) eo‘iak> with

. dg,
0 <€C|{i mlnk=17m ,N(v) E> .

Corollary 6.4. Let (v.) C HY(T) be a sequence converging in L'(T) to a non constant
function v € BV (T;{x1}). Then, for any d € <0,min{dk(v) k=1, ,N(v)}> and any
Cy >0,C_ >0 we have

F.(v:) > N(v)o — C+e_o‘+g —C_e % 40 (e_‘“g) +o (e_o‘*g> (6.19)

as e — 0.

Theorem 6.5 (First order estimate from above). Suppose that assumptions (W1)—(W3)
hold. Let v € BV (T;{£1}) be a non constant function. Then there exists a sequence (vs) C
HY(T) converging to v in L*(T) and satisfying the inequality

N(v) 4 () N(v) i ()
F-(v:) < N(v)o — ayk? Z e T —a k2 Z e T
k=1 k=1
Nw) . N(v) e (6.20)
+o Ze‘“* = +o Ze_a— G ase — 0T,
k=1 k=1

Proof. By standard arguments, it is sufficient to prove the statement for a function v having
only two jumps z1(v) < x2(v). Let di(v) := z2(v) — z1(v) and da2(v) := 1 — di(v) =: dp(v).
Without loss of generality, we can assume

Y { —1 in (21(v),z2(v)),
1 in (x2(v),z1(v)).

Set

Li(21(v)) = (xl(v) -2 (v) + dlg‘”) . L(za(v) = <x2(v) - L aa(v) + d2§”>> .

Let 25, 25 and z. be as in Lemma 5.1 (with N(v) = 2) with the choice

x] = x1(v), x5 = x9(v), e €(0,1).
e 1 ~do(v) d(0) (o) (o)
511(0) ::< 205 ’ 125 )’ < 215 ’ 225 >’
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and let w§ € H'(111(0)) and w§ = w§ € H'(115(0)) be defined as in (6.6). Then w§ and w}
satisfy (6.11) and (6.12). We define

ws <W> if x € Ir(z2(v)),
ve(x) 1=

wi <¥1(v)> if x € I1(z1(v)).
Then v. € HY(T), (ve) converges to v in L*(T) as e — 0T, and
F.(ve) = Fo(ve, I1(21(v))) + Fe(ve, I2(22(v))). (6.21)

With the change of variable y = %2(1’), we have F¢(ve, [2(x2(v))) = F (wg, %1—2(0)), and, as
in (6.16),

o ) e () 0 (5(4)

Then the proof follows along the same lines as the proof of Theorem 6.1. O

Remark 6.6. With slight modifications in the proof of Theorem 6.5, one can show that for
any sequence (d5) converging to di(v), there exists a sequence (v:) C H'(T) converging to v
in LY(T) and satisfying the equality in (6.1) with df = dg(v) for any k= 1,--- , N (v).

Remark 6.7. From Theorems 6.1 and 6.5 it follows that, given v > 0, for any v €
BV (T;{#1}) with N(v) > 0 and for any sequence (v:) € H'(T) such that v. — v in L*(T)
as € — 0%, there holds

lim inf Fe(ve) = N(v)o

>0
e—0+t g7 -

)

with the equality along a particular sequence. Hence the I'-expansion of the functionals F_
in the sense of [5], whose zeroth-order is given by N(-)o, contains no terms of order 7 for
any v > 0.

7 I'-convergence

Throughout this short section, N € N and m > 0 are fixed, and we assume for simplicity
that W is even. We set a := a_ = a4 (see (2.1)) and k := k_ = k4 (see (3.10)). For any
e € (0,1] we define the functionals 72""™ : LY(T) — (—o0, +00] as

m
€

TN™(v) :=

(Fe(v) - Na>.

Observe that 72" may take negative values.
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Remark 7.1. Let (v.) C H'(T) be such that

sup TN™(v.) < +oo. (7.1)
€€(0,1]

Then sup F.(v:) < 4+00. Hence (ve) admits a (not relabeled) subsequence converging in

e€(0,1]
LY(T) to a function v € BV(T;{£1}), and

N(v)o < T—L'(T)liminf F.(v) < limsup F.(v.) < No,

e—0t e—0+

where the last iequality follows from (7.1). Hence

N > N(v).

Theorem 7.2 (First order I'-limit). Suppose that assumptions (W1) — (W3) hold, and
that in addition W is even. Then the sequence ( ™) T-LY(T)-converges, as € — 0T, to the
functional TN'™ : LY(T) — [—o0, +-00] given by

0 if ve BV(T;{£1}), N N( ) and m < m(v),

—oo if v € BV(T;{£1}), N = N(v) and m > m(v),

TN™(v) ={ +oo if v € BV(T;{+£1}) and N< N(v),
—oo if v € BV(T;{£1}) and N > N(v),

+o0o if v € LY(T) \ BV(T; {*1}),
where, for any v € BV (T;{£1}), we have set m(v) := min{dg(v) : k=1,--- ,N(v)}.

Proof. Set TT :=T — LY(T)limsupTN"™ and T~ :=T — LY(T )1lmlI+1fTNm Let v € LY(T),
e—0t+ e—0

and let (v.) C H'(T) be a sequence satisfying (7.1) and converging to v in L!(T). Then
v e BV(T;{£1}) and N > N(v), so that T~ (v) = o0 if

cither v € LY(T)\ BV(T;{£1}) orv € BV(T;{%1}) and N < N(v), (7.2)

and therefore
I — LYT) lim TV™(v) = 400 if v satisfies (7.2).

e—0t

We can assume from now on that v € BV (T; {£1}). The continuity of v. and the convergence
of (ve) to v imply that there exist an infinitesimal sequence (d:) C (0,1) and, for any k =
1,---,N(v), a sequence of points (z7) C T, such that for any € € (0,1),

|k (v) — 2| < 0,

and (5.9) holds. From Theorem 6.1, (6.1), and dj, = xf_ | — 2} > 2p41(v) — 21(v) — 20 >
m(v) — 20, we have

m(v)—26e

F.(v:) > N(v)o — 204/12#{k =1, N(v): di(v) = m(u)}e—af Yo (e—aM)
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since the contribution due to the remaining jump points is of higher order. Moreover

TN™(v,) = (FE(’UE) - NO')

a 2 o= +20e
> (N(v) — N)o — 2ak #{k: =1, N(): di(v) = m(v)}e :
+o0 (eam—m(;))+255> )

Hence
N=N(), m<m(v) = T (v)>0. (7.3)

If now (v:) denotes the sequence constructed in Theorem 6.5, we have

m N(’U) mfdk.('u) N(’U) mfdk(v)
TN™ () < e (N(v) - N)O' — 20> Z e = +o Z e . . (7.4)
k=1 k=1

Therefore, for a v satisfying (7.3), we have lim__ g+ T2 (v.) = 0, hence T (v) < 0,
which coupled with (7.3) gives

N <N(@), m<m() = T—LYT) lim TV™(v) = 0.

e—0t

If either N > N(v) or N = N(v) and m > m(v), from (7.4) it follows limsup, g+ T2"™ (v.) =
—00, so that T (v) = —oo. Eventually, from the L!(T)-lower semicontinuity of 7", we deduce

N =N(@), m>m@) =T (v)=—c.

8 Second order estimate for F;

This section is devoted to prove estimate (1.5). In what follows, beside the hypotheses on W
listed at the beginning of Section 2, we shall suppose also that there exists 6 € (0,1) so that

2

W (s) = %—(1 — 82, se(-1-6,-1+0),
(8.1)
o2
W(s) = 7*(1 —5)% se(1—0,1+0).
Notice that, in this case, we have
B+ =0. (8.2)

21



Theorem 8.1 (Second order estimate from below). Suppose that assumptions (W1) —
(W3) hold, and that in addition (8.1) holds. Let (v:), v, k and (dj,) be as in Theorem 6.1.
Then

N(v) i N(v) i
F.(v:) >N(v)o — ayri Z e e —a_ kK2 Z e =
k=1 k=1
8.3
N(U) 3oy di N(U) 3a di ( )
to[d ez = |40 ez =
k=1 k=1
ase— 0%,
We start the proof of Theorem 8.1 with the following result.
Lemma 8.2 (Computation of D/, (1)). We have
D' (1) := lim D/ (n) =0. (8.4)

Proof. Using the additional assumption (8.1) on W, for n € (1—4, 1) we have for the function
D defined in (4.5),

1-5 1 1
Dy (n) _/0 {\/ZW(S)—QW(U) B a+\/(1—5)2—(1—77)2} ds,

and therefore D is of class C* in a left neighbourhood of = 1. Differentiating under the
integral sign we get

1-6 /
W'(n) L1 }
D'\ (n) = / + ds,
o= [ v st e
and the assertion follows passing to the limit under the integral sign. O

Corollary 8.3 (Second order expansion of Q, and £.). We have

1

Q4 (n) ~ o log (1_77> + e +o(l =),

Lo(n) =0 — S5 (1— )P log (;) (5.5)
—— <log(2/£+) + 1) (1-=n)?+o0(1-n)?) asn—1".

asm — 17.

Proof. The formula for Q4 follows from (4.16), (4.8) and Lemma 8.2. The formula for £
follows by a direct computation as in the proof of Lemma 4.3, considering

Lo(n) = s+ (1= m)2log (15 ) + % (log(2k4) + 3) (1= )

lim ,

n—1- (1- 77)3
applying de I'Hopital’s Theorem and using the expansion of Q4 in (8.5) instead of (4.15),
and (8.2). O
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Following the notation of equations (6.15) and (6.14), we have the following expansions.

Lemma 8.4. Let k € S4(v). Then

dé dy, dg
1 — we <k> =2k e Y2 2% 40 <e_o‘+ak> , (8.6)

2¢e
and
1 d;,
log ——— | = a+i —log(2k4) + o(1). (8.7)
I —we (25)

Proof. We prove only the first expansion, the other being similar. From (3.10), (6.13) and

(8.5) it follows ]
1 — w. <di) = 2n+6_a+02l7 60(1—% (%)) (8.8)

P,

2e
Hence, from (8.8) it follows

d€ e da
1 —w, <2§) =2kie” ot 5t —i—o(e O‘*s).

Now, let (ve), v, k and and dj, be as in Theorem 6.1. Following the notation and the proof
of the same theorem (see in particular (6.16)), we have to expand the quantity

e (s (8) o (£ (4))

In view of the computations in the proof of Theorem 6.1, using (8.2) it is sufficient to isolate

O

the coefficients of the terms of order e_‘“% in (8.9), and (8.3) follows, thus showing Theorem
8.1. O
We conclude the paper with following result, the proof of which follows along the same lines
of Theorem 8.1, in a much simpler way.

Theorem 8.5 (Second order estimate from above). Suppose that assumptions (W1) —
(W3) hold, and that in addition (8.1) holds. Let v and (v:) be as in Theorem 6.5. Then

N(v) N(v)
F.(v:) <N(v )a—a+m+267+ Z
k=1 =1
No) N(w) (8.10)
_Baq dg(v) - dk(v)
Z e 2 ¢ +o Z e
k=1 k=1

as e — 07F.
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