Perimeter of sublevel sets in infinite dimensional spaces
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Abstract

We compare the perimeter measure with the Airault-Malliavin surface measure and we
prove that all open convex subsets of abstract Wiener spaces have finite perimeter. By
an explicit counter—example, we show that in general this is not true for compact convex
domains.

1 Introduction

In the setting of abstract Wiener spaces and Malliavin calculus, the definition of set with finite
perimeter and function of bounded variation has been first given by Fukushima and Hino in
[7], [8]. Recently there has been an increasing interest in the study of geometric properties of
sets with finite perimeter and, in particular, in the structure of the perimeter measure. We
mention for instance the paper by Hino [10], where the author provides a notion of cylindrical
essential boundary and a representation of the perimeter measure by means of a codimension
one Hausdorfl measure, introduced by Feyel and de la Pradelle in [6]. In the papers [2, 3]
Ambrosio et al. give a new version of these results, together with the Sobolev rectifiability
of the essential boundary, that is the fact that the essential boundary is contained, up to
negligible sets, in a countable union of graphs of Sobolev functions defined on hyperplanes.
The question whether or not the rectifiability result can be extended, as in the Euclidean case,
to Lipschitz functions is still an open question.

In this paper we address some questions about perimeters of good sets. First, we compare
the perimeter measure with the surface measure introduced by Airault and Malliavin in [1],
showing that for suitably smooth sets such notions coincide. We establish the equality

P({u<r}) = /m«} div,, (VH“) dy, rER, (1)

( \Vauln

for a wide class of real valued functions u. Here P, and div, denote the perimeter and the
divergence with respect to the Gaussian measure v, and H is the relevant Cameron-Martin
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space, see Sect. 2 for precise definitions. Formula (1) has several consequences, such as
continuity and boundedness of 7 — P, ({u < r}).

Then, we investigate the question whether or not a convex set has finite perimeter. In
Proposition 9 we show that all open convex sets have finite perimeter. On the other hand, in
Proposition 10 we prove that in any infinite dimensional Hilbert space with a non—degenerate
Gaussian measure there exists a closed convex set (a Hilbert cube) with infinite perimeter.
Such a convex set is compact under a mild condition on the covariance operator.

In the case of balls related results may be found in the papers [12, 9, 13], where the notion
of perimeter is replaced by the density (with respect to the Lebesgue measure) of the image
measure of v under || - —z¢||, and that contain further discussions of other aspects of Gaussian
measures of balls. In a Hilbert space, taking u(z) = ||z — x¢]|?, (1) gives a simple explicit
formula for the the perimeter of any ball.

2 Notation and preliminary results

We consider an abstract Wiener space (X, v, H), where X is a separable Banach space, en-
dowed with the norm || - || x, 7 is a non-degenerate centered Gaussian measure, and H is the
Cameron—Martin space associated to the measure ~.

Let us recall the definition and properties of H that will be used in the sequel. By Fernique’s
Theorem (e.g., [4, Theorem 2.8.5]), there exists a positive number § > 0 such that

/ emle?dV(x) < +o0.
X

This implies that the dual space X* is contained in L?(X, ). The closure H of X* in L?(X,~)
is called reproducing kernel, and H is the range of the one to one operator R : H — X defined
by

Rf = /X f(@)zdr(z),

(the latter is a Bochner integral). H is endowed with the inner product [-, -]y and the associated
norm | - | induced by L?(X,v) through R. So, h € H if and only if there is h € H such that

/ h(z)(x, z*)dy(x) = (h,z*), Va* e X¥,
p's

(here (-,-) denotes the duality between X and X*), and in this case |h|g = HfAL||L2(Xﬁ).
The continuity of R implies that the embedding of H in X is continuous, that is, there
exists ¢y > 0 such that
Ihlx < cmlhlm, Vh € H. (2)

Moreover, H is separable and it is densely embedded in X; there exists a sequence (x;) in X*,
such that the elements h; := Rz, j € N, form an orthonormal basis of H. We then define
Aj o= ||x3‘|\;(2* We shall consider an ordering of the vectors z} such that the sequence ();) is
non increasing.



Given n € N, we denote by H,, the linear span of hq,...,h,, and by II,, : X — H,, the

projection
n

I, (z) ::Z<x,m;>hj, z e X.
j=1
The map II,, induces the decomposition v = v, ® v;-, with 7, and ~;- Gaussian measures
having H,, and H;- as Cameron-Martin spaces.

The covariance operator @ is the restriction of R to X*. In the case that X is a Hilbert
space, after the canonical identification of X and X*, @ is a bounded symmetric trace class
operator in X and the constant cpy is related to the largest eigenvalue of Q, cy = )\}/2. The
numbers A; considered above are precisely the eigenvalues of Q.

The measure -y is absolutely continuous with respect to translations along Cameron—Martin
directions; more precisely, for h € H, h = Rz*, the measure v,(B) = v(B — h) is absolutely
continuous with respect to v and

o) = exp (o) = il ) dr (o) ®

For any function f : X — R differentiable at a point € X, the derivative f'(z) is an
element of X*, hence its restriction to H belongs to H*. The element y € H such that
f'(x)(h) = [y, h]g for each h € H is denoted by Vg f(x). It follows that

Vaf(x) =Y 0;f(z)h;,
JjEN
where J; := 0, is the directional derivative of f in the direction h;.
We denote by FC}(X) the space
FCHX)={f: X - R:3meN,{y,...,, € X*, such that
f(@) =z, l1), ..., (x,m)), ¢ € CZ}(Rm)}'

We also define the space FC} (X, H) of cylindrical H-valued functions as the vector space
spanned by the functions f¢, with f € FC}(X) and ¢ € H. For functions p € FC} (X, H),

with f; € FCLH(X), ¢; € H, the divergence is defined as

divyp(@) =Y O5le(@) hilm = Y > 05 fulw)llis byl (4)

j>1 j>1i=1

where 07 f(x) := 0;f(z) — h;(x)f(x); this divergence operator is, up to the sign, the formal
adjoint in L?(X,v) of the gradient V. In fact formula (4) may be extended to all vector
fields ¢ € WP(X,~; H) and div, is a bounded operator from W1'?(X,v; H) to LP(X,~) for
every p € (1,4+00) [4, Prop. 5.8.8].



With these notations, the following integration by parts formula holds:
/ fdivypdy = — / Vuf eludy, VYfeFCy(X),pe FCy(X, H). (5)
X X

Moreover, if a function u belongs to the Orlicz space L logl/2 L(X,), then udiv,p € L*(X,7)
for each p € FCLH(X, H).
Following [8] and [2], we define the y—total variation of a function u € Llog'/? L(X,~) as

|Dyul(X) := sup {/X u(z)divyp(x)dy(z) 1 o € FOHX, H) : |p(2)|m < 1}. (6)

We say that u has finite y-total variation, v € BV (X,~), if |[Dyu|(X) < +00. A measurable
subset E' C X is said to have yfinite perimeter if P,(F) := |D,xg|(X) < 4+o00. The perimeter
is lower semicontinuous with respect to the L!'-convergence, in the sense that if (F,) is a
sequence of sets with finite perimeter such that x g, converges to yg in L' (X, ), then P, (E) <
liminf,, o Py(Ey).

To any function u € BV (X,v) an H-valued measure D, u is associated. Thanks to the
Radon-Nikodym theorem, the polar decomposition Dyu = o,|D~u| holds, where |D,u| is the
total variation measure and o, : X — H is a |Dyu|-measurable function with |o,(z)|g = 1
|Dyul-a.e. x € X. In the case u = x g, we shall write D.,xg = og|D~xg|. For functions with
bounded variation we have the following integration by parts formula,

/ udivypdy = —/ [, ou)md|Dyul, Vo € FCLH(X, H). (7)
X X

In particular, if u € W1(X, ), then u € BV (X,7), the total variation measure is absolutely
continuous with respect to the Gaussian measure, and Dyu = Vguy.
An important tool is the following coarea formula ([7], see also [14]).

Proposition 1. Let u € BV (X,); then almost all the level sets {u < r} have finite perimeter
and the following equality holds,

1Dyl (X) = / P, ({u < r}) dr. (®)

3 Comparison with the Malliavin surface measure

We now compare the notion of perimeter with the surface measure introduced by Airault and
Malliavin in [1] in the case of suitably smooth hypersurfaces. We refer to [1] and to [4, Sect.
6.9, 6.10] for its construction and properties.

The smooth surfaces under consideration are level surfaces of functions

u€eW>(X,y) = ﬂ WhP(X,~)
p>1, keN

such that m € (,s1 LP(X, 7). For such functions, the image measure y o u~" defined in
B(R) by you~1(I) = v(u~1(I)) has a smooth density k with respect to the Lebesgue measure



(e.g., [4, Theorem 6.9.2]). For each r such that k(r) > 0, a Radon measure o, supported on
1

u~(r) is well defined, and we have

/ div.v dy = / o Vaila (9)
{u<r} (u=r} |VHuln
for all v € W (X, ) such that [v, Vyu]pg is continuous.
Since k is continuous, for all » € R we have
1 Tte r—e < <
k(r) = lim —/ (s) ds = lim LUTTZesu(@) Srded) (10)
e—0 2¢ r—e e—0 2¢e
In particular, y({u=!(r)}) = 0 for all r € R.
Proposition 2. Let u: X — R satisfy
ueC(X)N WhP(X,v), VpueC(X,H), —=———¢€()LP(X,y). (11
x)n N (X,7) H (X, H) Nriln () 17(X,y).  (11)
p>1, keN p>1
Then, for all r € R with k(r) > 0, the level set {u < r} has finite perimeter and
Py({u < r}) = on (™' (r)) = /{ div v i (12)
u<r
where vy = Vygu/|Vyulg.
Proof. For all € > 0 we define
\Y
() = H“(x)2 7z €C(X.H)N (| WX, H),
(e + |VHU($)|H) p>1, keEN
By (9) we have
. \Vru|g
divyv. dy = / do, (13)
Au<r} K {u=r} (5 + ‘VHU|%{)1/2
Letting € — 0, by monotone convergence the right hand side goes to
/ do, = o.(u"t(r)) € [0, +o0].
{u=r}
On the other hand, for a.e. z € X we have
) divyVgu(x) V2 u(x)Vgu(z), Vau(@) g
divyve(z) = 5173 5372
(e + [Vauli)t/ (e + [Vau(z)[F)*
so that lim._, div,v. () = div,vy(x) and, denoting by || - | s the Hilbert-Schmidt norm,
di
|diV7U5(l')‘ | IV’YVHU(J:)| |VHU||HS m Lp ,,Y

p>1



So, the left-hand side of (13) goes to

/ div,vg d,

{u<r}

which implies that o,.(u~1(r)) < 400 and that the second equality in (12) holds. Moreover,
by (9)

P,({u<r}) = sup / div,v dy
vEFCH(X,H), |v|g<1J{u<r}

_ / [Uv VH“]H
= sup ————do,
veFCL(XH), [v|n<1 J{u=r} |VHU|H
<o (ut(r)) < 4o0.
In particular, the function x{,<,} belongs to BV (X,~). We claim that

VHU
DoXruer = ——2Y 14
yX{u<r} |VHU|H ( )
In fact, (7) and (9) imply
[QO,VHU]H
) O{u<r d|D u<r}l = — do, 15
J e tunlndiDxen | = = [ B (15)

for any ¢ € FC°(X,H), the subset of FCL(X, H) consisting of smooth functions. We
remark that FCg°(X, H) is dense in C(K, H) for any compact set K C X. Indeed, for each
u € C(K, H) the range of u is compact, so that for each € > 0 there is a finite dimensional
subspace Y of H such that u(K) is contained in the e—neighborhood of Y. The Stone—
Weierstrass theorem yields the approximation of ITu, where II is the orthogonal projection
on Y, and hence the approximation of u. Moreover, since X is separable and the measures
| Dy X {u<ry| and o, are finite, then they are tight, so that equality (15) can be extended to any
p € Cp(X, H), and the claim follows. This yields (14) and hence the first equality in (12). O

We recall that the set {r € R: k(r) > 0} is connected ([11]), and it is dense in the range
of u since u is continuous. Then, it contains the interior part of the range of u.

Notice that, for each r in the range of w, at points x such that Vgu # 0 the vector
vy = Vuu/|Vaulg is orthogonal to all tangent vectors to the level set {u = r} belonging to
H, with respect to the scalar product in H. Then, it may be considered as the (exterior) unit
normal vector to the surface {u = r}.

Now we extend a part of Proposition 2 to a wider class of functions wu.

Proposition 3. Assume that w € BV (X,v) N LP(X,v) and z € Wl’p/(X,v;H) for some
p € [1,400) satisfy |z(x)|g <1 for a.e. z € X and

|D7u|(X):/ udivy z dy.
X

Then

P,({u<r}) = /{ }div,y zdy < ||divy 2] L1 (x ) (16)
u<r

for all r € R.



Proof. Recalling that f  divy zdy = 0, by the Layer-Cake formula we get

| Dyul(X) = / udivy zdy = —/ dr/ div, z d,
X —oo {u<r}

while by (8),

D) = [ Pytu<rhar

— 00

On the other hand, for all r € R we have
7/ div, zdy < P,({u < r}). (17)
{u<r}

This follows approaching z by a sequence of vector fields z, € F C; (X, H), with |z,|g <1, in
WP (X,5) if p > 1, in any W9(X,5) if p = 1, and recalling (6).
Comparing the integrals that give |D,u|(X), for almost every r € R we get

P(fu<r}) = _/ div., = dv. (18)

{u<r}
Fix now any 7o € R, and let (r,,) be a sequence of numbers such that (18) holds, r,, < rq, and
limy, 00 7 = 7. Then limy, 0 Xfu<r, } (Z) = X{u<r,} (¥) for each x € X, so that by dominated

convergence lim,, . || (u<ra} divy zdy = div,, zdy. By the lower semicontinuity of P,
we obtain

{u<ro}

P,({u <ro}) <liminf P,({v < r,}) = —liminf divy zdy = —/ div, z dy.
nreo {u<rn} {u<ro}

n—oo
(19)
(16) now follows from (17) and (19). O
Corollary 4. Assume that
1,1 Vau 1
ue W (X,v; H)NLP(X,7), Vau #0~v—ae., e WP (X, H),
IV e

for some p € [1,+00). Then for each r € R we have
P,({u<r}) = / divyvg dv, (20)

{u<r}

the function r — P,({u < r}) is continuous in R, and

lim P,({u<r})=0, lim P,({u<r})=0.

rlessinf u rfesssup u

In particular, Py({u < r}) is bounded by a constant independent of r.



Proof. The function u satisfies the assumptions of Proposition 3 with z = —Vgu/|Vgu|g,
hence formula (20) holds. For any 7o € R we have

llTIg(l) X{u<r} (x) = X{u<ro}(x)7 lﬁ,% X{u<r}(x) = X{ugro}(l‘)’ vz € X.
Since u € WHH(X,v) and Vyu # 0 a.e., then y({u = ro}) = 0 by [5, Thm. 9.2.4]. So,
limy,sry X{u<r} = X{u<ro} &-€., and (20) yields that 7 +— P,({u < r}) is continuous at ro by
dominated convergence. In particular, since Xfy<essinfu} = 0 a.e., then lim, jessinf o Py({u <
r}) = 0. Since X {u<esssupu} = 1 a-.€., then limqess supu = fX div, vgdy = 0, and the statement
follows.

O

3.1 Balls in Hilbert spaces

Assume now that X is a Hilbert space with the inner product (-, -) and the induced norm || - ||.
The Hilbert space H is just Q2 X equipped with the inner product (h, k] = (Q2h, Q_%k>.
We choose a orthonormal basis of X consisting of eigenvectors e; of @, Qe; = Aje; for j € N.
Then setting h; = e;/|ejlm = VAje;, the elements h;, j € N, form a orthonormal basis of H.
Fixed any zop € X and r > 0, the the exterior unit normal vector vy at x € 0B, (xg) is given

by
v () = Qr—m) _  Qx—z0) '
1Q(x — z0)|H ||Q1/2($—9€0)H

We define the mean curvature at € 9B, (x() as the divergence of vy at x. Since vy (x), hjlg =
(x — w0, h;)/|QY?(x — z0)||, We obtain

ivyvp(z) = 3 (@ — w0, hy) _(wohy)  (w— @0, hy)
divvp(z) =) [&Lj <(Z§’i1 (wxo,hi>2)1/2> N 102 — ao)] (21)

Jj=1

N 175112 o (@ wo b g P - (= wo, ) (s e;)
72_:1”@1/2(06*330)” ; 1QY2(z — o) 2 1QY2(z — o)

TrQ—r? — (& — a9, 20) 1@z — o) |I?

(Qx —w0), (& —20))7  {Qz — o), (x — a0))?

where Tr@Q = >, A\i < 400 is the trace of the covariance operator ). By computing div,vg
at T = rej, we see that the mean curvature is unbounded if X is infinite-dimensional.

Jj=1

Lemma 5. If X is an infinite dimensional Hilbert space, the function u(z) = ||z — 20|
satisfies condition (11) for all zo € X.

Proof. Being X a Hilbert space, u € C*°(X,R). Since Vyu(z) = 2Q(z — x¢), u € WFP(X, )
for each p > 1, k € N. Therefore it is enough to show that

1

=5 H(Q(' — o), — To) "

Nl=

< 40 Vp > 1. 22
X p (22)

1
H IVeulb || Lo x,)



For all z € X and n € N we have

M)
wbs

1 5 1 1
< 7 < D
‘ (Q(z — o), (x —m0)) | — ‘Zk—l g (T — w0, €x)* ‘)\n > k=1{T — o, €x)?
Therefore
» n _g
=), — o) <A’ —ao,en)’|  du(e) <
H<Q( o) To) 2 Lo(x) = /Hn ;@C To, ex) Yn () < +00

for all n > p, which gives (22). O

Using Corollary 4 we get several properties of perimeters of balls.

Corollary 6. Every ball in X has finite perimeter; for each xy € X the function r — p(r) :=
P, (By(x)) is continuous in [0,4+00) and

lim P, (B (z0)) = lim P,(B(z0)) = 0.

Moreover, there exist 0 < 1, < rp (depending on xg) such that p is monotone increasing in
[0, 7] and monotone decreasing in [rar, +00).

Proof. The function u(z) = ||z—x||? satisfies the assumptions of Corollary 4. Indeed, recalling
(21), for ||z — zg|| = r we have the estimate
TQ—r2— )\ TrQ — 12
rQ —r” — |lzoflr L vy < rQ —r® A [lzollr _ (23)
(Q(z — 20), (x — 20))2 (Qz — o), (x — 20))?

that gives an LP-bound on div., vy, namely div,vy € LP(X, ) for p < n if X is n-dimensional,
n > 2, and div,vg € Nps1LP(X, ) if X is infinite dimensional, by Lemma 5.

Except for the last claim, the statement is a consequence of Corollary 4. Moreover, (23)
implies that div,vy > 0if [z —xo|| < 1o = (—||lzoll+ /|20l + 4(Tr @ — X\1))/2 and div vy <
0if ||lo — xo|| = r1 := (JJzoll + /|@ol|? + 4Tr Q) /2. By (20), p is monotone increasing in (0, o]
and monotone decreasing in [rq,400). The last claim follows. O

We point out that a continuity result similar to the one of Corollary 6 was already proved by
Talagrand in [16], where the notion of perimeter is replaced by the density of the distribution
of the norm of X.

Remark 7. Similar results are easily available for ellipsoids {x € X : | T(x — zo)|| = r}, if
T € L(X) is the diagonal operator

o0
Tx = Z tr(z, e ey
k=1

with tp > 0 for each k € N and t, > 0 for infinite values of k. Indeed, setting u(xz) =
| T (x —20)||? we have Vgu(z) = 2QT (x —x0), va(z) = QT (x —x0)/||Q/*T(x —x0)||, Lemma
5 goes through with obvious changements, and

T QT — (&, T(x —w0)) _ [QT**(x — wo)|?
Q2T (2 — o) Q2T (2 — o) |I?

diV’Y Vg =



so that
Tr QT + ||z|| | T(z — xo)|| + |QT|| L)

Q2T (2 — o)

which implies that div,vy € LP(X,7) for every p < oo. So, Corollary 4 may be applied and it
yields that the function r — p(r) := Py({x € X : | T'(x — zo|| = r}) is continuous in [0, +00)
and it vanishes as r — 0 and as r — +o0.

|div vg| <

4 Open convex sets have finite perimeter

In this section we prove that any open convex subset of an abstract Wiener space X has finite
perimeter.

We first recall an important property of Gaussian measures in separable spaces [4, Thm.
4.2.2, Rem. 4.2.5].

Proposition 8. Let A, B be Borel subsets of X and let A € [0,1]. Then
YA+ (1= N)B) > y(A)M(B)
Proposition 9. For every open convex subset C C X, v(0C) =0 and Py(C) < +o0.

Proof. The statement is obvious if C' = X, so we assume C' # X. Moreover, without loss
of generality we may assume that C' contains the origin of X. Indeed, if 0 ¢ C there exists
h € CN H such that [h,h']g > 0 for all ¥ € CNH. If h = Rz*, then (x,z*) > 0 for each
x € C, since H is dense in X, and using the Cameron—Martin formula (3) we get

nig

/V(C) <e '7(0_ h),
[h|2
P,(C) < e 2" P(C — h).
Hence, it is enough to prove that the statement holds when C is replaced by C' — h. In this
case, since C' is open, it contains a ball of radius r» > 0 centered at the origin.
We argue as in [13, Proposition 3.2] (see also [12]) and we set g(¢) := y(¢tC), for t € [0, +00).

For 0 < t1 < to, applying Proposition 8 with A = ¢t;C and B = t,C, we get

gt + (1= Nta) > g(t1) g(t2) > (24)

for all A € [0,1]. Inequality (24) implies that the function f(¢) := logg(¢) is concave on
(0,400). An immediate consequence is that g is continuous on (0,+00), so that v(9C) = 0,
since 0C C (14 ¢)C \ C for every € > 0. Moreover, there exists M > 0 such that

g(1+mn) —g(1)

. <M, Vn € (0,1).

Letting
dole) = inf o —yl, e X,
y

10



the distance d¢ is 1-Lipschitz in X, and then it is H-Lipschitz with constant cgy as in (2).
By [4, Example 5.4.10], dc € W(X,v). Moreover, |Vgdc|g < cg a.e., and consequently
for every n € (0,1)

M3 W — (L +1)C) = 2(C))
z% (1(C + By) —~(C))
> L ‘VHdClH d’y.

~ NCH J(C4B,)\C
For every n € (0,1) and r > 0 the function
u(z) := min{dc(z),nr},

is still H-Lipschitz and consequently in W(X,~), moreover Vyu = x(c+5
for t < pr = maxu we have {u < t} = C 4+ B;. Applying (8) we obtain

)\CdeC and

nr

1 1

— |VHdC|Hd'7:7/ |VHU|Hd’}/

NCH J(C+B,)\C ncu Jx
L M pcyByat
_CH nr Jo v t

As a consequence, letting 7 — 0, there exists a decreasing sequence t,, — 0 such that

M
P,(C+By,) < —*.

The statement follows from the lower semicontinuity of the perimeter. O

5 A compact convex set with infinite perimeter

In this section X is an infinite dimensional Hilbert space, and we prove that there exists a
convex set with positive measure and infinite perimeter.

Proposition 10. There exists a closed conver set C C X with P,(C) = +o00. Moreover, if
the covariance operator Q satisfies

> Ajlogj < 400, (25)
JEN

then C' is compact.

Proof. We fix a sequence of positive numbers r; > 0 satisfying

2 e‘g 1
\/> = E (26)
T Tk (k+ 1) (log(k + 1))z

11




Then for k£ big enough we have
(log(k + 1)) <y < 2(log(k + 1))* (27)
We define the sets
Qn:={zx e H,:—r; <[z,hjlg <r;Vj<n} Cp =1I;1(Q,) C X.

The decomposition X = Ker(Il,,) & H,, and v =7, ® ’Yn yields

i n 1
H \/>/ 2 ds > ]];[1 (1 (k +1)(log(k + 1))3> <28>
1
=exp (;; log (1  (k+1)(log(k+ 1)) >>

where we have used the inequality

92

Foo s2 1 +oo s2 e 2
/ e 2ds < f/ se” zds = .
I 0 Jy e

The sequence C, converges decreasing to the closed set

C:=()Cn

neN

and

s 1
¥(C) = lim y(Cp) > exp (kZ_l log (1 (k+1)(log(k +1))2 )> -

The series in the exponential is asymptotically equivalent to the series

Zl k+1)( log(k+ 1))3’

which is convergent. Then, a > 0.
We now estimate the perimeters of the sets C,,; we denote by QX C H,, and C* C X the
sets
ni={z € Hy s —rj <o, hyly < ¥j<mj#k}  Cp=10,1(Q).

Then, since 7(CF) > v(C,,) > a, by (26)

n

" [2 2
P, (Cy) = Ze 2 y(CH)y > ay /= =
() kzl T () T z:: kE+1)( logk—l—l))

— 400.

It remains to prove that the perimeter of C is the limit of the perimeters of C,,. To this aim
we consider the conditional expectations

tmn(2) = Em (X0, ) () = /X xen (M + (I~ T )y)y(dy), > m.

12



A direct computation shows that wpm, » = m nXxc,, With
n .
2 Tj $2
Qo = H \/f/ e~ 2z ds.
- ™ Jo
Jj=m+1

As n — 400, since x¢, — xc in L'(X, ) and by the continuity of the conditional expectation
E,, in L'(X,v), we obtain w,, — um = En(xc) in L' (X,v) with

R b R
Um = amX0ns  am= ][] \[/ e 2ds
. ™ Jo
j=m+1
Let us show that lim,, ., @, = 1. We have
n

wnnz ]I (1< 1<j+1)>%>”e"p -2 :

P j+1)(log 5 G D(log (i +1))2

so that the assertion follows from the convergence of the series in the right—-hand side. Then,

P,(C)= lim |Dyunl(X)= lm P,(Cy)=+oc.

m——+oo m—+00
Moreover, if
2
> lhyl? < 4oo, (29)
JjEN
then C' is compact. Recalling (27), since |h;]|> = A;, (29) is equivalent to (25). O

Notice that, taking r < ming 7, the ball centered at 0 with radius r of the Cameron—Martin
space H is contained in C.
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