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On the gradient flow of a one-homogeneous functional

Ariela Briani *and Antonin Chambolle fand Matteo Novaga *fand Giandomenico Orlandi $

‘We consider the gradient flow of a one-homogeneous functional, whose dual involves the
derivative of a constrained scalar function. We show in this case that the gradient flow is
related to a weak, generalized formulation of a Hele-Shaw flow. The equivalence follows
from a variational representation, which is a variant of well-known variational represen-
tations for the Hele-Shaw problem. As a consequence we get existence and uniqueness of
a weak solution to the Hele-Shaw flow. We also obtain an explicit representation for the
Total Variation flow in one dimension, and easily deduce basic qualitative properties,
concerning in particular the “staircasing effect”.

1. Introduction

This paper deals with the L2-gradient flow of the functional
Jk(w)::/|dw|dx ke{0,...,N -1}
A

defined on differential forms w € L?(A, Q*(RY)), where A C R¥ is an open set. We
will focus on the particular case kK = N — 1: in that case, the dual variable is a scalar
and this yields very particular properties of the functional Jj;, and the associated
flow.

Notice that, when k = 0, the functional .Jy reduces to the usual total variation.
When k = N — 1 we can identify by duality w € L2(A, QN ~1(RY)) with a vector
field u € L%(A,RY), so that Jy_; is equivalent to the functional

D(u) = /A \div u| dz (1.1)

that is, the total mass of divu as a measure.

The gradient flow of D has interesting properties: we show in particular that
it is equivalent to a constrained variational problem for a function w such that
Aw = div u. Moreover, under some regularity assumption on the initial datum wuy,
such a variational problem allows to define a weak formulation of the Hele-Shaw
flow [9,11] (see also [12] for a viscosity formulation). Therefore, it turns out that
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the flow of (1.1) provides a (unique) global weak solution to the Hele-Shaw flow, for
a suitable initial datum ug. But our formulation allows us to consider quite general
initial data wug, for which for instance div ug may change sign, or be a measure.

The plan of the paper is the following: in Section 2 we introduce the general
functional we are interested in, we write the Euler-Lagrange equation for its Moreau-
Yosida approximation and, in Section 2.1, we express it in a dual form that will be
the base of our analysis.

In Section 3 we focus on the case k = 1 which is analyzed in this paper. We show
many interesting properties of the flow: comparison, equivalence with a weak Hele-
Shaw flow if the initial datum is smooth enough, and qualitative behavior when the
initial datum is not smooth. In Section 4.1 we observe that, in dimension 2, the
case k = N — 1 also covers the flow of the L'-norm of the rotation of a vector field,
which appears as a particular limit of the Ginzburg-Landau model (see [16,19] and
references therein).

Another interesting consequence of our analysis is that it yields simple but
original qualitative results on the solutions of the Total Variation flow in dimension
one (see also [3, 5]). We show in Section 4.2 that the denoising of a noisy signal with
this approach will, in general, almost surely produce a solution which is “flat” on
a dense set. This undesirable artefact is the well-known “staircasing” effect of the
Total Variation regularization and is the main drawback of this approach for signal
or image reconstruction.

2. Gradient flow

Given an initial datum wy € L2(A, Q¥(RY)), the general theory of [6] guarantees the
existence of a global weak solution w € L2([0, +00), L2(A, Q*(RY))) of the gradient
flow equation of Jj:

wr € —0Jk(w) te[0,4+00), (2.1)

where 0J) denotes the subgradient of the convex functional J. Given € > 0 and
f € L?(A,QF(RYN)), we consider the minimum problem

min  Ji(w) —&—/A2—15|w_f|2dx. (2.2)

w:A—RN

Notice that

min J(u)—i—/'w_gfpdx—a min J(u)+/i\w—f|2dx
w:A—RN F A 2 N w:A—RN k A25 '

The Euler-Lagrange equation corresponding to (2.2) is
e(f —w) € 0Ji(w),

that is there exists a (k + 1)-form v with |v| = 1 such that v = dw/|dw| if dw # 0,
and

e(f —w)=dvin A and (xv)7 = 0 on OA. (2.3)
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2.1. Dual formulation

Equation (2.3) is equivalent to
we dJg(e(f —w),

where
f() = s _JOo it fnl. <1
Ty = w:zlg)RN /A n-wdz = Jp(w) = { 400 otherwise
and
ol =sp{ [ wwr: s <1},
A
Note that

MM+%W2AwwM

for all w,n. The equality holds iff fA 7 -wdr = Jp(w), and in such case we have
[nll < 1.
Letting w be a minimizer of (2.2) and n = (f —u)/e we then get

/u-f_udac:Jk(u),
A

3

which implies

J (L2 20 thatis e |f—ul,.
k

3

In particular, we showed the following (see also [15] for the same result in the case
of the Total Variation).

Proposition 2.1. The function u =0 is a minimizer of (2.2) if and only if
e>ec=|fll«- (2.4)

Note that ||n||. < co implies that

/nw:O
A

for all w such that dw = 0. By Hodge decomposition, this implies that n = d*g for
some 2-form g, with gy = 0 on JA. It follows that

7]« = sup /d*g-wdx: sup /g-dwdw—l—/ wA*gy = sup /g-dwda:.
4 ldw|<1 /A [4ldw|<1 /A 0A Saldw|<1JA
(2.5)

We then get

nlle = jinf - llgllzeca

INloa=0
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Indeed, it is immediate to show the < inequality. On the other hand, by Hahn-
Banach Theorem, there exists a form ¢’, with d*¢’ = d*g = 7 such that

Il = swp [ g-awde= s [ g vdo = lglimca.

[ ldw|<1 TATIES!
Fix now ¢¢ such that d*¢g = n. We can write g = ¢g + d*1, so that (2.5) becomes
= min + d* o (A)- 2.6
Il = i+ 4l (2.)

The Euler-Lagrange equation of (2.6) is similar to the infinity laplacian equation

doo (o + d*9p) = 0.
By duality problem (2.6) becomes

min — [[Vih + ¢o|| o< (), (2.7)
€Wy ™ (A)

0

and the corresponding Euler-Lagrange equation is

(V*Y + Vo) (Vo + ¢o), (Vi + ¢o)) = 0. (2.8)

3. Thecase k=N —1

In this case, we recall that we are considering the gradient flow of the func-
tional (1.1), which is defined, for any u € L{ (4;RY), as follows

loc
D(u) = sup {/A —uVudr @ ve Cr(A),|v(z) <1Vxe A} . (3.1)

This is finite if and only if the distribution divw is a bounded Radon measure in
A. We now see it as a (convex, ls.c., with values in [0, +oc]) functional over the
Hilbert space L%(A;RY): it is then clear from (3.1) that it is the support function
of

K = {-Vu: v e Hy(A; [-1,1])}

and in particular p € 9D(u), the subgradient of D at u, if and only if p € K and
Jip-ude=D(u) = [, |divul:

0D(u) = {—Vv cv € Hy(A;[-1,1]), / —Vv-udr = / |divu} .
A A
We can define, for v € dom D, the Radon-Nikodym density

di ooy divu
el () = lim 7&3( :0)

0 ivu . )
aivu(T) p—0 fB(z 2 |div ]

B |div u]

which exists |divu|-a.e. (we consider that it is defined only when the limit exists
and is in {—1,1}), and is such that divu = 04y |div u|. We can also introduce the
Borel sets

EF = {z€A: bgiyu(x) = £1} .
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Then, we have:

Lemma 3.1.

OD(u) = {~Vov :ve Hj(A;[-1,1]),v==£1 |divu|- ae. on EF} .

Proof. Consider v € H{(A;[—1,1]). Then we know [1] that it is the limit of smooth
functions v, € C°(A;[—1,1]) with compact support which converge to v quasi-
everywhere (that is, up to a set of H'-capacity zero).

We recall that when u € L2(A;RY), the measure divu € H~'(A) must vanish
on sets of H'-capacity 0 [1] : it follows that v, — v |divu|-a.e. in A. Hence, by
Lebesgue’s convergence theorem,

—/ Vo(z)u(z)de = lm [ v,(2)0aive(@)|divul(z) = /v(x)divu(x).
A A

n—oo A
It easily follows that if v = +1 |divu|- a.e. on EF, —Vv € 9D(u) and conversely,
that if v € 9D(u) then v = +1 |divul-a.e. on EF. |
We now define, provided v € dom 9D (i.e., dD(u) # 0),
’D(u) = argmin{/ Ip|*dx : p € 8D(u)} :
A

it corresponds to the element p = —Vv € dD(u) of minimal L%norm. Using
Lemma 3.1, equivalently, v is the function which minimizes [ ) |Vv|? dr among all
v € HY(A) with v > Xe+ and v < —xg-, |div u|-a.e.: in particular, we deduce that

it is harmonic in A\ & U &y .
Let us now return to the flow (2.1). In this setting, it becomes

ug = Vv
{u P, (3.2)

where v satisfies |v| < 1 and
D(u)—i—/ u-Vo=0.
A
It is well know, in fact, that the solution of (3.2) is unique and that —Vu(t) =
9°D(u(t)) is the right-derivative of u(t) at any t > 0 [6]. Given the solution
(u(t),v(t)) of (3.2), we let
¢
w(t) = / v(s) ds,
0
which takes its values in [—t,t]. We have
u(t) = up + Vw(t).

Theorem 3.1. Assume ug € L2(A;RY). The function w(t) solves the following
obstacle problem

min{;/ lug + Vw|*dz : w € H}(A),|w| <t a.e.}. (3.3)
A
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Observe that in case we additionally have divug > « > 0, this obstacle prob-
lem is well-known for being an equivalent formulation of the Hele-Shaw problem,
see [9, 11].

Proof. Given ug € L?(A;RY), we can recursively define u, 1 € L?(4;R") as the
unique solution of the minimum problem

min ~ D.(u,u
u€L?(ARN) (1, un),

where

1
—|u —v|? dz.
2e

D.(u,v) = D(u) + /

A
Then, there exists v,4+1 € OD(un+1) such that

Upt1 — Up — EVUL41 = 0. (3.4)

It follows that v, 41 € H}(A) minimizes the functional

/ [up, +eVo|? dx
A

under the constraint |v| < 1. Let now

Wy 1= 62%-
i=1
The from (3.4) we get

Uy, = Uy + VW, (3.5)

and w,, minimizes the functional
/ o + Vul® da (3.6)
A
under the constraint |w — w,_1| < . Notice that |w, — wp_1| < e for all n implies

|wp| < ne. (3.7)

We now show that w,, minimizes (3.6) also under the weaker constraint (3.7). Indeed,
letting ,, be the minimizer of (3.6) under the constraint (3.7), we have

wn_géwnJrlSuA)n"‘E,

which follows by noticing that min{w,,, @, 41 +¢} and max{w,, W,+1 — e} minimize
(3.6), hence they are both equal to w,. It then follows w,, = w0, for all n.

Passing to the limit in n we get the corresponding result in the continuum cas&

Remark 3.1. The previous proof also shows that for any initial uy € L2(A;RY),
u(t) = up + Vw(t) is the unique minimizer of

1
/A |div | + §|u — up|? da.
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We recall that obviously, such property does not hold for general semigroups gen-
erated by the gradient flow of a convex function. It is shown in [2] to be the case
for the Total Variation flow, in any dimension, when the initial function is the
characteristic of a convex set.

3.1. Some properties of the solution

A first observation is that t — w(t) is continuous (in H}(A), strong), as follows
both from the study of the varying problems (3.3) and from the fact that the flow
u(t) = ug + Vw(t) is both continuous at zero and L?(A)-Lipschitz continuous away
from ¢t = 0 (and up to ¢ = 0 if up € dom 9D).

In fact, one can check that w is also L°°-Lipschitz continuous in time: indeed,
it follows from the comparison principle that for any s <,

w(s)—t+s < w(t) < w(s)+t—s (3.8)

a.e. in A, hence ||w(t) —w(s)||ze(a) < |t — s|. The comparison (3.8) is obtained by
adding the energy in (3.3) of min{w(¢),w(s) + ¢t — s} (which is admissible at time
t and hence should have an energy larger than the energy of w(t)) to the energy of
max{w(t) —t+s,w(s)} (which is admissible at time s), and checking that this sum
is equal to the energy at time ¢ plus the energy at time s. This is quite standard,

see [7,12].
In particular, we can define for any ¢ the sets
ET(t) = {w(t) =t} and E(t) = {w(t) = —t}, (3.9)
where w(t) is the precise representative of w(t) € H'(A), defined quasi-everywhere
by
w(t, ) lim ! / w(t,y)d (3.10)
’ p=0 WNPN JB(a,p) W '

(wy is the volume of the unit ball). It follows from (3.8) and (3.10) that if w(¢, z) = ¢,
then for any s < ¢, x is also a point where w(s,z) is well-defined, and its value is
s; similarly if @(t,z) = —t then w(s,z) = —s. Hence: the functions ¢ — ET (),
t — E~(t) are nonincreasing,.

Also, if s < t, one has from (3.8)

1

wnpN

1 1
[ wmdy-trs< —c [ witwdy< —c [ wlspdy-s+
B(z,p) WNP JB(x,p) WNP™ JB(z,p)

so that if z € ET(s),

1 1
2s —t < liminf N/ w(t,y)dy < limsup N/ w(t,y)dy < t
=0 WNPY JB(z,p) p—0  WNP JB(z,p)

and sending s to t, we find that if z € (,_, E*(s), @(t,z) =t and z € E*(1):
hence these sets (as well as E~(+)) are left-continuous.
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We define
Ef(t) = (JET(s) CET(t) and E; (t) = | JE (s) CE(t), (3.11)

s>t s>t
as well as E(t) = ET(t) U E~(t), E.(t) = Ef(t) U E(t). Then, there holds the
following lemma:

Lemma 3.2. If s <t, then
E~(t) CE (s)and ET(t) C E*(s),

E-(t) CE (s)and Ef(t) C Ef(s).

T

Moreover, for t > 0, v(t) = +1 quasi-everywhere on EX(t) and Eic(t) C EX(t), up
to a set |divu(t)|-negligible. In particular

divu(t) L (E; (1)) >0, divu(t) (Ef(t)° <0, divu(t)l (Ef(t)UE; (t))° = 0.

T

Here, for a Radon measure p and a Borel set E, ul_ FE denotes the measure
defined by ul_ E(B) := u(E N B).

Proof. The first two assertions, as already observed, follow from (3.8) and the
definition of EF. We know that the solution of equation (3.2) satisfies 9; u
—d"D(u(t)) = Vo(t) for any t > 0, but the right-derivative of u = ug + Vw(t
is nothing else as lim,_,o V[w(t + h) — w(t)]/h. We easily deduce that v(¢)
limy,_o[w(t + h) — w(t)]/h (which converges in H}-strong). Since when x € E;}f(t),
w(t,x) =t and W(t + h,x) =t + h for h small enough, we deduce that v(x) =1 on
that set, in the same way v =1 on E, (¢).

~

~—

Observe that the Euler-Lagrange equation for (3.3) is the variational inequality
/ (ug + Vw(t)) - (tVv — Vuw(t))de > 0,
A

for any v € H(A;[—1,1]). In other words since u(t) = ug + Vw(t),

—/Au(t)~Vw£t) > —/Au(t)Vv

for any |v| < 1, and we recover that —Vw(t)/t € 9D(u(t)).

Hence (using Lemma 3.1), £, C E*(t). Now, if & € Hj(A;[~1,1]) with & = +1

on EF, one deduces that for any s > t,

—/ Vo -u(s)de = D(u(s)).
A

Sending s — t, it follows
—/ Vo-u(t)de > D(u(t)),
A

hence © € 9D (u(t)). We deduce that 5ui(t) C EX(t), invoking Lemma 3.1. O
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Remark 3.2. We might find situations where |v(¢)] = 1 outside of the contact
set. For instance, assume the problem is radial, divug is positive in a crown and
negative in the center. Then one may have that ET is a crown (w should be less
than ¢ at the center) and E~ is empty. In that case, v should be equal to one also
in the domain surrounded by the set E7T.

We show now another simple comparison lemma:

Lemma 3.3. Let ug and ujy in L*(A;RY) such that
divu, < divug

in H=1(A). Then for anyt > 0, w'(t) < w(t), where w'(t) and w(t) are the solutions
of the contact problem (3.3), the first with ug replaced with ug).

Proof. Let t > 0, € > 0, and w® be the minimizer of
lm‘gl f/ |Vw|? dz — / w(divugy — €)
w|<t 2

which of course is unique. We now show that w® < w(t) a.e., and since w® — w’'(t)
as € — 0 the thesis will follow.
We have by minimality

[Ve(t)]® . |V (w(t) v we)|? (i
/AT dx — /Aw(t)(dlvuo) < /Af dx — /A(w(t)\/w )(divug),

Vs ? . V@AW
/ATdac—/Aw(dlvuO e)S/A ! d /A( () A w?)(div —e)

where we denote w(t) V w® := max{w(t),w*} and w(t) A w® := min{w(t), w}.
Summing both inequalities we obtain
/ (w(t) Vw® —w(t))divuy < / (w® —w(t) Aw®)(divuy —¢),
A A
from which it follows € [, (w® — w(t))" dz < 0, which is our claim. O

Corollary 3.1. Under the assumptions of Lemma 3.3,
E~(t) CE " (t) and B (t) C E*(t), (3.12)
and it follows that v'(t) < wv(t), for each t > 0.

Proof. Eqn (3.12) follows at once from the inequality w'(t) < w(t) (Lemma 3.3).
We deduce, of course, that also E; (t) C E', (t), and E'}(t) C Ej(t). Consider
the function v = v/ (¢) Av(t) = min{v'(¢), v(t)}. Asit is +1 on E’i( ) it follows from
Lemmas 3.2 and 3.1 that —Vov € 9D(v/(¢)). In the same way, v’ = v'(t) V v(t) =

max{v’(t),v(t)} is such that —Vv’ € 9D(u(t)). Since

/|Vv|2dx+/ Vo2 dr = /|Vv(t)|2dx+/ Vo' (1) da
A A A A
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either [, [Vol*dz < [, [Vu(t)|*dzor [, |VV'[*dz < [, |VV'(t)|* dz. By minimality
(as —Vo(t) = °D(u(t))) it follows that v = v(t) and v' = v/(t). O

3.2. The support of the measure div u

Throughout this section we will assume that divug is a bounded Radon measure
on A.

Lemma 3.4. Let ug € L>(A;RY)NdomD, § > 0 and u = (I + 6§0D) L (ug). Then
for a positive Radon measure p € H=1(A), the Radon-Nikodym derivatives of divu
and div ug with respect to p satisfy (divu/p)(x) < (divug/p)(z) for p-a.e. x € &,
and (divu/p)(x) > (divue/p)(z) for p-a.e. x € €, . In particular, divu << divug
and (divu)* < (divug)®.

Remark 3.3. It follows from the Lemma that divu = 6divug L (€ UE, ) for some
weight 6(z) € [0,1]. We can build explicit examples where § < 1 at some point.
Consider for instance, in 1D, A = (0,1) and the function ug(z) =0 if < 1/3 and
x>2/3, and 2 — 3z if 1/3 < # < 2/3. Then, one shows that u(¢) is given by

3t if o <%
(t.2) 1—2/3t if%<m<a(t):=%+%
ult,r) =

2 — 3z if a(t) < @ < b(t) =1 — YL

VI+6t—1 ifz>b(t)

until ¢t = 1 — 21/2/3. We have divu(t) = u(t), = (1 — 2v/3t — 3t)01/3 = 3X(a(t),b(¢))
for such t: E:(t) = {1/3} stays constant for a while (and disappears suddenly
right after t = 1 — 2v/2/3), while the density of the measure divu(t) goes down
monotonically until it reaches zero (notice that v(¢) will jump right after 1—2v/2/3),
while E ) = (a(t), B(t)) shrinks in a continuous way, and carries the constant
continuous part of the initial divergence (—3).

Proof. We have u = ug + §Vv with —Vv € 9D(u). Let € &. Recall that the
precise representative of v is defined by

where wy = |B(0,1)[, and that this limit exists quasi-everywhere in A. We assume
also that o(z) = 1.
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Then, for a.e. p > 0, one may write

/ divu = / w-vdH!
B(z,p) 0B(z,p)

:/ u0~l/d7-tl+5/ Vo -vdH?
dB(z,p) 0B(z,p)

:/ divug + 0 Vu-vdH'. (3.13)
B(z,p) 9B(z,p)

Now, let f(p) = (1//’N_1)f613(x p)vdH1 (which is well-defined for any p). Then,
since ¥(z) =1 and v < 1 a.e.,

limsup f(p) = Nwy -
p—0

One can also show that for a.e. p > 0, f/(p) = (1/pN 1) faB(w oy VU vdH!, in fact
f is locally H! in some small interval (0, pg).
Since v < 1 a.e., f(p) < Nwy a.e., so that

roq p
liminf/ ﬁ/ Vu-vdH'dr = liminf/ f(r)dr
=0 e T OB(z,r) =0 €

= liminf f(p) — f(e) < 0

e—0

for any p. If follows that for any p small, the set I} = {r € [0,p] : faB(;p " Vo -

vdH' < 0} has positive Lebesgue measure, and for any r € Ij, we deduce
from (3.13) that fB(;v ydive < I »y divauo.
Now consider p a positive Radon measure: p-a.e., we know that the limits

divu . fB(m  divu divug IB(w » divug
() = lim —=2*—— and ——(z) = lim —2>———
p M (B, 1) (B )
exist. If moreover, as before, x € & and o(z) = 1 (which holds p-a.e., since
w € H7Y(A)), we can find a subsequence r,, such that S Ve < [pe,,.  divug
for each n, and it follows (divu/p)(z) < (divug/p)(x). O

The following corollaries follows:

Corollary 3.2. Lett > s > 0: then (divu(t))* < (divu(s))*. In particular, Eui(t) C
g:t

u(s)’ |div u(s)|-a.e. in A.

Proof. Indeed: if t > s, then u(t) = (I + (t — s)0D) 1 (u(s)). We deduce that for
quasi-every © € Ej(t), 1 = baivu)(z) < (divu(s)/(divu(t))?)(z), and it follows
(divu(t))T < (divu(s)/(divu(t))T)(divu(t))t < (divu(s))T. O

Corollary 3.3. We have that (divu(t))* = (divug)* as t — 0, weakly-+ in the
sense of measures. Moreover, E= C EX(0) (up to a |divug|-negligible set), and

divuo L (EF(0)) > 0, divug L (E(0)) < 0.
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Proof. We know that as t — 0, u(t) — wug in L?(A;RY), and thanks to the
boundedness of divu(t) it follows that divu(t) = divug in the sense of measures.
Now consider a subsequence (t;) such that (divu(ty))t = g, (divu(ty))” = v.
Since pu — v = divuyg, it follows that u > (divug)™ and v > (divug)~. The reverse
inequalities follow from Lemma 3.4 and the first part of the thesis follows.

From the previous results we obtain that for each ¢, one can write

(divu(t))™ = (x)(divue)t

The function 6y (x) = liminf,o(fp(, ,) divu(®)™)/([(, , (divue)T) is well-defined
on the set £ which supports the measure (divug)*, and we find that 6;(z) < 1
is nonincreasing in t. Hence there exists for all x € Ejo the limit im0 0;(z) =
Sup;s( 0¢ (), and this limit must be 1 (divug)*-a.e., otherwise this would contradict
that (divu(t))™ = (divug)*t. It follows that up to a (divug) -negligible set, £ C
Uisolz € &L« 0,(x) > 0}.
Now, if z € £ and 6y(x) > 0, then x € Ej(t): indeed,
Jpte.p) SV 00 (divu(t) (B, p)) ~ (divu(t) " (B(z.p)) s

Tty QD] — (@iva(®)F (B, ) + (diva®) Bla.p)

since

(diva(t))~(B(.p)) < (divug)(B(x,p))
— o((divud) (B, p)) < of(divu(t)" (B(z,p)))

(the equality is because z € £, the last inequality because 6;(x) > 0). It follows

that
+ +
guo c U 8u(t)
t>0
and the conclusion follows from Lemma 3.2. ]

3.3. The regular case

Let us now assume that divug = g € LP(A), p > 1. The obstacle problem which is
solved by w(t) can be written

min 1/A|W(x)|2dx _ /Ag(a:)w(x)dx.

wEHé:\w|§t 2

Standard results show that w(t) € W2P(A), (see Theorem 9.9 in [10]). In par-
ticular, we have that in the LP sense,

—Aw(t) = gX{jw(t)|<t}
and, since u(t) = ug + Vw(t), we deduce that in this case

divu(t) = divuoxge) (3.14)
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for any ¢ > 0. In particular, formally, we deduce from (3.2) that

divuy W _ Au(t), (3.15)
ot
and since Av(t) is the jump of the normal derivative of v(t) on E(t), we find that
these sets shrink with a normal speed |Vo(¢)|/|div ug].
This can be written rigorously in the sense of distributions: (E*, E~,v) are
such that v € L'([0,T); H}(A;[~1,1])), v = £1 on E* for a.e. t and x, and for any
b€ C2(0,T) x A),

. . 09
/Adlvuo(a:)qﬁ(o,a?) dx +/0 /AdIVUO(x)XE(t)(-T)E(xat) dx dt
T
- / /Vv(t,m)~v¢(t,:c)dzdt = 0. (3.16)
0 Ja

We observe that the evolution equation (3.16) is reminiscent of the enthalpy formu-
lation of the one-phase Stefan problem [18].

We expect that with either the additional information that divug is a.e. non-
negative on ET and nonpositive on E~, or that the maps E*(t) are nonincreasing,
then (3.16) characterizes the unique evolution (3.2). On the other hand, without
this additional assumption, then a time-reversed evolution with will satisfy the same
weak equation, with ug replaced with —ug. With both assumptions we can actually
show the following result:

Proposition 3.1. Let ET,E~ be measurable subsets of A x [0,T], and v €
LY([0,T); Hi(A)) with [v| < 1 ae., v = +1 a.e. on E*, and satisfying (3.16).
Assume in addition that £divug > 0 a.e. on E*, and

E*(t) C E*(s) fora.e. t>s. (3.17)

Then u(t,x) := ugp(x) + Vf(f v(s,x)ds is the unique solution of (3.2).

Proof. Let w(t) = fg v(s)ds. Thanks to (3.17), we have that |w(t,z)| < t for
ae. z € A, and w(t,r) = +t for a.e. x € E*(t), for all t. We can approach test
functions of the form x( 4¢(z), ¢ € H}(A), with smooth functions and pass to the
limit to check that

/Adivumj)d:cf/ divugpdr = /AVw(t)ngbd:v,

E(t)

for almost all ¢ (up to a negligible set, which we can actually choose independently
of ¢, as H}(A) is separable).
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If we choose ¢ — w(t,-) as the test function in this equation, we find

/Adiv uo(z)p(x) do — /Adiv uo(z)w(z,t) de — / divug(x)(d(z) — w(z,t)) dz

E(t)

_ /Vw(t,x)-ngS(x)dx—/ Vuw(t, 2)[? dz,
A A
_ —%/A|Vw(t,as)—V¢(x)\2dz+%[4|v¢(x)|2dx—%/A|Vw(t,x)|2dz.

If |¢| < t, we have that —divug(z)(¢p(z) — w(z,t)) > 0 for a.e. x € E(t), so that
w(t) is the minimizer of (3.3) and the thesis follows. O

Remark 3.4. As mentioned above, it is a natural question whether assump-
tion (3.17) is necessary to prove this result. For instance, in case ET and E~ are
closed sets in [0,T) x A with ET(t) N E~(t) = 0 for any ¢ > 0, and {divug = 0}
is a negligible set, then one can actually deduce (3.17) from (3.16). Indeed, using
localized test functions ¢(x)x(s,q, one shows first that v is harmonic in A\ E(t) for
a.e. t, and then that fE(S) divuge dx — fE(t) divugp dz > 0, and (3.17) follows.

Remark 3.5. When p > N/2, we can deduce some further properties of w from the
regularity theory for the obstacle problem [7]. Indeed, letting ¥ € H}(A)NW2P(A)
such that —AW = g, we have that w = w — ¥ € H{(A) solves the obstacle problem

1
min f/ V(@) 2 da.
—t-U<o<t-¥ 2 [,

Since p > N/2, we have w(t) € C*(A), with @« = 2 — N/p, so that E(t) = {Jw(¢)| =
t} is a closed set. In this case, v(t) can be defined as the harmonic function in
A\ E(t) with Dirichlet boundary condition v(¢) = 0 on A and v(t) = +1 on E*(t).
Moreover, it is easy to check that —Vu(t) € 8°D(u(t)), and v(t) is continuous out
of the singular points of 94 U JE(t).

Remark 3.6. If A = RY one can easily show easily by a translation argument that
up € H'(A;RY) = wu(t) € H'(A;RY) with same norm, so that the H'-norm of
u(t) is nonincreasing. In this case, 5:@) is a.e.-equivalent to the support of (divu)™
and since from the equation it follows u = wug a.e. on E* (since v = £1 a.e. on
E*, so that Vv = 0 a.e., the problem being in general that this will not be true
quasi-everywhere), we deduce that divu = divug a.e. on EY U E~ = spt(divu).

4. Examples
4.1. The antiplane case in dimension 2

Let N =2 and k = 1. We have

I0) = otvi(a) = sw{ [ v4v s vecra-ua))
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where rot v = 019y — atp1 and V4 = (9, —01). Then, we check easily that in
L?(A;R?) the functional J is the support function of the closed convex set

K = {V*tv:veHjA[-1,1])}.

As we mentioned in the Introduction, this functional appears as limit of the
Ginzburg-Landau model in a suitable energy regime [19].

Letting v = (¢, —1), we get J(¢) = fA |div )|, so that the flow can be
described as above.

Proposition 4.1. Let ug € L*(A;R?) with rotuy = g € LP(A), p > 1. Then
for t > 0 there exist nonincreasing left-continuous closed (and disjoint) sets
E*(t) C {£g > 0}, such that rotu(t) = rot uo(Xg-(tyue+)). Moreover, letting
E* = Upso{t} x E£(t), there exists a function v(t,x) with v = £1 a.e. on E*
such that (E*,E~,v) are the unique closed sets and function solution of the weak
Hele-Shaw flow (3.16).

4.2. The one-dimensional Total Variation Flow

Let now N = 1, k£ = 0: the previous analysis also provides interesting qualitative
information on the behavior of the flow of the Total Variation, in dimension 1.

We consider vy € L?((a,b)), a < b, and the flow u(t) of the total variation
J(u) = sup{f; w'dt : v € C(a,b;[-1,1])}. Notice that in this situation, the
function w which minimizes (3.3), being in H{(a,b), is also in C'/2([a,b]) with
w(a) = w(b) = 0. In particular, the sets E*(t) defined in (3.9) are closed, disjoint
sets compactly contained in (a, b).

We can state the following result.

Proposition 4.2. The function u(t) is the unique minimizer of

1 b
min J(u) + 27/ lu — uo|? d.

Moreover there exist nonincreasing, disjoint closed sets E*(t) C (a,b) such that
u(t) = ug a.e. on EX(t), ug is nondecreasing on any interval contained in E*(t),
nonincreasing on any interval contained in E(t), and u(t) is constant on each
connected component of (a,b) \ (ET(t) UE~(t)).

If up is smooth enough, one can also characterize the speed of the boundary
points of E*(¢) in term of ug and the size of the intervals of (a,b)\ (E*(t)UE™(t)).

Proof. The first part of the thesis is a consequence of Remark 3.1. Then, if uy €
BV (a,b), the thesis is a consequence of Lemma 3.2. Indeed, for a.e.  on E*(t),
we have d,w(t,x) = 0 and u(t,z) = ug(x) + Oyw(t, ) = ug(x). If I C ET(t) is an
interval, since the measure Du(t)|_I must be nonnegative, u(t) is nondecreasing
on I, but as u(t) = ug a.e. on I it follows that ug is nondecreasing on I.
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If ug ¢ BV (a,b), we use the fact that for all € > 0, u(e) € BV(a,b). Then
the Proposition holds for ¢+ > ¢, and we have u(t) = u(e) a.e. on E*(t), u(e) is
nondecreasing on any interval contained in E¥(t), nonincreasing on any interval
contained in E~(t), and u(t) is constant on each connected component of (a,b) \
(E*(t) U E~(t)). The sets do not depend on ¢, as they are defined as the contact
sets in (3.3). Sending then € — 0 we deduce the result. O

We can deduce the following, quite interesting result (see also [17, 5, 14] for other
results on the one-dimensional Total Variation flow).

Corollary 4.1. Let ug = tig + n where g € BV (a,b) and n is a stochastic process
(a,b) withn € L*(a,b) a.s. and such that |Dn|(I) = +oo for any interval I C (a,b),
almost surely. Let u(t) be the total variation flow starting from ug. Then almost
surely, at t > 0, there is “staircaising” everywhere in the interval (a,b): u(t) is
constant on each connected component of an open set A(t) which is dense in (a,b).

Remark 4.1. The property that |Dn|(]) = +oo for any interval I, almost surely,
is satisfied for instance by the Wiener process (as its quadratic variation is pos-
itive a.s.). For a Gaussian stationary process, it will depend on the behaviour of
the autocorrelation function and can be characterized by conditions on the power
spectrum of the process, see for instance [4] for (non sharp) conditions.

Proof. We let A(t) = (a,b) \ (E*(t) U E~(t)), and from the previous result we
know that u(t) is constant on each connected component of A(t) while u = ug on
(a,b) \ A(t). Now assume there is an interval I with I N A(t) = 0: without loss
of generality we may assume that I C E*(f). Then up must be nondecreasing on
I, in particular there exists I’ C I with |Dug|(I') < 4oo. But this yields that
|Dn|(I') < 400, which is a.s. impossible. O
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