QUANTITATIVE ESTIMATES FOR BENDING ENERGIES AND
APPLICATIONS TO NON-LOCAL VARIATIONAL PROBLEMS
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ABSTRACT. We discuss a variational model, given by a weighted sum of perimeter, bend-
ing and Riesz interaction energies, that could be considered as a toy model for charged
elastic drops. The different contributions have competing preferences for strongly localized
and maximally dispersed structures. We investigate the energy landscape in dependence
of the size of the ‘charge’, i.e. the weight of the Riesz interaction energy. In the two-
dimensional case we first prove that for simply connected sets of small elastic energy, the
elastic deficit controls the isoperimetric deficit. Building on this result, we show that for
small charge the only minimizers of the full variational model are either balls or centered
annuli. We complement these statements by a non-existence result for large charge. In
three dimensions, we prove area and diameter bounds for configurations with small Will-
more energy and show that balls are the unique minimizers of our variational model for
sufficiently small charge.
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1. INTRODUCTION

In recent years there has been a strong interest in variational models involving a com-
petition between a perimeter type energy and a repulsive term of long-range nature (see
for instance the recent review papers [8, 22] and the detailed discussion below). The aim
of this paper is to start investigating the effects for this class of problems of higher order
interfacial energies such as the Euler elastica in dimension two or the Willmore energy in di-
mension three. We will consider the simplest possible setting and study volume constrained
minimization of functionals defined for sets £ C R? with d = 2,3 as

AP(E) + W (E) + QVa(E), A p,Q > 0. (1.1)
The different contributions are given by
e the perimeter P, defined as
P(E) = HY(OF),
e the elastic or Willmore energy W, defined as
H? dH* for d = 2,
oF
W(E) =
1
4 Jor

where H denotes the mean curvature of 9F i.e. the curvature in dimension two and
the sum of the principal curvatures in dimension threeE|,

H?dM?® ford =3,

e the Riesz interaction energy V,, defined for a € (0, d) as

1
Vo (E :/ — dx dy.
( ) ExXE ‘x_y‘d_a Y

For p = 0 functional is arguably the simplest example of an isoperimetric type
problem showing competition between a local attractive term with a non-local repulsive
term. In the case of Coulombic interactions, that is d = 3 and o = 2, this model appears
in a variety of contexts. It is for instance the celebrated Gamow liquid drop model for
atomic nuclei [I9] or the sharp interface limit of the so-called Ohta-Kawasaki model for
diblock copolymers [41], B]. See also [42] for another application of this model. Even
though the picture is not complete, it has been shown that minimizers are balls for small
Q [28 29, 12, 25, 15] (actually they are the only stable critical sets [26]) and that no
minimizers exist for large @ [28] 29, [37] (see also [16] for a simple proof of non-existence in
the three dimensional case). Many more questions related to pattern formation have been
investigated for very closely related models, see for instance [2] [II, 9, 45}, [5, 23], 20l B30] for
a non-exhaustive list. Other examples of functionals presenting this type of competition
can be found for instance in shape memory alloys [31], 27|, micromagnetics [43] or epitaxial
growth [4 [35]. However, the closest model is probably the one for charged liquid drops
introduced in [44] where the Riesz interaction energy is replaced by a capacitary term.
Surprisingly, it has been shown in [2I] that independently of the charge, no minimizers
exist for this model (see also [39, 40]). It has been suggested in [22] that a regularization
by a Willmore type energy such as the one considered here might restore well-posedness.

IWe choose to keep the factor i in dimension three to stick with the traditional notation.
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This paper can be seen as a first step in this direction.

The energy could be seen as a toy model for charged elastic vesicles, where the Willmore
energy represents a prototype of more general bending energies for fluid membranes and
a Coulomb self-interactions refers to the energy of a uniformly charged body. Associated
with this interpretation, we refer to the parameter regimes Q < 1 and @ > 1 by the terms
small and large ‘charge’.

Our goal is to understand how the picture changes for in the presence of a bending
energy i.e. for p > 0. For d = 2 and fixed volume, since an annulus of large radius has
arbitrary small elastic energy and also arbitrary small Riesz interaction energy, one needs to
either restrict the class of competitors to simply connected sets or to include the perimeter
penalization (that is take A > 0). In contrast, for d = 3, the Willmore functional is scaling
invariant and is globally minimized by balls [48]. It seems then natural to consider (|1.1))
for A = 0 and study the stability of the ball. Let us point out that compared to the planar
case, configurations with catenoid type parts allow for a much larger variety of structures
with low energy. This makes the identification of optimal structures and the distinction
between existence and non-existence of minimizers even more challenging.

Setting and main results. Let us set some notation and give our main results. We will
always assume that the energy (1.1)) contains the bending term and we set without loss of
generality p = 1. For A\, @ > 0, we define

Frg = AP+ W + QVa.

Regarding the volume constraint, as will be better explained later on, up to a rescaling there
is no loss of generality in assuming that |E| = |B;|. For d = 2,3, we define the following
classes of admissible sets

M = {E c R? bounded with W??2regular boundary?},
M. = {E € M : E simply connected},
M(|Bi1]) = {E € M : |E[ = [Bi]},
Msc(|B1]) = {E € My : |E| = [Bi]},

and consider the variational problems

i F FE 1.2
Minl(l‘nBlD )\7Q( ) ( )
and
min F E). 1.3
M(|IBI|) A,Q( ) ( )

We start by considering the planar problem d = 2 and first focus on the uncharged case
@ = 0. For A\ = 0 no global minimizer exists in M(|B1]), but it has been recently shown in
[7, 14] that balls minimize the elastic energy under volume constraint in the class of simply
connected sets. Our first result is a quantitative version of this fact in the spirit of the
quantitative isoperimetric inequality [18] [10].

Theorem 1.1. There exists a universal constant cg > 0 such that for every set E €
Mee(|Bil),
W(E) — W(By) > co min |EAB; (z)|?.
TE
Furthermore, there exist 5o > 0 and ¢y > 0 such that if W(E) < W(B1) + do, then
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FIGURE 1. The phase diagram.

The proof is based on the idea of [I0] for the proof of the quantitative isoperimetric
inequality to reduce by a contradiction argument to the case of nearly spherical sets and
then compute a Taylor expansion along the lines of [I7]. As opposed to [10] which is based
on an improved convergence theorem, we obtain the strong convergence to the ball directly
from the energy and a delicate refinement of [7] (see Lemma [2.5).

Still in the case @ = 0, we then remove the constraint on the sets to be simply connected
but consider the minimization problem ({1.3]) for A > 0.

Theorem 1.2. Let Q =0 and d = 2. There exists X > 0 such that for A\ < X, minimizers
of (1.3) are annuli while for A > X they are balls.

Next, we turn to the stability estimates analogous to Theorem [I.1}

Theorem 1.3. Let d = 2 and X\ be given by Theorem . Then, there exists a universal
constant ca > 0, such that for any E € M(|B1|) and A > A

Fro(E) — Fao(B1) > c2(A = N) min | EAB, ()%,

while for any A\ > 0 there exists a constant c(A\.) > 0 such that for any X € [\, \]

— i > : 2
Fro(E) M%}Bri\)f)\’o > c()\*)mén\EAm ,

where the minimum is taken among all sets Q@ minimizing Fy o in M(|B1|) (which are either
balls or annuli depending on \).

Then, we turn to the study of (1.2)) and ([1.3)) for @ > 0. Regarding (1.2]) we prove the
following.

Theorem 1.4. Let d = 2. There exists Qg > 0 such that for Q < Qo and all X > 0, balls
are the only minimizers of (1.2)).

The proof is a combination of Theorem and [28]. As for (1.3)), we obtain a good
understanding of part of the phase diagram (see Figure .

Theorem 1.5. Let d = 2.
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e There erists Q1 > 0 such that for every A > X and every Q < Q1(\ — ), balls are
the only minimizers of .

o There exists Qg > 0 such that for every X < X and every Q < QQ)\HTQ, centered
annuli are the only minimizers of .

e For every a € (1,2) there exists Q3(«) such that for every A > 0 and every @ >

Qs(a)(N+ )\QT_I), no minimizer exists for (1.3).

The first part of the theorem is a direct consequence of the minimality of the ball
for F5o and for P + QV, for @ small enough. The second point regarding the min-
imality of centered annuli is the most delicate part of the theorem. It requires first
to argue that sets of small energy are almost annuli and then to use the stability of
annuli. The last part of the theorem regarding non-existence is obtained by noticing
that if a minimizer exists then we can obtain a lower bound on the energy which is not
compatible for large () with an upper bound obtained by constructing a suitable competitor.

We conclude the paper by studying the three dimensional case where a characterization
of the energy landscape is even more difficult. As already pointed out, the Willmore energy
is invariant under rescaling and is globally minimized by balls [50, [48]. We can thus focus
on the case A = 0 where we have competition between the Willmore energy and the Riesz
interaction energy. Stability estimates for the Willmore energy have been obtained by
De Lellis and Miiller [13]. Building on these, on the control of the isoperimetric deficit by
the Willmore deficit obtained in [46] and a bound on the perimeter (see Proposition ,
we obtain that balls are minimizers of for small Q.

Theorem 1.6. For d =3 and A = 0, there exists Qg > 0 such that for every Q < Q4, the
only minimizers of (1.3|) are balls.

Of course, since balls are also minimizers of the isoperimetric problem, a direct conse-
quence of Theorem is the minimality of the balls for for every A > 0 and every
Q < Q4. Unfortunately, we are not able to prove or disprove a non-existence regime in the
parameter space. Still, we show that if a minimizer exists for every @) then its isoperimetric
quotient must degenerate as  — oo (see Proposition . This is somewhat reminiscent
of earlier results obtained by Schygulla [47].

Outline and notation. In Section [2] we first consider the planar case d = 2 in the absence
of charge (Q = 0) before considering the case @ > 0 in Section In the last section
we finally consider the three dimensional case. For the reader’s convenience, the main
theorems given in the introduction are restated in the respective sections and some of
them have been extended by more detailed statements. Theorem Theorem [I.2] and
Theorem correspond to Theorem Theorem and Theorem [2.10] respectively. The
statements in Theorem are collected from Proposition Theorem [3.8] Proposition (3.9
and Proposition Theorem [I.6] corresponds to Theorem [4.6]

For two real numbers A, B the notation A 2 B means that A > ¢B for some ¢ > 0 that is
universal (unless dependencies are explicitly stated). Correspondingly we use the notation
< and write A~ Bif A< Band A 2 B.

2. THE PLANAR CASE: UNCHARGED DROPS

We start by investigating the planar case d = 2 in the absence of charges i.e. @ = 0.
Our aim is both to characterize the minimizers and to show that the energy controls the
distance to these minimizers.
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2.1. Simply connected sets: controlling the asymmetry index by the elastic
deficit. We first restrict ourselves to simply connected sets. By [7, [14] balls are the unique
minimizers of the elastic energy among simply connected sets with prescribed volume. Since
they also minimize the perimeter, balls are the unique minimizers of F) = F) ¢ in this class.
Using the quantitative isoperimetric inequality [18], one could directly obtain a quantitative
inequality for Fy which would however degenerate as A — 0. Our aim here is to show that
actually the elastic energy W (FE) itself controls the distance to balls. This is a quantitative
version of [7) [I4] which could be of independent interest.

Inspired by a strategy first used in [I} [10] (see for instance also [11L [6] 2] for a few other
applications) which was building on ideas from [17], we first restrict ourselves to nearly
spherical sets. More precisely, we consider sets F such that OF is a graph over dBpg for
some R > 0, i.e.

OFE = {R(1+ ¢(0))e" : 0 €0,27)}, (2.1)
with ||¢|lw22 < 1. We will need the following estimate on the elastic energy of nearly
spherical sets.

Lemma 2.1. Let R > 0 and E be a nearly spherical set. Then,

[T 2 3 ; 2
W(E) = W(Br) = R [ (3462 + 56—+ 400) + ollolf). (22)

Moreover, if |E| = |Br| and the barycenter of E is equal to zero, then

1 [27 /. .
WE) -WBR 23 [ (8+8+67). (2.3)
0
Proof. By scaling, it is enough to prove (2.2)), (2.3) for R = 1. The elastic energy of F is
given by

e /2” (202 + (1 +¢)* — (1 +¢)¢)°
O 0 (92 + (1 + ¢)2)5/2
Let us now compute the Taylor expansion of the integrand. Keeping only linear and qua-
dratic terms, we get that on the one hand,

20%+ (14 0)° — (14 ¢)$)? = 1+4¢—20+6¢> + ¢> +4¢* — 66+ (¢° + * +$*) O(|| +|9]),
and on the other hand,

(B + (4 9P = 1= 59— 2§ + 1562 + o(¢? + ),
so that

(26% + (14 ¢)> — (1 + ¢)9)?
(6 + (14 ¢)%)/2

Using that f027r<2; = 0, we obtain (2.2)).
If now |E| = |By|, using that 2|E| = [,z - v(z) dH'(x), we have

/027r (0+ dj) —0, (2.4)

while if the barycenter Z is zero, using that 3|E|Z = [,z - v(z)z dH'(z),

= 1—cb—2$+é2+¢2+g¢2+4¢¢5+(¢2+¢2+<é52)0(|¢|+|<z'5|)-

27
/0 (14 ¢)3 —1]e = 0. (2.5)



ESTIMATES FOR BENDING ENERGIES AND NON-LOCAL VARIATIONAL PROBLEMS 7

Using in , we get
2, 3 3. ..
W(E) = W(By) = /0 (82 + 5% + 562 +469) + o(6l1322). (2.6)

If ¢ =23 1cz are™? is the Fourier representation of ¢, then (2.4) and (2.5) imply that for

every j € N,
2

<C ARAVTAES
s ZII |ag|
|k|>2

i
|

Since by Parseval’s identity,
2
ey 3 3. ) 5 3
2 2 2 4 2 2
P62 202 4y ):2 (k 2k 7) ,
| (34 50+ 50+ 200 w3 (1 g 5o

and since for k € Z, the polynomial k% — %kQ + % is always non-negative and vanishes only
for |k| = 1, we have for all ¢ with ||¢||y32.2 sufficiently small

5 3
WE) = W(B) 2 Y (Il = S1k? + 5 ) il
|k[>2

27r .. .
2 [ (198 + 167+ 1oP).
concluding the proof of ([2.3)). O

We also recall the following Taylor expansion of the perimeter for nearly spherical sets
(see [17]).

Lemma 2.2. Let R > 0 and let E be a nearly spherical set with OF represented as in (2.1)),
then )
2 ¢2 5
P(E) - P(Bg) = R/O (64 %) +oll6l3na). (2.7)

We now combine estimate ([2.3]) and the work of Bucur-Henrot [7], to obtain a quantitative
estimate on the elastic deficit.

Theorem 2.3. There exists a universal constant cg > 0 such that for every R > 0 and
every set E € M. (|Brl|),

R(W(E) - W(BR)) > ¢ <min (2.8)

Furthermore, there exist 69 > 0 and c1 > 0 such that if W(E) < R=Y(W(By) + do), then
P(E) - P(Br)
R(W(E)—-W(B >
( (B) =W R)) = 7 P(Bg)

In order to prove this theorem we will need some auxiliary results. Even for simply
connected sets, uniform bounds on the volume and the elastic energy are in general not suf-
ficient to obtain a perimeter or a diameter control (see for example 7, Figure 1]). However,
this is the case for sets with elastic energy sufficiently small.

(2.9)

Lemma 2.4. There exist 5o > 0 and Cy > 0 such that for every E € Mg.(|B1]) with
W(E) < W(By1) + do, there holds
P(E) < Cy. (2.10)
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Proof. We first prove, by contradiction, a corresponding bound for the diameter, and then
deduce the perimeter bound.

Step 1. Assume that there exists a sequence (Ey)nen in Mgo(|B1]) with
W(E,) — W(B;) and d, =diam(E,) — occ.

In the following steps, the implicit constants in < and 2 estimates may depend on the fixed
sequence (F, ), but are independent of n € N.

First, up to a rotation, we may assume that for every ¢ € (0,d,,) the vertical section
Ef = B, N ({§} x R) # 0 is not empty. By Fubini’s Theorem, there exists &, € (%", %)
such that |Egn| < d;!. Then, there also exist z,, € 0E, N E¢ and y, € O0E, N E¢ such
that (z,,yn) C E, and |z, — yn| S d) b
Step 2. Choose an oriented tangent field 7 on JFE,. We claim that, for some C7 > 0
independent of n, we have

|7 (2n) " 7(yn)| < Crdy /3. (2.11)
Indeed, assume that (2.11]) does not hold so that there exists A,, — oo with
|7 (2n) T (yn)| > And, 3. (2.12)

Without loss of generality, using another translation and rotation, we can assume that
zn, =0 and 7(z,) = €1 (see Figure [2)).

v (ndy ")

FIGURE 2. Geometry of 0F,, around z, under assumption (2.12]).

By the bound on the elastic energy we can locally write the part of 0F,, containing 0 as

a graph of the form {(&, f(§)) : [¢] < d;2/3} with f(0) = f/(0) = 0 and uniformly bounded
slope (see |7, Lemma 2.1]). Moreover, SUP| | < g2/3 |£(€)] < Cd;t, since for 0 < € < dy2?

3
7€) < /0 (€ — 9)|1"(s)] ds
§ 0 (fM? 12, [§ oy 5\ 1/2
(f avgmn) (L eoravumi)

CVW(E) [ 1+ sup |3 ] €3,

l¢|<dy, >/®

IN

IN

and similarly for —d,f/ 3 < € < 0. Let v = (7f,7%) be an arclength parametrization
of OE,. We may assume that y, = ~*(0) with [y*(0)] < d,,;!. By (2.12), [52(0)| =
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|7'($n)L T(yn)‘ > Apdn /. Let us assume for definiteness that 45 < 0 (the other case being

analogous). We then have by the bound on the elastic energy that for every |t| < d), o 3,
: An
(1) < ~dg

Let 1 be a small constant chosen so that for ¢ € [—ndﬁwg, nd;2/3]

9

t
VO] = |n + / su(s)ds| < dt 4 nd; 2 < d?,
0

This implies that for ¢ € [—ndﬁz/g, nd52/3], ~"(t) stays inside the cylinder [—d;2/3, dﬁ2/3] X
R. Furthermore,

0
V3 (=ndy %) = (yn)2 — / —2/3 Y3(s)ds 2 —dy " + Apdy > sup | f(E)],
*Udn |f\§d;2/3
and
nd;Z/S
5 (nd,??) = (yn)2 + / Y3(s)ds S dyt — Andyt <= sup [f(O)].
0 €| <dn?/?

Therefore, the graph {(§, f(§)) : [¢]| < d;2/3} splits the cylinder [—d;2/3,d;2/3] x R into
two connected components with 7% (—nd, 2 3) in one of the components and 74 (nd, 2/ 3) in
the other (see Figure[2)). Hence, ™ intersects the graph of f which contradicts the fact that

_

[+t

FIGURE 3. Construction of the deformed set.

OF, can be locally written as a graph. We have thus shown that holds.

Step 3. We recall that we assume (without loss of generality) that z, = 0 and 7(x,) = e;.
By the bound on the elastic energy and , for 7 small enough (but not depending on n),
z, and y,, belong to two different connected components of 0E, NQ,, where Q,, = (—n,n)>.
Let T'y, respectively 'y be the connected component containing x,,, respectively y,. By [7,
Lemma 2.1] and (2.11), we have Iy 1Q, = {(€, £(£)), [¢] < 1} and TanQ, = {(€, 9(€)), €] <
n} where without loss of generality, we can assume that f(£) < g(&) for || < n (see Figure
3). Let now ¢ € C*°(—n,n) be a non-negative bump function with ¢(0) = 1 and let
d,! >t >0 be such that

max ((f +t¢) — g) = 0.
[—n.n]
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If we replace in @), the component I'; by Ty = {(& F(6) +to(E)) : |¢] < n}, we obtain a
new set E, with |E,| < |E,| (since by construction E,, C E,) and
n 7 112 "2
[ s
L OF (R (L
where we have used that thanks to the energy estimate, f’ is uniformly small in (—n,n)

to make the Taylor expansion. The set E, is made of two drops E} and E? with mass
m? = |EL| and m% = |E2| satisfying m} +m% < |E,|. From [7, Theorem 3.5|, for every
couple of drops E and F, with |E| 4+ |F| = |By-1/3],

W(F) + W(E) = (1+ 6.)W(By-1/3),

for some d, > 0. By scaling, we deduce that if we choose a ball B such that |B| =
[my| + [m3| < |E| = |Bi], then

W (Ey) = W(Ep) + W(E2) > (1+0,)W(B) > (1+ 6,)W(By),
from which we obtain that

W(E,) > W(E,) — Cdy' > (1 n ‘;) W(By),

‘W(En) - W(En)’ <

contradicting the fact that W(E,,) — W (By).

Step 4. By the previous steps we know that there exists R > 0 such that diam(FE) < 2R
for all E € M. (|B1]) with W(E) < W (B1) + dp. Therefore, after translation E C Br. We
now choose an arclength parametrization v : [0,L] — R?, L = P(E) and obtain as in [,
Lemma 2.5]

L L L % L 1
L= [ThPds = = [Tysds < ([ pPas) VITE) < LEREA+ a0k,
0 0 0

from which the perimeter bound follows.

O

Lemma 2.5. Let (E,), be a sequence in Ms.(|B1|) with W(E,) — W(B1) as n — oo.
For every n € N let v, : [0,27) — R? be a constant speed parametrization of OFE,. Then,
after translation v, converges strongly in W2 to a (unit speed) arclength parametrization

of 0B;.

Proof. Consider the sets E,, = 273 E,. It follows from [7] and our assumptions that (En)n
is a minimizing sequence of the functional E s |E| + W (E) on M. Moreover, (E,) has
uniformly bounded perimeter by Lemma For such sequences it is proved in [7, Section
4] that, after translation, E,, must converge to BQ_ 1 Hence E,, converges to B;. This gives
first weak convergence in W?2? which combined with the convergence of the energy gives
the strong convergence. Il

Proof of Theorem[2.3. Without loss of generality, we may assume that R =1 and |E| = 7.

Step 1. Assume for the sake of contradiction that (2.8)) does not hold. Then, there exists a
sequence (F, ), such that

W(En) — W(Bl)
min, |F,AB;(x)[?
Since min, | E, AB;(x)] is bounded, this implies that W (E,,) — W(B;) as n — oo. We then
obtain from Lemma [2.4] that the diameter d,, of E,, remains bounded. Hence, by Lemmal[2.5

— 0. (2.13)
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E,, must converge up to translation to B; strongly in W22 and thus by Sobolev embedding,
also in CH for every o < 1/2. Thus, for n large enough, dE, is a graph over By and 9E,,
is nearly spherical. Since the barycenter of E, is converging to zero, E, is also a graph over
the ball centered in its barycenter. Up to a translation, this means that we can apply
and obtain that

2
W(E,) =W(B1)Z | ¢n2 |E.ABi, (2.14)
0

which contradicts (2.13)).
Step 2. We now turn to (2.9). The additional assumption implies in the rescaled setting
that W (E) < 2w+ dp. If (2.9) does not hold there exists a sequence (E,), such that

W(En) - W(Bl)
P(En) - P(Bl)

— 0. (2.15)

In particular, since by Lemma P(E),) is uniformly bounded, we have as above that
W(E,) — W(B1) as n — oo. Using (2.4]) and (2.7) we deduce as in (2.14)) that

2
W(E) = W(B) 2 [ (6 +62) 2 P~ P(BY)

which is in contradiction with (2.15]).
O

2.2. Minimizers of F,. We move on and remove the constraint that sets are simply con-
nected. Since annuli of very large diameter have vanishing elastic energy, in order to have
a well-posed problem, we need to consider A > 0. Let us recall that the energy is given by

F\(E)=AP(E)+W(E) = /{)E (\+H?) dH'.

Up to a rescaling, we may restrict ourselves to the problem

min F(FE). 2.16
i FA(B) (2.16)

We will show below that depending on the value of A, minimizers are either balls or annuli.
Before stating the precise result we compute the energy of an annulus.

Lemma 2.6. For every r > 0, the energy Fy of an annulus with inner radius r > 0 and
area equal to m is given by

Alr) =27 [)\(r F (1)) 4 1y ! (2.17)

ro (L+r2)l/2

The function fy : (0,00) — R is strictly conver and f§3) < 0. Its unique minimizer ry is
the unique solution of

r 1 T
A(H (1+r2)1/2> T T arepr 219

Proof. The strict convexity of fy follows from

n
[7“_1 +(1+ 7"2)_1/2} =23 4 (1+ r2)_5/2(2r2 >3 -1+ r2)_5/2 >0,
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which can be checked by considering separately the case r < 1 and the case r > 1. Since
fa(r) = oo as 7 — 0 and r — oo it has a unique minimizer ry > 0 which then satisfies
(2.18). We further compute that

3) 3Ar 1573 9r 6 ., —2r°+3r—10

- - - —— <3 7 0.
A (r241)7  (1241) +(r2+1)5 rt I

7
2

We may now solve the minimization problem ([2.16|).

Theorem 2.7. There exists X\ > 0 such that for A\ < X\, minimizers of (2 are annuli
of inner radius T (as defined in Lemma@ while for X > X they are balls of radius one.
Moreover, for A = X\ minimizers can be either a ball of radius one or an annulus of inner
radius Ty,

Proof. For an arbitrary set E € M(|Bj]), by translation invariance, we can in addition
assume that the connected components of E are far apart from each other so that in
particular their convex envelopes do not intersect. In the first two steps we prove that
minimizers must be either balls or annuli. In the final step we compare the minimal energy
of the optimal annuli with the energy of the ball to conclude the proof.

Step 1. Let E be an admissible set. We first show that the energy of each connected
component F' of F can be strictly decreased by transforming it into a ball or an annulus.
If F is simply connected, by [7, [14] and the isoperimetric inequality

FA(F) = FA(Br),

for R > 0 with |Br| = |F'|. Equality holds if and only if F' is a translate of Bg, proving the
claim in this case.

If F is not simply connected, then F¢ is made of an unbounded connected component
and a finite union Gi,...,G, of bounded simply connected sets. For ¢ = 1,...n, let
m; = |G;|. By the discussion above, among all simply connected sets of mass m;, F) is
uniquely minimized by balls B; of area m;. For two balls B; and Bj, if r > 0 is such that
[B,| = [B,] + B, then

Fa(Bi) + Fa(Bj) > Fx(Br)
since the inequality is separately true for the perimeter and the elastica parts of the energy.
Letting thus > 0 be such that |Br| =Y, m;, we have

FA(UG Z]:,\ >Z-7:/\ ) = Fa(Br)

with equality if and only if n = 1 and G, is a translate of B,.. The set F'U ( [ G)
given by filling the holes of F' is simply connected and letting R > r be such that |Bg| =
|F| + |By| = |FJU" 1G], we have as above that

FA(F| JUL,Gi) = Fa(Br)

with equality if and only if F'|JU! G, is a translate of Br. Putting all this together, we
find that

Fa(F) = FA(F|JUL1Gi) + Fa(UiGi) > Fa(Br) + Fa(Br) = Fa(Br\B;)

with equality if and only if F is a (not necessarily concentric) annulus of outer radius R
and inner radius r, which again proves our claim.
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Step 2. We are thus reduced to the class of competitors made of a finite union of balls and
annuli. Since the elastica energy (respectively the perimeter) blows up when one of the
radii goes to zero (respectively to infinity), existence of a minimizer in this class is easily
obtained. Let us prove that a minimizer must be either a single ball or a single annulus. If
one of the connected components of E is a ball then £ must be the ball. Indeed, by the
first part of the proof, it cannot contain two balls. Moreover, the union of a ball and an
annulus has energy higher than that of a ball of area the sum of the areas. Indeed, by the
isoperimetric inequality the perimeter is better for the ball and since the elastica energy of
a ball is a decreasing function of its area, the elastica energy of a single ball is also better
than the elastica energy of a ball and an annulus.

We are left to prove that one annulus is better than two. For ¢ = 1,2, let r; be the
internal radii and R; be the external radii so that m; = m(R? — r?) are the area of the two
annuli. We consider as a competitor the annulus Br\B,, with

R? = R} + (B3 —13).

Since the elastica part of the energy is smaller, we are left to prove that the perimeter part
is smaller, too. That is indeed the case since

R=(R?+ R} —r))'2 <R+ Ry+ry.

Step 3. Let us now prove the existence of the threshold A. Let us start by noticing that if
the ball is a minimizer of (2.16) for some A then it is also a minimizer of (2.16) for every

X > X. Indeed, by the isoperimetric inequality, for every set E € M(|By|),
Fn(E) = FA(E) + (XN =N P(E) > Fa(B1) + (N = \)P(B1) = Fx(B1)

with equality if and only if F is a ball.
The energy of an annulus of internal radius r and area equal to |Bi| is larger than the
energy of the ball By if and only if

2r(A+1) < rTn>1(r)1 In(r), (2.19)

for fy as defined in ([2.17). By taking as competitor 7 = A~'/2, we get that
min fy(r) < 2wAL/2 (2 SN2 (1 A)*W) ,

so that for all A > 0 sufficiently small (2.19) does not hold and minimizers are annuli.
Using that A\r + =1 > 2AY/2 and (1 4 r2)'/2 > 1, we obtain the lower bound

mT:m Fa(r) > 2m(20Y2 + )),

proving that (2.19) holds for A > ? and concluding the proof.
U

Remark 2.8. Finding the explicit value of X is not straightforward. Indeed, this entails
first minimizing fy(r) and then finding the range of A such that holds. The unique
minimizer ry of fy is determined by .

By we deduce that the ball is the minimizer if and only if

gA) =21r(A+1) — fa(ra) <O.
By minimality of fy in ) we find

g\ = 2r —2r(r 4+ (1+13)2) < 0.
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Therefore, the threshold A is characterized by the condition

g(A) = 0.

Letting U = (1 —1—7“*2)1/ 2 we observe that finding r) is equivalent to find the unique solution
U>1of

AN2(1+U)= (U -1)(1+U?).

Dividing by 1 4+ U, we are left with finding a root larger than one of the fourth order
polynomial

Ur—U3 - \U?+U - 1.

Nevertheless, a simple explicit formula for X seems not to be available.

2.3. Stability estimates. We now turn to stability estimates for the functional Fy. As
for the proof of Theorem we will first need to know that sets with small energy are
close (in a non-quantitative way) to minimizers.

Lemma 2.9. Consider a sequence of positive numbers (Ap)n with Ay, — X € (0,00] and a
sequence (Ey)n in M(|B1]) such that

Fr,(Ep)— min Fy, -0 asn— oo. (2.20)
M(|Bil)

Then, up to translations and passing to a subsequence, E, converges strongly in W22 to a
minimizer of Fx in M(|Bi]).

In particular, for all n € N sufficiently large E,, is connected and has topological genus
one if X\ < X, zero if X > X and zero or one if X = .

Proof. We may assume without loss of generality that 2\ > X\, > A\/2 for all n € N.

Let us first prove that for n large enough, FE, must be connected. For the sake of
contradiction, assume it is not. Arguing as in the proof of Theorem we see that we can
replace E,, by a set E;, made of two connected components each ofNWhich is either a ball or
an annulus with Fy, (E,) < Fy, (Er) so that still holds for E,,. Inspecting the proof
of Theorem [2.7 we see that we reach a contradiction since the minimum of F, in this class
is larger than min (| ,|) Fx, by a constant not depending on n. If A < A we further obtain

that for n large enough, F,, cannot be simply connected since otherwise we would have by
Theorem [2.7| for some §(A)

Fa(Ey) > Fa (B))> min Fy +9,
A (En) > Fa, (B1) i Fa

contradicting again . Let us prove that for any A, E, is of genus at most one. Other-
wise, we can write F,, = Fn\UfV:"1 G; with F,, and G; simply connected and N, > 2. Letting
Vo = |Fp| and m}' = |G|, we have V,, — > . m} = |Bq| and by [7, [14] and the isoperimetric
inequality, that

Fan(Bn) > 2%/ (vf” + Z(m?>—l/2) N (Vn” + Z(mmm) .

Since gy (z) = w32z~ Y2 4+ /T Apx'/? is subadditive, and N,, > 2,

I, (Ep) > 2 min gn(V) 4+ gn(m1) + gn(me).
V—(mi+m2)=|Bi|
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Notice that g, — oo as x tends to zero or infinity so that the minimum on the right-and side
is attained for my and meo uniformly bounded above and below by a constant depending
only on \. Since for such values of m;

gn(m1) + gn(m2) > gn(mi +m2) +(N),
for some §(\) > 0, we have by the last two inequalities and Theorem

Fr (Ep) > 2 i n(V) 4+ gn(m)+0(A) > min Fy,6 + 6(N),
wnlBn) 22 min ga(V)+ga(m) +0(A) 2 min Fx, +0(A)

contradicting (2.20). Thus, for n large enough, E, = F,\G, with F, and G, simply
connected (where G,, = () is possible if and only if A > \).
Consider first the case Gy, # 0 for all n sufficiently large (possibly up to a subsequence).

This implies in particular that A < A. Let A, = BR? \ BRS be the centered annulus
minimizing F), in M(|Bi]|), hence Ry = ry,, R} = /1+ rg\n, where ), is the unique

minimum of fy, given in Lemma Choosing R?, R} with |Bg,| = |Ful, |B§g| = |G,
1

we deduce
Fan(En) = Fan(An) = (MaP(Fa) + W (Fn) + MP(Gn) + W (Ga)

- [AnP(BR;z) + W (Bgy) + AP (Bry) + W(BRS)}

= (- ) = [MP(Bgy) + W(Bgy) + \P(Bgy) + W(Bgy)|
+ fan (R2) = fa.(R)

> A (P(Fy) = P(Bjg,) + P(Gy) - P(Bjy))
+ (W(F) = W(Bg,) + W(Ga) = W(Bg,))
+ () = h(RD) = TP+ T3 + Ty

By (2.20) the left-hand side of the inequality vanishes as n — oo. Since F;, and G,, are
simply connected, all three terms on the right-hand side are non-negative and must therefore
converge to zero. Since 2\ > A, > /2 we have that R} is uniformly bounded from above
and below. Since 73" — 0 and R% minimizes f), we deduce by strict convexity of f), and
a Taylor expansion that
0 = lim 7% > ¢(\)limsup (RY — R})?,
n—0o0 n—00

and by the mass constraint, also ﬁ? — R? — 0. Since T3 — 0 we deduce that W (F,,) —
W(Bgy) — 0 and W(Gp) — W(Bgy) — 0. After rescaling we can apply Lemma [2.5( and
the conclusion follows. -

Let us finally consider the case that A > A with F,, simply connected. Then,
Fr, (En)— min Fy, = M(P(E,)—P(B1))+W(E,) —-W(B1)+ (Fr,(B1)— min F) ),

(B = min B = A (PUE) = PUB)) + W (E,) = W(BU)+ (P, (B) = min F,)

and we obtain as in the previous case that W(E,) — W(B;) concluding again by
Lemma 2.5 O

We can now prove our stability estimate for Fj.
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Theorem 2.10. Let )\ be given by Theorem and consider an arbitrary set E € M(|Bi]).
Then, there exists a universal constant co > 0, such that for X > A

FAE) — FA(B1) > c2(A — X) min |[EAB; (2))?, (2.21)

while for any A\« > 0 there exists a constant c(\.) > 0 such that for any X € [\, ]
Fa(E)— min Fy > ¢(\) min |[EAQ?, 2.22
\E)— min Py > () uin | EAQ) 2.22)

where the minimum is taken among all sets @ minimizing Fy in M(|Bi]).

Proof. Let us start by proving (2.21). Since A — A > 0, using the minimality of B for Fy
and the quantitative isoperimetric inequality [I8], we can write that

FAE) = FA(B1) = Fx(E) = F5(B1) + (A = \)(P(E) — P(By))
> (A= N (P(E) - P(B1))
> (A — \) mmin |EAB (z)]?,

which proves (2.21)).

We now turn to the proof of . As for the proof of , we assume by contradiction
that the inequality does not hold. We thus have sequences (A\)y in [A«, A] and (E,), in
M(|By]) with
f)\ (En) — Hlil’lM(|Bl|) f,\n

n

nh—>Holo ming |F, AQ|? =0 (223)
Again, implicit constants in < and 2> estimates may depend on the fixed sequence (Ey,),
but are independent of n € N.
Since the denominator in is uniformly bounded we have lim, o0 Fy,(Epn) —
min g,y Fa, = 0. Without loss of generality we can also assume A, — A € s, Al
as n — 0o.
By Lemma E,, converges strongly in W22 to a minimizer of Fy. For n large enough,
it is connected, and has either genus one or zero (the latter being possible only if A = \).
Let us first consider the case where up to a translation and up to passing to a subsequence,
E,, converges to Bg,\Bg,(z2) so that for n large enough E, = F,, \ G, for some simply

connected sets G, C F,,. Up to a translation, we may assume that fF x = 0 so that by

Lemma We can write F}, as a graph over the ball of radius R? with |B Fnl = [Fnl, and
1

such that RY — R;. At the same time G, can be written as a graph over B, (75) with
2

|Bpn| = [Gnl, fan = Ty, E’g — Ry and x, — 29 as n — co. Hence,
2

OF, = {R}(1+ ¢)e”, 0 €[0,2m)}, 0Gpn = {xn + Ry (1 + )€, 0 € [0,2n)}

for some functions ¢y, 1, with small W22 norm that satisfy (2.4 and (2.5). Let us point out

that B E"\B 7 18 in general not an optimal annulus and is thus in particular not admissible
1 2

for the denominator of (2.23).
By (2.3) and the Sobolev inequality, we obtain that

Fn(Bn) = Fr, (B \Bgy) = W(Fn) = W(Bg,) + W(Gn) — W(Bj)

2 sup |¢n‘2 + sup |wn’2 + ’FnABﬁ?P + ‘GnABﬁg(xn)P-
(2.24)
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If By, (xn) & B fns We need to move z;, inwards to obtain an annulus. To this aim, let
2 1

6, = max(|z,| + RY — R}, 0) (2.25)

and define z,, = z,,— 0 o (notice that if §,, > 0 then x,, # 0 so that taking as a convention

that z,, = 0 if x, = 0, this quantity is well defined). We then have B Fn (zn,) C B 7 DY
2 1

(2.25)). Since

Bég(l—suanD(xn) cG,CF,C BE‘{L

(1+sup |¢n|)’
we must have |z,| + R (1 — sup [¢]) < RP(1 + sup |¢,|) that is
- - 2
62 < (Rysuplonl + B suplnl) 5 F,(En) = Fa, (B \Bry). (2.26)
From this we deduce that
@29 .@29)

‘GnAB]}:g (571)’2 5 ’GnABfgg ($n)|2 + 6721 5 ]:)\n (En) - ]:An (BE?\Bﬁg)' (2'27)

We can now estimate
Fan (En) = Fo, (An) = Fx, (En) = Fr, (B \Bgg) + Fx (Bn\Bpn) = P, (An)

emen 2

2 | EuA B\ By (F)) + Fr, (B \Brgy) — Fa, (An).

By the minimality of f\, at » = Ry and by strict convexity of f), (see Lemma ,
[\ (Ry) > 0 and thus

Fa (B \Bigg) = P, (As) 2 eV (F — B,
We therefore conclude that
Fan(En) = Fa,(An) Z | EaA (B \ By () + | R5 — 5[, (2.28)

As pointed out above, this is not sufficient to obtain a contradiction with (2.23)) since
Bz, \Bpn (Zn) is not an optimal annulus for F), . We thus need to prove that there exists
1 2

Ty, close to Z,, such that (2.28) holds with Brn\Bgrp (7)) instead of By, \ B, (Tn)-
1 2
For €, > 0, we let ), = (1 — &,,)T,,. We want to choose €, so that Bry(Z,) C Bgry. If
|7, | < 1, we set &, = 0 while for |Z,| 2 1, we claim that we can take

en = C|R} — RY| (2.29)
for some constant C' < 1. Indeed, if e, satisfies (2.29), then using first that by (2.25))

%, + R < R? and then that |R? — R?| ~ |RZ — R}| (since Bj, \ By, and Bry \ Bry

have equal mass) we obtain
[l + R = (1 en)|@al + RS + (R — R)
< RY = (Clan| - DI Rj - R
= R} + (R} — RY) = (C|&a| — 1)| k5 — Ry
< R} = (Clanl = ) 1B - B3|

[En[21
< R,
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and therefore Brp (Z) C Brp. From (2.29) we conclude that
|(Bgzy ABy (1)) A(Bry\Bry (Za))* S |RY — RY* + |RS — R* + @0 — Zul® S | RS — R3[°
so that (2.28) and the fact that Brp\Brp (7)) is an optimal annulus for 7, finally yields
Fan(En) = Fx,(An)
2 1BuA(B g, \Bigy ()2 + (B, \Bigy () A(Bry \ By (3)
2 1B B\ Brg (3))]? > min | £, A0

which contradicts (2.23]).

Let us finally consider the case A = A with FE, simply connected. We then have
f)\n(En) — infM(\Bﬂ)]:S\ = f;\(Bl) and W(En) > W(Bl) by [7, 14] so that the quan-
titative isoperimetric inequality [I8] gives a contradiction to (one could also use

2.8))- O

3. THE PLANAR CASE: CHARGED DROPS

Still considering the planar case d = 2, we now turn our attention to the variational
problem for arbitrary positive parameters m, A and ). Our aim is to understand as
much as possible the phase diagram of F) ¢ i.e. identify regions of existence/non-existence
of minimizers and characterize minimizers when they exist.

By a simple rescaling we have

T
min Fyo(F) = —= min Fy,m).omm) (F), 3.1
34+a
with A(m) = A2, Q(m) = Q (2) * so that we may assume that m = |B;|. Notice however
that, for A and @ fixed, A(m) and Q(m) tend to zero as m goes to zero. Therefore, if we

want to understand the shape of minimizers at small volume, we need to carefully study
the phase diagram of F) g close to (A, Q) = (0,0).

3.1. Minimization in the class of simply connected sets. Let us start by investigating
(1.2), i.e. restricting ourselves to simply connected sets.

Proposition 3.1. There exists Qg > 0 such that for Q < Qo and all X > 0, balls are the
only solutions of the minimization problem

in I\ o(E).
s FralE)

Proof. Consider 8y, 1 > 0 from Theorem[2.3] By [28, Proposition 7.1] (see also [15, Theorem
1.3|) there exists )1 such that

P(E) = P(B1) > Q(Va(B1) — Va(E))  for all E € M(|Bi]). (3.2)
Consider now any E € M. (|Bi|) with F) o(E) < Fy q(B1) Hence
W(E) = W(B1) < Qu(Va(B1) — Va(E)) — A(P(E) — P(B)) (3.3)

< QVa(B1) < do

for all Q < Qg := §oVa(B1) L. Therefore, if Q < Qo, (2.9) applies and
P(E) — P(B1)

P <W(E) - W(By).

C1
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Together with (3.3)) we get that for all Q@ < Qo

P(él)

P(E) — P(By) < Q( + A)_I(VQ(E) — Va(By1)),

which combined with (3.2)) gives P(F) = P(Bj) for Q < Q1(54~ PED T A). This implies that
E = B; and concludes the proof of the proposition. O

Remark 3.2. Since for d = 2 a bound on the perimeter gives a bound on the diameter for
simply connected sets, existence of a minimizer for ([1.2]) holds for every A > 0 and @ > 0.
For A = 0, the existence of minimizers for large @) is less clear.

As a direct consequence of (3.1) and Proposition we get

Corollary 3.3. Let Qg be given by Proposition |3.1. For any Q > 0, A > 0 and m <

<%0) balls are the only minimizers of

min ./T")\,Q(E).

se(m

3.2. Minimization in the class M(|B;|). We now drop the constraint that E is simply
connected and study . We start by focusing on the simplest part of the phase diagram,
that is where minimizers are balls. As above, let Q1 > 0 be given by [28] [I5] such that balls
are the only minimizers of

Jmin P(E) +QVa(B)

Proposition 3.4 (Global minimality of the ball for A > X). For every A > X and Q <
Q1(A— A) balls are the unique minimizers of Fy g in M(|Bi]).

Proof. For A > X and Q < Q1(\ — \), we have

FralE) = O~ DP(E) + QUa(E) + F5(8) = (- 0 (PE) + 5 25 ValB)) + F5(B),

By definition of @)1, balls are the only minimizers of P (E)—l—%Va(E ). Since by Theorem
they also minimize F3, balls are the only minimizers of F) q.

Remark 3.5. Notice that if balls are minimizers of F ¢ then by the isoperimetric inequality
they are also minimizers of Fy ¢ for every X > A.

We now focus on the most interesting case and show that for A < X\ and Q sufficiently
small centered annuli are optimal. Our first observation is that among annuli of the form
Bpr,\Br,(72), the Riesz interaction energy is minimized for the centered annulus i.e. for
To — 0.

Lemma 3.6. For every xo € R? such that Bg,(z2) C Bg,, it holds
VO&(BRl\BRz(xQ)) > Va(BR1\BR2)7

with equality if and only if xo = 0. Moreover Vo(Bpr,\Br,(x2)) < Vo(DBi).
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Proof. Let X1 = X, Br,» X2 =X Br, - By the Riesz rearrangement inequality we deduce
XlxXl XQ.CU—JZQXQ — T2
ValBr\Br(e)) = [ OB [ Bl ooy o)
RZxR? [T — Y| R2xR2 |z =y

3 2/ X1 (z) X (y — 32)
R2xR2 | —ylPe

>/ X1 (x) X1 (y) +/ Xo(x)Xa(y)
= Jrexre T —ylPe R2xR2 |T — Y|*

3 X1 (z) X (y)
).

2 xR2 ‘l’ - y‘Zia

= Va(BR1\BR2)'

By [36, Theorem 3.9] equality holds if and only if X}, Xy coincide with their symmetric
rearrangement, hence if and only if 9 = 0. The last statement is a direct consequence of
the Riesz rearrangement inequality. O

We will also need the following stability lemma.

Lemma 3.7. For any A, > 0 there exists C'(\y) > 0 such that for all X € [/\*,5\] and all
Q@ > 0 the following property holds: Let E € M(|B1]|) satisfy

FrQ(E) < Fao(Ax), (3.4)

where Ay is the centered annulus that minimizes Fy in M(|Bi1|). Then, there exists Q0 that
minimizes Fy in M(|Bi1|), such that

|[EAQ| + (Va(Q) = Va(4))) < C(A)Q. (3.5)
holds. In particular, for Q small enough Q0 must be an annulus.
Proof. Let € argmin (|, |y Fx satisty
|[EAQ| < [EAQ]  for all Q' € argmin g,y Fa-
Thanks to , , and the Lipschitz-continuity of the Riesz interaction energy
()| EAQP < Fa(E) — Fa(Ay)
< Q(Va(Ar) = Va() + Q(Va() — Vu(E))
< Q(Va(4y) — Va() + CQIEAQ.

By Lemma the first term on the right-hand side is non-positive and we deduce (3.5)).
Since Vo (B1) — Va(Ay) > ¢(As), we also conclude from (3.5) that for @ small enough,
cannot be a ball. O

We can now prove the minimality of the centered annulus in this regime.

Theorem 3.8 (Global minimality of the annulus for A < \). For every 0 < A\ < X there
exists Q(A\«) such that for all Q < Q(\:) and all X € [\, N], the minimizers of Fyq in
M(|B1]) are centered annuli Aygq. Moreover, there exist positive constants c(A«), C(As)
depending only on A\ such that the inner radius g of Axq satisfies

c(A)Q < [rag —mal < C(A)Q, (3.6)

where Ty is the minimizer of fy\ (see Lemma @)
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Proof. Step 1. We minimize first F) g in the class of annuli. By (3.6), this minimum is
attained by centered annuli i.e. annuli of the form A, = Br\B, with R = R(r) = V1 4 r2.
We recall that fy(r) = Fx(A,) and let g(r) = V4(A,). Hence, we are left with minimizing

haQ(r) = fa(r) + Qg(r).

Since fy is coercive and ¢ is positive (and since both are continuous), there exists at least
one minimum 7y g of hy g.

Step 2. We claim that ¢’(r) < 0 for all » > 0. To prove this, let v(z) = fBR\BT lz—y| 2T dy
be the potential created by the annulus Br\B, then

d —24a
g'(r) = d/ / |z —y| 72T dy da
" JBr(\Br J Br(r)\Br

:2(3'(r)/83 U(x)d?'-[l(:n)—/ () dH (1))

R(r) 0B,

- z/aBTv (fa;) _ o(x) dH ().

For = € 0B,, let S, = Br((1+ £)z) N A, (see Figure . By the symmetry of S, with

r

9Bn

FIGURE 4. The set S;.

it

o fome
s, [z =yl Js, |Bz —y2e

Moreover, since for y € A, N SS, |[x —y| < |%ZL’ —y|, we have for z € 0B,

U<Ra:)—v(x)—/ ! —/ ! <0
r A lfz =yl Ja Je—yPe

r

respect to the line {% Yy =

so that for every r > 0, ¢'(r) < 0.

Step 3. We therefore have ry g > 7\ and that r) g is increasing in () and decreasing in A.
Since hy q(rx) > hag(ry,@) and since fy is strictly convex with f}(ry) =0 and f{" < 0 we
next deduce

Qo) — 9(r@)) = Hrae) = fa(m) 2 30 @)raq — 7)?.
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On the one hand g(ry) < Vo(B1) and on the other hand 7y o < C(A) and f{(ryg) >
c¢(As) >0 for all A > A, @ < 1. We infer that

(rag — ) < O()Q.

Hence r) o — 7 as @ — 0 uniformly for all A € [\, A].
Step 4. By the minimizing property of r) g, we deduce

0= f(rq) + Q9 (nq) = f"e)rag — ) + Q4 (")
for some ry < 7y g < 7ag. We have c(A) < f"(Fag) < C(As) and since c¢(Ay) <y <
C(Xs) also ¢'(ry,@) is uniformly bounded from above and below from which follows.
Step 5. Assume for the sake of contradiction that we can find a sequence \, € [As, )]
converging to A € [\, A\] and sequences Q, — 0, (E,), in M(|B;|) which are not annuli
and such that

Frn@n(En) < Fix,Qn(An), (3.7)
where An = A;, o, is the optimal annulus (which is centered).

By (3.7) and the fact that ry, g, — 7, we see that F,, satisfies (2.20] so that Lemma
together With Lemmaimply that for n sufficiently large, up to a translation E, = F,,\Gj,

with F,, converging strongly in W?? to Bg, (where Ry = y/1+1r%) and G, converging
strongly in W22 to B,,. Let R, — Ry and r, — r) be such that
|Br, | =[Fn|  and By, | = |Gyl

Since A, is optimal for F), @, among annuli, we have Fy, o, (An) < Fa,.Qn(Br, \Br,,) so
that (3.7) becomes

AP (Fn) + W(E,) + A P(Gn) + W(Gn) + QnVa(Fn\Gn)
< MP(Bg,) + W(Bg,) + M\P(B;,) + W(Br,) + @uVa(Br,\Br,).
Using that by |7, [14], W (F,,) > W(Bg,,) and W(G,,) > W (B,,,), this simplifies to
MP(Fp) + MP(Gp) + QnVa(F\Gr) < \MyP(Bg,) + MP(By,) + QnVa(Br,\Br,). (3.8)
We now estimate (for simplicity we do not write the kernel in the integrals)

(BRn\BTn - F \G

Ll L
[l )]

= Va(BRn) - Va(Fn) + VOt(BTn) - Va(G”) +2

By the Riesz rearrangement inequality,

/ / —/ / <0
Fn JGn Br,, / B
from which we obtain

Va(BRn\BTn) < Va(Fn\Gn) + Va(BRn) - Va(Fn) + Va(Brn) - Va(Gn)-
Inserting this into (3.8]) and dividing by \,,, we obtain

D (F)+ P(G) + L2Va(G) < P(B) + S Va(Br,)+ P(Br,) +

@n

P(F)+ S Va(Br,),
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which implies by [28, Proposition 7.1] that if @,,/A, is small enough then F,, = Bg, and
Gn = By, (x,) for some z,, € R% This contradicts our assumption that E, was not an

annulus and concludes the proof.
O

Having in mind the study of (3.1]) for A and @ fixed but m tending to zero, we now focus
on the behavior of Q(\,) for A, going to zero.

34+a

Proposition 3.9. There exist Q2 > 0 and A\g > 0 such that if A < Mg and Q < QoA 2
then every minimizer Ey g of (3.1) is a centered annulus. If Exq = Bgr, ,\B then
)\1/273\,(3 — 1 and )\l/ZR)\Q — 1, as A = 0.

Proof. Consider sequences (Ay)n, (@Qn)n with

™.Q

3+a

A — 0, Qn — 0, limsup Qphn 2 < Qo.

n—oo

We start by making the rescaling ¥ = )\;1/2177 so that

1/2 - - —3ta - 1/2 -
Faan(B) = (PE)+ W(E) + Qun Vil B)) = N2, 5 (B).

~ _3ta
with @, = QpAn 2 . We are thus left to study the minimization problem
min F, 5 (B).

Let us prove that if (E,), is a sequence with fl,én(E") < fl,én(An)’ where A,, is the
optimal (centered) annulus, then for n large enough E, = F,\G,, with F,, and G,, simply
connected and both converging to the unit ball strongly in W?22. Indeed, if we choose
R, > 0 with R2 — 1 = \,, and write OF, as a union of simple closed curves LIy,
we deduce that

N’n ~

D (P+W)IF) < Fy 5. (Bn) < Fy 5. (Br, \ B1) <81+ C(1+ Qn)An,

=1
where in the last inequality we have used that for every set Q, V() < |Q|. Since 0B
minimizes P+ W among all simple closed curves (by |7, [14] and the isoperimetric inequality
1t is minimized by circles and then a simple optimization on the radius gives the minimality
of 9B1), and since (1 4+ Q,)A\, — 0 as n — oo we deduce that for all n sufficiently large we
have N,, < 2. By [7, Theorem 1.1] we also have N,, > 1 since otherwise W (E,,) would blow
up. Hence N,, = 2 for all n sufficiently large and lim,,_,oc W(I'}') = 27 for i = 1,2 so that
the claim follows from Lemma 2.5 B

Arguing then exactly as in the proof of Theorem and using that @, < Q2 we obtain

that for n sufficiently large F,, is an annulus if Q)2 is sufficiently small. O

Remark 3.10. We do not expect that the condition Q < COAHTQ is sharp. Indeed, looking
at the proofs of Proposition [3.9 and Theorem we see that we have argued separately
that F, and G, should be balls without exploiting the fact that the volume of E, =
F,\G,, is small. One could hope to improve the result by obtaining a better control on
Va(Bgr,\Br,) — Vo(En).

As a corollary, we obtain by (3.1)) the minimality of annuli for small volumes.

2
Corollary 3.11. There exist A1 and ¢1 such that for m < ’\71 and Q3ta < ¢\, minimizers
of Fag in M(m) are centered annuli.
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3.3. Non-existence of minimizers for large charge. We now prove a non-existence
result for a € (1,2) and @ large enough (depending on A). The restriction o € (1,2)
comes from the fact that contrarily to what happens for the generalized Ohta-Kawasaki
model ( with g = 0), we cannot easily use a cutting argument. That procedure has
roughly the effect of replacing a by a + 1 (see [28| 29, [16]) and thus allows to extend the
non-existence result from «a € (1,2) to a € (0, 2).

For any ) > 0 we first observe that if a minimizer exists then it must be connected. The
following lower bound will thus by useful to prove non-existence results.

Lemma 3.12. There exists co, > 0 such that, for every \,Q > 0 and every connected set
E € M(|By|), there holds

Fra(E) 2 caria Qs (3.9)
Proof. Let E be a connected set and let d = diam(E) > 2 be its diameter. If we write
E = F\ U, G; with F' and G} simply connected then diam(E) = diam(F') and W (E) >
W(F). By [7] we have diam(F)W (F) > 4r so that dW(E) > 4w. Moreover, P(E) > 2d
and V,(E) > d=2*%|E|? and therefore
4
Fro(E) > 2XMd + % + Qd*Tor?,

Since
. —2+Oé 2—a _1
min Ad+ Qd > caA3—aQF—a,

we get (3.9). O

We will also need an estimate for the interaction energy of annuli. Since we will also use
it in Section [4 in dimension 3, we state it in arbitrary dimension.

Lemma 3.13. Consider 0 < ¢ < % and o € (0,d). There exists Co > 0 (depending

implicitly also on the dimension d) such that

g2 if 1 <a<d,
Va(B1\ Bi—c) < Co K e?|lne|  ifa=1, (3.10)
glta if0<a< 1.

Proof. Let E = By \ B1—¢ and consider for an arbitrary x € F the potential

1 > de —dta
Ua(-r) = / T d—e dy = / Hd 1(8BQ($) N E)Q d+ dQ
Bz —yl 0

For any 0 < ¢ < ¢ we have H4"1(0B,(z) N E) < 0?1, hence
3 3
/ HI"H OB, (z) N E)o~ T dp < / 07l = Che”.
0 0

For £ < 0 < 1/2 we have H 1 (0B,(z) N E) < Cep?=2, hence
1/2
HI"Y OB, (x) N E)o~ T dp

1/2 € for 1 < a < d,
< Ca/ 0 2T dp < C,, g|lne| for a =1,
c e for0<a<l1.
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Finally, for % < 0 < 0o we obtain
/ HTH(OBy(x) N E)o~ T dg < 297 / HY (OB, (2) N E)do < Co|E| < Cype.
1/2 1/2
From these inequalities and Vo (B \ Bi—c) = [ va(2) dz the claim follows. O

We next state our main non-existence result.
Proposition 3.14. For any a € (1,2), there exists Q3(«) > 0 such that, for all \,Q > 0
with Q > Qz(a)(\ + )\aTil), the functional Fy g does not admit minimizers in M(|By]).
Proof. Let us start by the case A > 1. If a minimizer exists then by (3.9)),

2—a 1
min Fyo(F) > cuA3-aQ3-«, 3.11
N AQ(E) 2 Q (3.11)

Consider as a competitor N > 2 identical annuli of outer diameter 2. We may assume that

they are so far apart that the interaction energy between different annuli becomes negligible.

The inner radius is given by ry = (1 — %)1/ 2, and the elastic energy of the competitor is

not larger than 107N < 47 AN so that the perimeter is dominant. By Lemma the
interaction energy of a single annulus is estimated by a constant times N~2. Using this

competitor in (3.11]), we obtain

Q . 2—a 1
N+ <) > Fro(E) > co\3-a Q3a.
Ca (/\ + N) = MB) AQUE) Z cads7e Q3

Optimizing in N we find N ~ QY/2X\=1/2 and
A2Q1/2 > Ca)ﬁ%@ﬁ7
which leads to a contradiction if @ > Qs(a)A with Q3(«) chosen large enough.
We now consider the case A < 1. As above, if a minimizer exists then (3.11]) holds. We

now consider a competitor En g given by N > 2 identical annuli of outer radius R > 2, to
be optimized. We prescribe

R>\"12 (3.12)
so that we are still in the regime where W(En g) S AP(En,r). If R — ¢ is the inner radius
of the annulus, then € < RLN and using Lemma we deduce that

Va(Br \ Br—c) = R*"*Vo(B1 \ Bi_¢/g) < CoR*TON 2
Using En g in (3.11) we get

o <N)\R + ]%R”a) > coAba QFa .
1
Optimizing the left-hand side in R yields R = C, (%) °~* and then
1 l-a 22—« 2—a 1
Q.?)*& NS*& )\3704 2 Ca)\370‘ Q37a’
which gives a contradiction for N > N,(«) sufficiently large. It only remains to check that
such a choice is compatible with hypothesis (3.12]). The latter is equivalent to

QAT = N2(a),
which is satisfied if @ > Qg(a))\aT_l for Q3(«) chosen sufficiently large. O
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As a consequence, we obtain the following non-existence result for large masses from

B-1).

Proposition 3.15. For every o € (1,2), there exists Co, > 0 such that if m > C,A"! and
QmHTa > Cqo, there are no minimizers of Fx g in M(m).

4. THE THREE-DIMENSIONAL CASE

In the three dimensional case, the Willmore energy is invariant under dilations. Using
Gauss-Bonnet formula it is easy to see that it is minimized by balls [50]. Moreover, sharp
quantitative bounds have been obtained in [I3], see also [34]. Since the Willmore energy
in dimension three does not have the same degeneracy as in dimension two and already
exhibits a preference for balls, we mainly study the minimization problem (1.3)) without a
perimeter penalization. We thus restrict ourselves to the case A = 0, i.e. to the functional

FQ(E) = W(E) + QVa(E),

and consider the constrained minimization problem inf v, Fo(E). By a rescaling, the
above minimization problem can be reduced to

inf  Fo(E). 41
i TelP) (4.1)

4.1. Upper bound on the energy. We start by proving a universal upper bound on the
energy.

Proposition 4.1. For any QQ > 0 we have

inf Fo(E) < Sr.
il FelB) <

Proof. We show that an annulus with very big radius and volume |Bj| has an energy arbi-
trarily close to 8m. Since the Willmore energy of any annulus is 87 we need to show that
the Riesz interaction energy of the annulus vanishes as the radius goes to infinity.

For an arbitrary R > 0 consider § = §(R) such that the annulus Ag pys = Brys(0) \
Bg(0) has volume |By|, that is § = 57 + O(R™°). Applying toe = RLJFE we deduce
that for 0 < a < 1

Va(AR Rrys) = (R+0)"Va(Bi\ B1¢)
< O R¥eclte < O R < CR72 % 0.
We conclude similarly in the case 1 < a < 3. O
Let us prove that the same upper bound can be reached in the class of topological spheres.
Proposition 4.2. For any @ > 0 we have
inf {Fo(E) : E € M(|By|),genus(0E) =0} < 8.

Proof. The construction in [38] provides a sequence of sets E,, € M with OF,, of genus zero
and real numbers r,, with r, /1 as n — oo, with the following properties:

1
E, C A, 1, |Ey| > §]A,~n71| and W(E,) — 8.
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Considering the rescaled sets E, = n,Ey,, 73 = % we observe that |E,| = |B;| and

N — 00, W(En) — 8m. Moreover, E, C Ay,r,n, With n,7, — 00 as n — oo and
| Ay rmn| < 2|Bi|. Following the proof of Proposition [4.1) we therefore deduce that

n—0o0

VQ(ETL) g VCM(AT]nT‘ngnn) - 0
[l

4.2. Area and diameter bounds. In this section we prove uniform area and diameter
bounds in the class of sets with Willmore energy strictly below 8.

Proposition 4.3. Let E € M(|B1|) be such that for some § > 0, we have
W(E) < 8t — 0.
Then, OF is connected and there exists a constant Cys such that
H2(OE) + diam(E)? < C;. (4.2)

If one restricts to boundaries of genus zero the proposition follows from [47]. We will
prove Proposition [f.3|below and first prepare the compactness argument that we will employ.
Therefore, we need to characterize limits of boundaries of sets with vanishing volume and
uniformly bounded perimeter and Willmore energy. One natural approach to obtain suitable
compactness properties uses the concept of varifolds, which we now quickly introduce. We
refer to [48] for a detailed exposition. Since in the following lemma the dimension plays no
role, we decided to give the statement in arbitrary dimension d. We let G(d,d — 1) be the
Grassmannian manifold of unoriented (d — 1) planes in R? and say that a Radon measure
pon RY x G(d,d — 1) is an integer rectifiable varifoldﬂ if there exist a countably (d — 1)—
rectifiable set ¥, and a function 0 : ¥ — N such that g = 014 'L ¥ ® o7y, i.e., for every
Y € CY%R? x G(d,d — 1)) there holds

/ ¢du=/¢(x,m)e(x)d%d—1.
RixG(d,d—1) by

By a slight abuse of notation, we will consider such a p as a measure on R? i.e. we identify
it with 9H9~ 1L X. We say that p has a weak mean curvature vector H € Li (p, R?) if for

loc
all n € CL(RY, RY) the classical first variation formula for smooth surfaces generalizes to

/ divy ndp = —/ H -ndu.
R4 R4

We extend the Willmore functional to the set of integer rectifiable varifolds with weak mean
curvature H, by setting

4

We also recall the notion of oriented integral varifolds, introduced by Hutchinson [24]. An

oriented integral varifold V° is a Radon measure on the product R% x S9! which satisfies
for every ¢ € CO(R? x §4-1)

Vo) = /E(9+(:):)w(x,1/(m))+9_(x)w(3:, —u(m))d?-ld_l(x),

1
W) = - /R P dp.

2more precisely a (d — 1)-integer rectifiable varifold, but here we restrict ourselves to the co-dimension

one case, and simplify the notation.
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where ¥ is a countably (d — 1)-rectifiable set and #* : ¥ — N are such that 6% + 6~ > 0
almost everywhere on Y, and where v is a unit normal field on X. We can naturally associate
to V° the integral varifold u = OHY 1LY with 6§ = (6+ +67).

We may now prove the following compactness result (notice that the novel part is the
fact that in the limit, the density 6 is even).

Lemma 4.4. Consider a sequence (Ey,), of open, bounded subsets of R% with W22 -regular
boundaries and inner unit normal field v, : 0bE, — Sa=1 Assume that |En| — 0,
sup,, H"Y(OE,) < oo and sup,, W(0E,,) < oo.

Then, there exists a subsequence and an integer rectifiable varifold p on R with even density

6 such that H 'L OF, — u as Radon measures. Moreover, i has weak mean curvature
H € L*(u) and satisfies

Wi(p) < lirgian(aEn). (4.3)

Proof. Consider the associated integer rectifiable varifolds ™ = H4 ' 0E,, and the ori-
ented varifolds V.0, defined for 1) € CO(R% x S971) as

Vi) = (@, v" () dHT ().
OEn
By the bounds on H4~1(9E,) and W (E,,) we know from Allard’s compactness theorem [48]
and [24], Theorem 3.1 that up to a subsequence, u, and V,? converge respectively to an
integer rectifiable varifold y with weak mean curvature in L?(u) and to an oriented integral
varifold V°. Moreover, is satisfied. If V° is represented by (X,6%,v), then for any
Y € CRY)

p(y) = lim g () = lim V2 (1))

- / (o) dVo(e,p) = /2 (6% +67)(@)(x) dH ().
Rdx §d—1

We therefore conclude that u = (07 + 07 )HI L X,
Now, by definition we have for any n € C}(R% R%)

p‘n(w)quf(:v,p)z/ v ndHT = — | Vendz.
Rdx §d—1 OEn En

Since |E,| — 0, passing to the limit in the previous equality yields for n € C}(R%, R%)

p-n(x)dVe(xz,p) =0,
Rdx Sd—1
from which we conclude that 67 = 6~ and therefore that § = 0 + 6~ is even. O
Proof of Proposition[{.3 Since the Willmore energy of any compact surface without bound-
ary is at least 4w we deduce that OF is connected. It remains to prove the required bounds

on the perimeter and diameter. We first prove the uniform area bound. Arguing by con-
tradiction we assume that there exists a sequence (E,,), in M(|B;|) such that

lim H2(OE,) =00, and W(E,) < 8 —4d forallneN.
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Set F, = 7—[2(6['7”)_51%, to obtain a sequence (En)n such that
H2(OE,) = 1, W(E,) < 8t —4§ for every n € N, and li_)rn |E,| = 0.
n oo

Applying Lemma we deduce that there is a non trivial (since p(R3) = 1) limit integer
rectifiable varifold p with even density € and such that W (u) < 8m. This contradicts Li-Yau
inequality (see [32, (A.17)]) and proves the uniform area bound. Finally, by [49, Lemma
1.1] we obtain the diameter estimates

H2(OE):W(E) "2 < diam(E) < %H2(6E)%W(E)%, (4.4)

and (4.2) follows. O

Remark 4.5. Let (E,), be a minimizing sequence in M(|B1|) with Fgo(E,) < 87 —¢. By
Propositionwe obtain that (E,,), has uniformly bounded surface area, volume, Willmore
energy, and diameter. After possibly shifting F, we obtain a subsequence and a bounded
set E € R3 of finite perimeter such that |E| = |By|, with |VXg|(R3) < Cs and such that
Xp, — Xp in L'(R3), which in particular implies V,,(E,) — V4 (E). Moreover, building on
ideas of [49], one can show as in [47, p.905,p.907] (in particular exploiting the monotonicity
formula [47, Theorem 3|, see also [33, Section 2.1|) that u = |[VXg| is an integer rectifiable
varifold with mean curvature in L? and generalized Willmore energy

W(p) < liminf W(E,).
k—o00

In order to obtain existence of a minimizer in M(|B1|) it remains to prove further regularity
properties of OF (for example by adapting the arguments in [47]). This goes however beyond
the scope of this work.

4.3. Minimality of the ball for small charge. We now prove that for a € (1, 3), mini-
mizers of (4.1)) are balls for small Q.

Theorem 4.6. For any « € (1,3) there exists Q4 > 0 such that for every 0 < Q < Q4 the
only minimizers of Fq in M(|B1]) are balls.

Proof. For the energy of the unit ball we compute

2
Fo(B1) = 41+ CoQ < 67 forQ§Q4:CLT.

Let E € M(|B1|) be such that
FQ(E) < Fo(B).
This implies in particular that
W(E) =W (B1) < Q(Va(B1) — Va(E)). (4.5)

Since W(E) < Fq(B1) < 6w by [13], OE is of sphere type. By Proposition [4.3 the diameter
of ' and the surface area of OF are bounded independently of (). Furthermore up to a
translation, by [I3] again, there exists a W??2-parametrization ¥ : 9B, — R? of OF over
OB,, where r > 1 is chosen such that H2(0B,) = H?(OE). Thanks to the uniform bound
on H2(OF), [13] yields

1
1V —1d w2e S (W(E) —4m)7 < VQ(Va(B1) = Va(E))?.

N
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By Sobolev embedding we also have that

w = ¥ =1d]lco S VQ(ValB1) - ValE))? (46)
becomes arbitrarily small as ) tends to zero. Furthermore, by [46] and |E| = |By|,
H*(OE) — 4n < (W(E) — 4n),
which implies
r—15< (W(E)—4r) S Q(Va(B1) — Va(E)). (4.7)
Let vy (x) = /B 1 |x_d5|3_a denotes the potential of the unit ball. Applying [29, Lemma
4.5] we get that for every ¢ € R,

Va(B1) = Vu(E) < 2/ \E(va —c) —Q/E\B (Vo —€) = 2/R3(XB1 — Xg)(z)(vq —¢) .

B

Using that v, is radially symmetric, we can choose ¢ = v, (ﬁ), which by Lipschitz conti-

nuity of v, (see [29, Lemma 4.4]) gives

wmwwms%/ wwusaf 2] — 1
FE

1 Br+w\Bl—u

)

where we have used that since r > 1, B1_, C F C By4. Using (4.6) and (4.7)), this yields
for ) small

Va(B1) = Va(E) < Co(r — 14+ w)? < CoQ(Va(B1) — Va(E)),
which implies that if @ is small enough then V,(F) = V,(B;) and therefore E = B;. O

Remark 4.7. In light of [I5, Theorem 1.3], we expect this result to hold also for a € (0, 1].
However, since our proof relies on the rigidity estimate [13, Theorem 1.1] we must work with
sets which are parameterized by a small W22 function on the sphere rather than with nearly
spherical sets. For such sets it is unclear how to obtain a Taylor expansion of V,, analogous
to [15, Lemma 5.3]. To overcome this issue, we used that for a € (1,3) the potential v, is
Lipschitz continuous. This is not the case for a € (0,1] (see [29]). Of course, this problem
would be solved if one could prove an improved convergence theorem for minimizers (or

almost minimizers) of (4.1)).

Remark 4.8. As a consequence of Theorem and the isoperimetric inequality, balls are
the only minimizers of F) ¢ in M(|B1|) for any 0 < @ < Q4 and any X > 0.

Remark 4.9. By rescaling it follows from Theorem that for QmHTa < (4, the only
minimizers of Fg in M(m) are balls.

4.4. Properties of minimizers for large charge. For large charge, we are not able to
prove or disprove that minimizers exist. In the following proposition we just point out that
if minimizers exist, they must have more and more degenerate isoperimetric quotient as the
charge increases. This is somewhat reminiscent of [47, Theorem 1|.

Proposition 4.10. Assume that there exists a sequence QQn, — oo such that for everyn € N
there exists a set E, € M(|B1|) with Fq, (E,) < 8n. Then,

li_)m H?(OE,) =oo and lim W(E,) = 8.

n—oo
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Proof. We have by the minimality of F,
8m — WI(E,) > QnVa(Ey)
> Qu|B1|* diam(E, )3

" —3+a —34+a —34+a
2 Qu(HOB)IW(ED?) T 2 QuHAOE) T W(E) T

This yields,

3ta -3 —3+4a
b

_ o 2
87 > W(E,) + CQ H2(OE,) 2 W(E,) 2 > CaQi “H(OE,) 5 =
2

where we have optimized in W (E,,) in the second line. This gives H2(9E,) > CoQi™" — oo.

We then conclude by (4.2)) that W(E,) — 8. O
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