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Abstract

We consider a motion of non-closed planar curves with infinite length. The motion is
governed by a steepest descent flow for the geometric functional which consists of the sum
of the length functional and the total squared curvature. We call the flow shortening-
straightening flow. In this paper, first we prove a long time existence result for the
shortening-straightening flow for non-closed planar curves with infinite length. Then we
show that the solution converges to a stationary solution as time goes to infinity. Moreover
we give a classification of the stationary solution.
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1. Introduction

There are various studies about the steepest descent flow for geometric functional
defined on closed curves, for example, the shortening flow ([1], [4], [5]), the straightening
flow for curve with fixed total length ([7], [11], [12]), and the straightening flow for curve
with fixed local length ([6], [9]). In this paper, we consider the steepest descent flow called
shortening-straightening flow.

Let v be a planar curve, k be the curvature, and s denote the arc-length parameter of
~. For 7, we consider the following geometric functional

(1.1) E(y) = XNL(y) +E(),

where

L(7) Z/Vd& E() =£ﬁ2d8,

and A is a given non-zero constant. The steepest descent flow for (1.1) is given by the
system

(1.2) Oy = (=202k — K> + Nk)v,
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where v is the unit normal vector of the curve pointing in the direction of the curvature.
The functional £(y) denotes the length functional of 7. We call the steepest descent flow
for length functional the curve shortening flow. On the other hand, the functional &£ is
well known as the total squared curvature or one dimensional Willmore functional. The
steepest descent flow for the functional is called the curve straightening flow. Thus we
call (1.2) the shortening-straightening flow in this paper.

We mention the known results of shortening-straightening flow. In 1996, it has been
proved by A. Polden ([10]) that the equation (1.2) admits smooth solutions globally
defined in time, when the initial curve is closed and has finite length (i.e., compact without
boundary). Furthermore, G. Dziuk, E. Kuwert, and R. Schétzle ([3]) extended the result
of [10] to closed curves with finite length in R™.

We are interested in the following problem: “What is the dynamics of non-closed planar
curve with infinite length governed by shortening-straightening flow?” In this paper, we
prove that there exists a long time solution of shortening-straightening flow starting from
smooth planar curve with infinite length. Moreover we show that the solution converges to
a stationary solution as ¢ — oo. Namely, we consider the following initial value problem:

(992, _ k3 )2
(9) { Oy = (—202k — K° + N°R)v,

7(x,0) = Y0(2).

The initial curve vq is a smooth non-closed planar curve with infinite length. Moreover we
assume that 7, is allowed to have self-intersections but must be close to an axis in a C*
sense as |r| — co. More precisely, vo(x) = (¢o(x),vo(z)) : R — R? satisfies the following
assumptions:

(1.3) o' (2)] = 1,
: O™k € L*(R) for all m >0,
(1.5) lim ¢o(z) =00, lim ¢(x) = —00, lim ¢y(z) =1,
T—00 T——00 |z|—o00
1
(1.6) Po(x) = O(z™®) for some a > 5 a8 |z| — 00, ) € L*(R),

We state the main result of this paper in a concise form:

Theorem 1.1. Let yo(x) be a planar curve satisfying (1.3)~(1.6). Then there exist a
family of smooth planar curves y(x,t) : R x [0,00) — R? satisfying (SS). Moreover, there
exist sequences {t;}3>, and {p;}52, and a smooth curve 5 : R — R* such that v(-,t;) — p;
converges to 4(-) as t; — oo up to a reparametrization. The curve 4 satisfies E(y) < 0o
and the curvature & 1s a solution of

20%k + k* — Ak = 0.

Generally, in order to prove a long time existence of a steepest descent flow for a
functional, we have to make use of a priori boundedness which proceeds from the func-
tional. Thus the functional must be bounded at least for an initial state. However our
functional F is unbounded, because we consider planar curves with infinite length. This



is a difficulty of our problem. One of the contribution of Theorem 1.1 is to prove a long
time existence of the steepest descent flow for the unbounded functional E. In order to
overcome the difficulty we mentioned above, we construct the solution of (SS) by making
use of Arzela-Ascoli’s theorem. To define a sequence approximating a solution of (SS),
we need to solve a certain compact case with fixed boundary.

Concerning the classification of stationary state, one of the types is a straight line.
This is corresponding to a trivial stationary state. On the other hand, the other one
corresponds to a non-trivial stationary state. We give not only a classification but also
a characterization of them (see Theorem 3.2). Although a dynamical aspect of solution
of (SS) is an open problem, to classify and to characterize the stationary state is an
important step to comprehend the dynamics.

The paper is organized as follows: In Section 2, we prove that, for a non-closed planar
curve with finite length, there exists a unique long time classical solution of (1.2) with
certain boundary conditions. Furthermore we show that the solution converges to a
stationary solution along a sequence of time {t;}; with t; — oco. In Section 3, we prove (i)
a long time existence of solution of (SS) and a certain asymptotic profile of the solution
as |x| — oo (Theorem 3.1), (ii) a subconvergence of the solution to a stationary solution,
(iii) a classification of the stationary solutions (Theorem 3.2), and (iv) a characterization
of a dynamical aspect of the solution of (SS) (Theorem 3.3).

2. Compact case with fixed boundary

Let To(z) : [0, L] — R? be a smooth planar curve and ko(z) denote the curvature. Let
[o(x) satisty

(21)  |DJ(@)| =1, To(0)=(0,0), To(L)=(R,0), ko(0)=ko(L)=0,

where L > 0 and R > 0 are given constants. We consider the following initial boundary
value problem:

Oy = (—20%k — k* + N*k)v,

(CSS) v(0,t) = (0,0), ~(L,t) = (R,0), £(0,t)=r(L,t)=0,
V(2,0) = To(x)

The purpose of this section is to prove the following theorem:

Theorem 2.1. Let 'y be a smooth planar curve satisfying the condition (2.1). Then there
exists a unique classical solution of (CSS) for any time t > 0.

2.1. Short time existence
First we show a short time existence of solution to (CSS). Let

(2.2) Y(z,t) = Lo(z) + d(z, t)vo(z),

where d(x,t) : [0,L] x [0,00) — R is an unknown scalar function and vy(x) is the unit
normal vector of I'g(z), ie., vo(z) = Ry (z) = (Y ') (z). Under the formulation
(2.2), the boundary conditions (0,t) = (0,0) and y(L,t) = (R, 0) are reduced to

(2.3) d(0,t) = d(L,t) = 0.



With the aid of Frenet-Serret’s formula Iy’ = kovy and vy’ = —kIy, we have

Opy = (1 = kod)Ty' + Opduy,
RO,y = —0,dly + (1 — kod) vy,
2y = (—ko'd — 2ko0,d)Ty' + (02d + ko — ko’ d)vy,
Oy ROy Ded(ko'd + 2ho0d) + (1 — Kod)(D5d + ko — ko’ d)
ERIK {(1 = kod)? + (9,d)2}* '
Thus the condition x(0,t) = k(L,t) = 0 implies

(2.4) 92d(0,t) = 92d(L,t) = 0.
Let s = s(x,t) denote the arc length parameter of v(x,t). Since

1/2

s(x,t) = /093 10,7 (x, t)| doe = /0m {(1 — ko(x)d(x, 1)) + (axd(x,t))Q} dz,

we have

(25) £ = bl = {1~ kow)d(x, )7 + (@ud(z, 1))’}

Combining the relation (2.5) with

1/2

2_ 0/0x
s  0s/0x’
we obtain
9 _ %
ds |’Yd\.

Then we see that

s ( s (axd(axkod + 2ko0yd) + (1 — kod)(0?d + ko — kOQd)))
el \ Il [yl |

2.
Ok =

This is reduced to

1 7 3 15
Ok = ——=03a3 — —0, |74 Ovrs + {——635 Val + —= (0n |7d\)2} o,
|Vl |Vl |Vl |Vl
where
a3 = 0,d(0,kod + 2ko0,d) + (1 — kod)(02d + ko — ko’d).
Setting

ap = azkod + k:of)md,
Qg — 8xd8§d + Oél(k'od — 1),
Qy = &Cd@id + (agd)Q + OZ12 + 8x0é1(l€0d — 1),



we have

2
(%) €%) (7]
Op Vdl = 7, 5’3 [Val = — 3T
|7l val> Il
Thus 9%k is written as
1 18
0k = 82 — — (Tag0,a3 + 3azay) + a22a3
|7d| |Vl val®
Since k = as/ |v4|” and
6{7 = atdy()a
we have
14 6 36 3 A2 1
Ovd = {——32043 +—= a20 Q3 + ——F 030y — 8a22a3 - & g ai}
|’Yd\ 7al’ |Vl |l val”  |val” ) 1= kod

d+ ®(d).
|7d|

Setting A(d) = (—=2/ |y4|*)d?, the problem (CSS) is written in terms of d as follows:

Od = A(d)d + ®(d),
(2.6) d(0,t) = d(L,t) = d"(0,t) = d"(L,t) = 0,
d(z,0) = dp(x) = 0.

We find a smooth solution of (2.6) for a short time. To do so, we need to show the operator

Ay := A(dp) is a sectorial operator. Since Ag = —202, first we consider the boundary
value problem
@7 Opp + pp = f,

p(0) = (L) = ¢"(0) = ¢"(L) = 0,

where p is a constant. The solution of (2.7) is written as

(28) ota) = [ G de

where G(z, &) is a Green function given by
(2: )3 (91(5)92(1') + 93(5)94(I)) for 0<x< 57
(QM*)s(gl(x)gz(f) +g3(2)ga(§))  for E<a<L.



Here the functions g1, g2, g3, g4, and constants Ky, K, K, u, are given by

91(¢) = cos p1.¢ sinh .¢ — sin p.¢ cosh .,

K K
g2(¢) = e cos ¢ — —1 cos ¢ sinh g, ¢ + 2 sin 11+ C cosh 1,.C,
Ky Ky
93(C) = cos pr.¢ sinh 1,¢ + sin p1.C cosh 1€,
K K
94(¢) = —e"*Csin i, ¢ + L sin p.C cosh 1C + —2 cos 1+ C sinh g1, C,
Ky Ky
Ky = 2cos? s L sinh? sl 42 sin? s L cosh? s Ly
e+l — cos 2. L sin 271, L L/4
K1: K ) KQZ_—Ma M*:M_
2 2 V2

By virtue of (2.8) and (2.9), we see that the solution of (2.7) satisfies a priori estimate
(2.10) HSOHWg(o,L) <C ”fHLp(o,L)

for any p > 1. Using the a priori estimate (2.10), we show that the operator Ay generates
an analytic semigroup on LP(0,L). Moreover we can verify that Ay : h5 ([0, L]) —
hY([0, L]) is an infinitesimal generator of an analytic semigroup on h¥([0,L]), where
0 < 0 < 1/4 (for example, see [8]). Here h%([0, L]) is a little Holder space with boundary

condition:
(2.11)
(0. 1]) — {{u € h* ([0, LI) | u(0)

{u e h([0, L]) [ u(0)

(L) = u"(0) = u"(L) =0} if a>2
(L)=0} if 0<a<2

u
u

Since the equation in (2.6) is a fourth order quasilinear parabolic equation, we shall prove
a short time existence of (2.6) as follows. Letting B(d) := A(d) — Ay, the system (2.6) is
written as

Oyd = Agd 4+ B(d)d + (d),
(2.12) d(0,t) =d(L,t) =d"(0,t) = d"(L,t) =0,

d(z,0) = dp(x) = 0.
And then, we find a solution of (2.12) for a short time by using contraction mapping
principle. Indeed, making use of the maximal regularity property and continuous inter-
polation spaces, we see that there exists a unique classical solution of (2.12), i.e., (2.6), in
the class C([0, T]; h5™([0, L])) N C([0, TT; k¥ ([0, L])), where T > 0 is sufficiently small.

And then we obtain the regularity by a standard bootstrap argument (see [8]). Then we
obtain the following:

Lemma 2.1. Let T'y be a smooth curve satisfying (2.1). Then there exists a constant
T > 0 such that the problem (2.6) has a unique smooth solution for 0 <t < T.

Lemma 2.1 implies the existence of unique solution of (CSS) for a short time:

Theorem 2.2. Let I'g(x) be a smooth curve satisfying (2.1). Then there exist a constant
T > 0 and a smooth curve y(x,t) such that y(x,t) is a unique classical solution of the
problem (CSS) for 0 <t <T.



2.2. Long time existence
Next we shall prove a long time existence of solution to (CSS). Let us set

F* = 20%k + k* — \2k.
Then the gradient flow (1.2) is written as
oy = —Fv.
Lemma 2.2. Under (1.2), the following commutation rule holds:
0,05 = 050, — KF0,.

Lemma 2.2 gives us the following:
Lemma 2.3. Let y(z,t) satisfy (1.2). Then the curvature k(z,t) of y(x,t) satisfies
(2.13) Ok = —O2F* — K2F?

= —20%Kk — BK?0%K + N 0%k — 6k (0:k)% — K® + N?K%.

Furthermore, the line element ds of y(x,t) satisfies
(2.14) Oids = kF*ds = (2k0%K + k* — A2k?)ds.

Here we introduce the following notation for a convenience.

Definition 2.1. ([2]) We use the symbol q"(0'k) for a polynomial with constant coeffi-
cients such that each of its monomaials is of the form

N
H@g% with 0< 5, <[ and N >1

=1

with

r= Z(Jé‘ +1).

By virtue of Lemmas 2.2 and 2.3, we have

Lemma 2.4. For any j € N, the following formula holds:
(2.15) 0,00k = =207 Kk — 522K + NP2k + NP3 (09k) + 7P (00T R).

Proof. The case j = 0 in (2.15) has been already proved in Lemma 2.3, where q°(0k) =
—6k(0,k)* — k° and ¢3(k) = k3. Next suppose that the formula (2.15) holds for j — 1.
Then we have
0,0k = 0,000 'k — KF Pk
= 0, {20k — BR*OIT k + N0 Kk + N0 R) + ¢ TH(O0k) }
— k(202K + K* — A0k
= 200K — BRIk + N0k 4+ NPT (00k) + g7 TP (01T R).



From the boundary condition of (CSS), we see that the curvature x satisfies the fol-
lowing;:

Lemma 2.5. Let k(z,t) be the curvature of v(z,t) satisfying (CSS). Then, for any
m € N, it holds that

(2.16) 0¥ k(0,t) = 0™ k(L,t) = 0.

Proof. First we show the case where m = 1, 2. Differentiating the boundary condition
7(0,t) = (0,0) and y(L,t) = (R,0) with respect to t, we have 0;7(0,t) = Oyy(L,t) = 0.
From r(0,t) = x(L,t) = 0 and the equation (1.2), we see that 9?k(0,t) = 0?k(L,t) = 0.
Since 0;x(0,t) = dyk(L,t) = 0, the equation (2.13) yields 92k(0,t) = dik(L,t) = 0.

Next, suppose that 92"k (0,t) = 9?"k(L,t) = 0 holds for any natural numbers 0 < n <
m. Lemma 2.4 gives us

0,072k = —20°™ 2K — 5ROk + N20P "k + NPT 0P R) + P (0P k).

Since any monomials of > ™1(9?"~2k) and ¢*"3(9?""'k) contain at least one of the
terms 0%k (1 =0, 1,2, ---, m — 1), we obtain 8*"*2k(0,t) = 8> +2k(L,t) = 0. O

Let us define LP norm with respect to the arc length parameter of . For a function

f(s) defined on =, we write
o= { [1rer as)”.
o

Lee — Sup ’f(8)|,
‘ s€[0,L(v)]

I1f
/]

where L(7y) denotes the length of ~.
In the following, we make use of the following interpolation inequalities:

Lemma 2.6. Let y(x,t) be a solution of (CSS). Let u(x,t) be a function defined on ~y
and satisfy

0*™u(0,t) = 0*™u(L,t) =0

for any m € N. Then, for integers 0 < p < q < r, it holds that

r—q a—p
P

(2.17) loull e < o2ully” 10%ully -

Moreover, for integers 0 < p < q < r, it holds that

2(r—q)—1 2(g—p)+1

(2.18) ”8;JUHL§O < \/§Ha§uHL§(r—p) H@guHLé(r—p) '

Proof. Making use of Lemma 2.5, for any positive integer n, we have

||8?u]|ig = /(8;%)2 ds = —/8?‘111 S0 uds < ||8;‘_1UHLg }}3?+IUHL§.
gl ol



This implies that log||07ul|;. is convex with respect to n > 0. Thus we obtain the
inequality (2.17). ’

Next we turn to (2.18). By Lemma 2.5, we see that 9*"u(0) = 9*™u(L) = 0 for
any m € N. Thus the intermediate theorem implies that there exists at least one point
0 < ¢ < L such that 9™y (&) = 0 for each m € N. Hence, for each non-negative integer
n, there exists a point 0 < & < L such that 97u(§) = 0. Then we have

(@m@»%zé'ﬁ@ww»%%hSQWﬁw@H%“whg
Hence we get
(2.19) 0ull o < VE 02l (074 a2,

Combining (2.17) with (2.19), we obtain (2.18). O

By virtue of Lemma 2.5, we are able to apply Lemma 2.6 to x(x,t) for any n € N.
Making use of boundedness of the energy functional at v = I'y, we derive an estimate for

1] 2

Lemma 2.7. The following estimate holds:
(2.20) 151172 < kollz2,z) + A% (£(To) = R).

Proof. Since the equation in (CSS) is the steepest descent flow for E(v) = H/@HE +N2L (),
we have k

k1172 + A2L(Y) < [loll 720,y + A*L(To)-
Clearly it holds that £() > R. Therefore we obtain (2.20). O
In order to use the energy method, we prepare the following:

Lemma 2.8. For any j € N, it holds that

(2.21) % H@gﬁ”ig = 2|07 ; —2)\2 Ha@m”ig
oo [ @i s+ [ ao@ )
0% v

Proof. By virtue of Lemma 2.4, we have

L H@@{Hé = /28§/<8t0§/<;d3 + /(Qﬁ/@)zﬁF’\ ds
dt ° g v
= /285/{ {207k — 521k + NIk + NPT (00k) + ¢/ T0(00T 1K) } ds

~

+ /m@ﬁn@@?/{ + k% — AK?) ds.
.



By integrating by parts, we get
/m%ﬁ%@ﬁ”m ds = —/{2/{8 kOIOT k + K2 (01T R)?} ds.
v gl
Consequently we obtain (2.21). O

Using Lemmas 2.7 and 2.8, we derive the estimate for the derivative of ||07xl|3, with
respect to .

Lemma 2.9. For any j € N, we have
45+6 45410
IIWHLQ < CsllZE™ +C sl

Proof. By Lemma 2.8, we shall estimate the right hand side of (2.21). First we focus on
the term [  q**4(9!r) ds. By Definition 2.1, we have

q2]+4 a] Z H 80"”/@

m =1
with all the ¢,,; less than or equal to j and

N,

> (m+1)=2j+4

=1

for every m. Hence we have

’ 2j+4 ag ZH‘acmzﬁl

m =1
Setting

Nm

Qm = H |ascml/£| )

=1

it holds that
/|q2j+4(3§/<a)| ds < E /Qm ds.
v m 7

We now estimate any term @), by Lemma 2.6. After collecting derivatives of the same
order in @),,, we can write

J J
(2.22) Qum = [ |00["  with > i +1) = 2j +4.

1=0

10



Then

J 1/ J
/des = /H|a’ “ds <[] (/\5’2%\% ds) < [T lous[ 7%, .
Y v =0

1=0 =0

where the value \; are chosen as follows: \; = 0 if a,,,; = 0 (in this case the corresponding
term is not present in the product) and \; = (25 +4)/(mi(i + 1)) if o # 0. Clearly,

QmiNi = 217:14 > ij%l > 2 and by the condition (2.22),

Let k; = ayidi — 2. The fact a,,;A; > 2 implies k; > 0. Then we have

ot - = ot v«uuig ,
|02k Mo<oF 2““2 . K| Q?J%k
sl Lee Lz ’
ai 2 a]+1 7+1 = ;Liim
9] < | HHHLg
These imply
92l o < 2% 25 sl
with
o i+ % B amli)\
Multiplying together all the estimates,

O‘mzo'mz || ||Oémz (1—0omi)

(2.23) /Qm ds < Hz

< ouaﬁlﬁuzz o

0 mi(1=0ms)

||L2

Then we compute

J J Oémi?;—i‘l—i_ ] Ckmii+l—1
Zammmi = Z G+ 3) M 2iz0 it+3)
1=0

i=0 g+l J+1

and using again the rescaling condition in (2.22),

iami%:ZZoami(Hl?—% Zoamz_l

=0 j+1
2 A=A i =L 46—
N j+1 - 2(5+1)

11



Since

J J . .
1 2 4
E Qi Z E Qi Z i = ] i )
i=0 i=0 J+1 j+1
we get

R 1
(j+1)2 (j+1)

Hence, we can apply the Young inequality to the product in the last term of inequality
(2.23), in order to get the exponent 2 on the first quantity, that is,

Om [ i 2
/Qm ds < 5 (|07 8[|}, + CunllmllZg < 8 (|05 [, ds + Cin 117
.
for arbitrarily small 4, > 0 and some constant C,,, > 0. The exponent [ is given by

1 2 Zz 0 amz( Umi)
aml O-m'l J
1— M 2= miOm;

4 +6_Zi= Qmyj . ]
ZZZ 0 ¥mi — : ]+10 _ 2(.]—'—1)25:0&?711 4j—6+zz 0 Ymi

2
45+6— ZZ Qi ; _ _ J .
2 — (]—+1)0 4] +4 4.] 6 + Zz:O Qi
2j +3) % mi — 2(27 + 3 .
Z‘Zoami_z

Therefore we conclude

/Qm ds < 8, |95 R|12, + Con 15

Repeating this argument for all the @),, and choosing suitable ¢,, whose sum over m is
less than one, we conclude that there exists a constant C' depending only on j € N such

that
/ 2]-1-4(6] ds < Haﬁ-ll{HB +C ” ||4J+6.
Y

Reasoning similarly for the term q**%(97"1x), we obtain

sty ds < o 2y, + €l

gl
Hence, from (2.21), we get

0 ||oikl|;, = —2 |02+
o [ qeiee) s+ [ @it
Y Y
< N[0 wlly, + ClIslZE — 07k, + Cellmlzz

< O sl + O sl

2 2 ; 2
_ Jj+1 ”
12 2\ H@S Rl e

where C' depends only on j. O

12



Next we estimate the local length of v(x,t).

Lemma 2.10. Let y(z,t) be a solution of (CSS) for 0 <t < T. Then there exist positive
constants C7 and Cy such that the inequalities

(2.24) < [0ey(x,t)] < C1(To, T),

1
Ci(To. T)
(2.25) 107" [0y (2, 1)]] < Co(To, T)
hold for any (x,t) € [0, L] x [0,T] and integer m > 1.

Proof. First we prove (2.24). Since
0:0;y = O, (—283/{ — 13+ )\2/<) v+ (—283/43 — K+ >\2/£) OV,
and 0,v = |0,7y| Osv = — |0,7y| KOsy, we have

9000 (20— 4 ) 0]
Y

Thus |0,7| satisfies the initial value problem

(2.26) 0, |0,7| =

(2.27) dt

where
F(k) = —k (2025 — K> + Nk) .

Since Lemmas 2.7 and 2.9 implies that there exists a constant C' such that

F(n)| < C
for any (z,t) € [0, L] x [0,T]. Hence, for any (z,t) € [0, L] x [0,7T], we have

e~ T <0,y(2, 1) < 9T

Next we turn to the proof of (2.25). Here we have
(2.28) O F(k) = 0" O F (k) = P(10:7], -+, 9710 F(K), -+, 00 F (k).
Suppose that there exist constants C;(7',I'g) such that

sup |9 0:7]| < C4(T,T)
(z,t)€[0,L] %[0,

for any 0 < j < m — 1. Then (2.28) implies

07 F (k)| < C.

13



Differentiating the equation (2.26) with respect to =, we have
D07 07| = F(R)7 1027 + Y mCi0F (1)) 10,7

J=1

Thus 07" |0,7y| satisties

(2.29) { o =F(k)v+ G,

v(0) = 0.

We can check that there exists a constant Co(7',I'g) such that |v| < Cy. This gives us the
conclusion of Lemma 2.10. [

Then we prove that the system (CSS) has a unique global solution in time.

Theorem 2.3. Let Iy be a smooth planar curve satisfying the condition (2.1). Then there
exists a unique classical solution of (CSS) for any time t > 0.

Proof. Suppose not, then there exists a positive constant T such that v(z,t) does not
extend smoothly beyond T'. It follows from Lemmas 2.7 and 2.9 that

m 2 m 2 T-

10, ’fHLg <lo; kU”L?(O,L) +CT
holds for any 0 <t < T and m € N. This yields that there exists a constant C' such that
(2.30) 1052 < C
for t € [0,7]. We have already known
(2.31) Opy = 109" 0y = P(10:7] 077 0] v, 00 H).
By virtue of (2.30), (2.31), and Lemma 2.10, we see that there exists a constant C' such
that

||a;n7||L2(o,L) <C

for any ¢ € [0,7] and m € N. Then ~(z,t) extends smoothly beyond T by Theorem 2.2.
This is a contradiction. We complete the proof. O

2.3. Convergence to a stationary solution
Finally we shall prove that the solution 7(z,t) converges to a stationary solution as
t — oo. For this purpose, we rewrite the equation (1.2) in terms of 7 as follows:

(2.32) Dy = —20% + </\2 ~3 ‘8§7|2> 2~ — 30, (|a§7|2) 0.y,
Since the arc length parameter s depends on t, the following rules hold:
(2.33) 0,0, = 0,0, — G0,

(2.34) dds = GMds,

where G = 0,0,7 - 0yy. In previous section, we prove that the initial-boundary value
problem for (2.32) has a unique classical solution y(z,t) for any ¢ > 0. The solution ~
has the following property:
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Lemma 2.11. Let vy(z,t) be the solution of (CSS). Then, for any positive integer m, it
holds that

(2.35) 9;"v(0,) = 97"y (L, t) = 0.
Proof. First we prove that the relation
(2.36) 95y = q" N0y Ry + " (9] PR) 0y

holds for any integers n > 2. Since 9%y = kv, we see that (2.36) holds for n = 2. Suppose
that (2.36) holds for any integers 2 < n < k, where k > 2 is some integer. Then we have

O; My = 040" O Ry + a5 (0 R)Dav + 0°{a" (07 R) M0y + a5 (08 k)
= {04a" (07K} + mal (O k) f v+ {090 N0 R)} — malTH (O R L Oy
= 0"(0; " m)v + (05 R) 0.

This implies (2.36). Then, along the same line as in the proof of Lemma 2.5, we obtain
the conclusion. ]

By virtue of Lemma 2.11, we can apply Lemma 2.6, i.e., interpolation inequalities, to
0?~. Using the interpolation inequalities, we first prove the following estimate:

Lemma 2.12. There exist positive constants C7 and Cy depending only on A such that

ozl <

Proof. From (2.32), we have

101172 = / ‘—204 -3 !0§7|2> 92y — 30, (|0§7}2> o]

> 2|t][2, -2 H (3 —3[e2)") &2 i ~2 |30, (j24]") o

2+ Cillo3]5; + Co [l e

ds

2

Lz

It follows from interpolation inequalities that

[ -spes) e

T oxt||or |, + 18|02 92 i

< 2X\*||07
< 2X\*|| 07

23 + 18|02 |
72+ 72|00,

|03 H2
el

2|7
1 F 2N |92

<cllody|l;. + /e |02

Similarly we have
|2: (192217) 2], < 4112211, 12311

<42 |0ty |72

5/2

<elot 2S+0(1/5>|| 7||2.

92|72

15



1
Letting ¢ = 7 we obtain

0591125 < 191z + Cu |81 + o 8-

In order to derive the estimate of ||07v||,. for n > 5, we prepare the following:

Lemma 2.13. For any n € N, it holds that
n—1
0,07y = 00y — OGO ).
§=0

Using Lemma 2.13, we prove the estimate of ||07*y|| . for any n € N:

Lemma 2.14. For any n € N, the following estimate holds:
(2.37) 104 2 < 1970312 + C 0277 + C |82

Proof. We have already proved the case n = 0 by Lemma 2.12. Let n > 1 fix arbitrarily.
By (2.32), we have

0103, = || -20m+y + o { (W~ 3(a22[?) 02} — 302 {0, (|o8[) 0}

o (i) [, -2 fo () )

= 2oy}, — 20 — 28,

2
> 2|05l - 2

L3

Concerning [y, first we have

02023, < Clloz+al 557 921557 < = ol + € o2

Furthermore since

8;1 <|8§7|26§ )_22 C@n ]+2,YZ C«kak—i-Q,y 8] k+2

k=0

it follows from interpolation inequalities that

o (jotaf oma ), <CZZH6‘” AR Re sl

— 2 i 2
SCZZH@S 2 108 0572

7=0 k=0

< Cllortal 57 onllE << ol + ool

4n+10

16



Thus we have

4n+10

L < (W + e ||ar+y|[

+C |02

Next we estimate 5. Since

o {83 (‘afﬂz) s’y} _22 C;0m~ j+1 Z L0+ 2y . gik 3,

k=0
we obtain
n j
L < CY S |jor ity (@t 2y - 91 k)|,
50 k=) ’
< sznan ]+1 ak+2
J=0 k=j
<C H8n+4 n+2 Haz n+2 <e H8n+4 4n+10
Letting € > 0 sufficiently small, we complete the proof. O

By virtue of Lemma 2.13, we show that 0,y satisfies the similar property to Lemma
2.11.

Lemma 2.15. Let v(x,t) be a solution of (CSS). Then it holds that
(2.38) 02" 9y(0,t) = 02" 0yy(L,t) =0
for any non-negative integer m.

Proof. By virtue of Lemma 2.13, we have already known that

n—1
(2.39) 0Oy = 00y — Y OGO ),
j=0
where
(2.40) G =02 (|02]") = 2[08y[" + (3]024[" = 22) |04

2 2
= 290ty + (3[02" = 42) 924
Moreover Lemma 2.5 gives us
(2.41) 0,07™4(0,t) = 0,0>™~(L,t) = 0.

Since

J
OUC D y) =) jCR0EGA I,

k=0

17



Lemma 2.13 and (2.40) yield that
(2.42) (G " y) =0

at x = 0, L for any ¢ > 0 and non-negative integer j < n. By (2.39), (2.41), and (2.42),
we complete the proof. O

By virtue of Lemma 2.15, we are able to apply Lemma 2.6 to 0,7.
In the rest of this section, we shall use the notation

/u-vds: (u,v),
,

where u and v are functions defined on 7. By way of Lemma 2.15, we obtain the following:

Lemma 2.16. For any n € N, it holds that
(2.43) 1020yl =0 as t— oo.
Proof. To begin with, we have

o0 o) t=0
/ ||8t7||i§ dt = —/ O (/ K% ds + A2£(7)> dt = [/ K% ds + AQE(v)} < 400.
0 0 v Y

t=00

Next it follows from (2.34) that
(244) @ ||8w||L2 =2 (&7, 8t 3,57 <8ﬂ, G 8t7>
Making use of (2.32), Lemma 2.13, and the relation 0,y - 957 = 0, we obtain

Oy - 0(Ory) = — 20, - Oiy + 20y - Z OGOy — 30290 - (020ry — 2GP0%7)

7=0
= 30,(102]")0ry - 92y = 30.(1924]" )0y - 0,07
By integrating by parts, (2.44) is reduced to
(2.45)

D |0nyl7> = —4 |02, +4Z<8t%0] (Gr0:77))

7=0
-2 <)\2 -3 ‘052'7 2 0.0, — 2|G"\|2> + <65t(‘as27‘2) + 10, G/\>
= —4[|020y ||}, + 40 — 20 + L.

We shall estimate the right-hand side. First, by Lemmas 2.11, 2.12, and 2.15, we have

(2.46) I < C(1+]|6?
<e¢ HafawHig +C 07z (1 + 1071 2).

1, < C(1+] 0!

sat’YHLg
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Next we turn to the estimate of 3. Since
o(|0) = 202y - 920,y — 4]0 G,
we obtain
04T) 15l 1208, 02002 1000, + 24 [P 10,001,
F 107l zoe 10711 2 11050 2
YSIE: 3 (|42 3 4|3 2
<C ||857HL§ Hat’YHLg ||asat7HLg +C HaﬂH@ Ha{y”LE HasaWHLg
T 11929,/
< ||620 |2, + C a2 (1 + 18] 2 + 9 ).

Finally we estimate the term I;. By integrating by parts, I; is written as follows:
2

(2.48) = Z 1Y 010yy, GrOL ) + (0, 03(G0s7)) -
=0

For j = 0,1, 2, we have

(90, o7 < HajaﬁHLz 10:0071 . |03~ JVHL < C||828WHL2 H@ﬁHLz [ 7”2?
< c[|020n |2, + C 1o |94 5

Hence the first term in the right-hand side of (2.48) is estimated as follows:

2

Z ((=1)/010,y,G*0}Ty)| < e H(?f@ﬂ”ig +C ||8t7|ﬁ;g (1+ Haﬁnig)

pa
Furthermore the equality dyy - 95y = 0 yields that
(07, 03 (GP0)) = =3 (0.0r7, 0,G*02) + (D, GAO) .

Then we obtain
(0.0, 0.G %) | < [(0.0ry - 82, 2y - Dy + DuDry - 027))|

< 029| e 19:03 1112 102007 12 + 19271 1950071172

< e [|020[7, + C 197 (1 + 119l 2),

(v, G*iy)| < 110l e 1050071 2 |05

< V2|20 1, 1001 0091 2 < = [2205 + C o, |1l

Hence we see that

2
(2.49) 11| < € [02007][2 + C 1972 (1 + 10711 72)-
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Letting & > 0 sufficiently small and using (2.45), (2.46), (2.47), and (2.49), we have the
inequality

(2.50) 0 072 < - Hafé’ﬂHig + Cl10eyIIzz (1 + 10772).

This implies that ||0yy||,» — 0 as t — 4o00. In particular, ||0,7||;- is bonded for any ¢ > 0.
Then (2.50) is reduced to ‘

(2.51) A l|onll72 < — |02 5. + C o2

Integrating (2.51) on [0, 00), we obtain

(2.52) / 62002, dt < —/ 0010112 dt+C/ 0112 dt < oo.
0 s 0 0

Next, suppose that
/OO Hagatﬂ\; dt < oo, H@f%’ﬂ”m —0 as t— o0
0 S S

hold for 2 < j < 2m, where m > 1. From the assumption, we see that ||077|| . is bounded
for any £ > 0 and 2 < n < 2m + 2. Since

O |02y |)}2 = (20270, 002" 0Y) + (927 ry, GAI3" )
2m—1

=2(0™0,,0,0¢7) — 2 <a§maﬁ, > o (Gkagm-faw)> + (02 0yy, AP0y )
§=0
= 2]1 + 2[2 -+ 13,
it is sufficient to estimate the terms I;, I5, and I3. Since G* = 9,0,y - 0,7, it is clear that
m 2
(2.53) 1] < C oo,

Concerning I, for k =0,1,--- ,2m — 1, we have
2m—1 2m—2

w2 0ol < [@2ronl, +c Y [[danll, -
l=m

l=m

Kagmat% 0§GA3§’”"“8W>} <C H{)gm@ﬁ’

Hence we obtain
2m—2

(2.54) Ll < 2ol + ¢ Y [dan].

l=m

Concerning the term I3, using (2.32) and integrating by parts, I; is reduced to
3
I = =282 *29|7, + 2 <a§maﬁ, > ag(GAa;*J'aw)> +3 <a§m+1am, 8t(}8§’y‘2)857>
S J:O

1
= (011007, (0 = 3|029)0.07) ~ <a§mam (= 3[e2r ) >0 (Gka;%"jv>>
j=0

+6(01m0,0,(102[)C 0.7
= =2 “8§m+28t’y“ig + 2111 + 3115 — I13 — I14 + 615.
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First we estimate 5. Since
O(|029]°) = 2020,y - 02y + 4G [0,
we have
o] < 2|(0F 10y, 020,y - 927)| + 4 ‘<a§m+laﬂ, G \827\2>\
= 2 (92207, 9P (020 - %) )| +4‘<a2m+23 5, 021G |92 ]2)>‘

2m+41
< C|o 20 2 D 1020
=1
2 j 2 L 2
<e |00l + Cllod ol + C 3 1900, -
j=1
Along the same line, we obtain
2m—2
max{| s, | Tl [Tusl} < € |02 20, + C (|20 [, + € Y (1000,
j=1

Finally we turn to the estimate of I1;. We reduce the term I; to
2
Iy =2) (080, 00(G 0 7y)) + 200y, 03 (G*0,)) = 211 + 2.
§=0
Moreover, by virtue of the relation 9,0,y - 05y = 0, Js is reduced to

JQ — <at’)/, 8;1m+3(G)\as )> _ <at,y’a4m+3<G)\as,y) - a;lm+3G)\aS,y>
— <682m+28t7,82m+1(G>\ > <at,7’a4m+3G)\as,y> = J21 o JQQ-

Since
2m
Jor = (2200, GO + Y (00, RGP ),
=0
and
Toa = (9220 - Os), 0GP
2m—+1

<a2m+28 7’82m+1 G)\as’)/ > + Z <aja,y782m+1G)\82m+3 ]fy>,

Jo is written as follows:

2m 2m—+1
Ty =) (007, 00GP0T ) = ) (010yy, I GROI Ty ) = K A K
Jj=0 j=0
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Here we have

2m+1

K| <C HaszmHaWHLg Z HagaﬁHLg
=0
< 2m 42 2 2m 2 ~ Jj 2
<e|[oF 20, + C o onll + € D (1040,
§=0
and
2m+1
Kol <> {090,y - 97307, 02 0,0,y - 047))|
=0
’ 2mtl 2m+2
<C Y 0o D llokan ],
j=1 k=1
2m—2
< e |[@2m2anlly, + Cllaimon |, + ¢ Y 9kl
1=0
Hence we obtain
2m—2
(2.55) o] < £ || 2205, + C0Eman |, + C Y 0o,
1=0
Along the same line, we get
2m—2
(2.56) A < e (|02 20|}, + C |02 an [, +C Y Hagaﬁuig .
1=0
The estimates (2.55) and (2.56) imply
2m—2
(2.57) 11| <e ||(3§m+28t7Hi§ +C Hagmaﬂnig +C > Hagawuig .
1=0
Therefore, letting € > 0 sufficiently small, we see that
2m—2
(2.58) O Ha?mawHig < - Ha?m”am\\ig +C H@?matﬂlig +C ) ||aiat7Hig :
1=0

Integrating (2.58) with respect to ¢ on [0, 00), we have

/ "oz 20012, dt < oo.
0

This completes the proof.

Making use of Lemmas 2.12, 2.14, and 2.16, we prove the following:
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Theorem 2.4. Let v be a solution of (CSS). Then there exist a sequence {t;}2, with
t; — oo and a planar curve ¥ such that (-, t;) converges to () up to a reparametrization
in the C* topology as t; — oo . Moreover ¥ is a stationary solution of (CSS).

Proof. Since it holds that

R< L(v(-1)) < %{/OLdex—LKst}+£(yo) <

we reparameterize 7 by its arc length, i.e., v = 7(s,t). By virtue of Lemmas 2.12, 2.14,
and 2.16, we see that

(259) 04 1) < oo
for any integers n > 2. From Lemma 2.6, the inequality (2.59) yields
1057 (5 D)l oo < 0.

Thus 07k is uniformly bounded with respect to ¢ for any non-negative integers n. Fur-
thermore it follows from (2.59) that

|00k (s1,t) — O K(S2,1)] <

51
/ O k(s t) ds

SC|81_82|7

for each n € N, where the constant C is independent of ¢t. Thus 07k is equi-continuous with
respect to . Thus, there exist a sequence {t;;}52, and #(x) such that (-, ¢, ;) uniformly
converges to A(-) as t1; — oo. Similarly, for each n € N, there exists a subsequence
{tni}521 C {tn-1,}52, such that O7k(-,t) uniformly converges to 0"&(-) as t,; — oo. By
virtue of the diagonal method, we see that there exist a sequence {¢;}°, and a function
R(+) such that k(-,t;) converges to £(-) in the C*° topology. Since 7(-,t) is fixed at the
boundary, a curve 4 with curvature & is uniquely determined. Moreover, by Lemma 2.16,
Oyy(+, t) uniformly converges to 0 as t — oo. Therefore the curve 4 is a stationary solution

of (CSS). O]
3. Non compact case

Let yo(z) = (¢o(z),%o(7)) : R — R? be a smooth curve, and kg denote the curvature.
Let 7o(x) satisfy the following conditions:

(A1) o' (z)[ =1

(A2) Ok € L*(R)  for all m >0,

(A3) lim ¢g(z) =00, lim ¢g(x) = —oc0, lim ¢y(z) =1,
T—00 T——00 |z|—o00

(A4) Yo(z) = O(2z™?) for some a > % as || = oo, ) € L*(R).

The definition of 75 and (A1) imply that 7o has infinite length. From (A2), we see that
approaches a straight line as |z| — oco. Furthermore (A3) and (A4) yield that the straight
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line is given by the axis. Indeed, by (A2) and (A3), for sufficiently small p > 0, there
exists a constant M > 0 such that

(3.1) sup ||¢p(x)| =1 <p,  sup |o(z)] <p,  sup [¥(x)] < p.
jal€(M,0x) j2l€(M,c0) jal€ (M)

To begin with, we prove that the shortening-straightening flow starting from v, has a
classical solution for any finite time. As the first step, we shall construct an “approximate
solution”. For this purpose, it starts from the definition of a cut-off function n,(x) €

C>*(R):

n-(r)=1 for any |z|€[0,r—1],
0<n(zr)<1l for any |z|€ (r—1,r),
n-(r) =0 for any |z|€ [r,+00).

Using the cut-off function, we define a curve Iy, : [-r,7] — R? as

Lo () = (¢o(@), n,(2)300(2)) :

z€[—r,r]
and we consider the following initial-boundary value problem:
Oy = (N°k — 20%k — K3,

(SST) 7<_Ta t) = (¢0(—7"), 0)7 Py(ra t) = (¢(T)7 0)7 '%<_7ﬂ> t) = H’(ﬁ t) =0,
Y(z,0) = Lo, (x).

We are able to verify that the compatibility condition of (SS,) holds.

Lemma 3.1. Let r > M. Then I'y,(x) is smooth and satisfies

(3:2)  Top(=r) = (¢o(=7),0), Tor(r,0) = (0(r),0), Kos(=7) = kor(r) =0,

where Ky, denotes the curvature of Ty .

Proof. Let r > M. By the definition of 7,, it is clear that I'g, is smooth and Iy, (—r) =
(po(—7),0), Lor(r,0) = (¢po(r), 0) hold. Furthermore, since the curvature g, (x) is written
as

R(¢h (), Dun ()0(x) + ()0 (@) - (Dy(x), 02, (x)tbo () + 20 () () + ()i (x))
|0y, ()] ’

we observe that ko, (—r) and kg, (r) vanish. O

Concerning (SS,), we obtain the following:

Lemma 3.2. Let r > M. Then there exists a unique classical solution of (SS,) for any
time t > 0. Moreover, there ezists a sequence {t;}°, with t; — oo such that the solution
converges to a stationary solution of (SS,) as t; — oo up to a reparametrization.

Proof. Lemma 3.1 and Theorem 2.3 gives us the conclusion. O]
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In what follows, let v,.(z,t) denote the solution of (SS,), and k,(x,t) be the curvature
of v.(x,t). In order to construct a solution of (SS), we apply Arzela-Ascoli’s theorem to
{¥+}r>a. The point is to prove that k, is uniformly bounded with respect to r.

Lemma 3.3. There exists a positive constant C' being independent of r such that

(3.3) sup ||k, (¢)[| 2 < C

re(M,00)
for any t > 0.
Proof. Let r > M. First recall that the inequality

(3.4) kel 72 < llmo.rllze + A2 {L(To.) = (@0(r) — do(—r))}
holds. Concerning the first term of the right-hand side of (3.4), it holds that

IorlEy = [ osle)? 10:Tos )] do

'

—r+1 r—1 T
= / |H07T(ZB)|2 0.0, ()] do +/ |/<0(93)|2 dx +/ \/{07,,(:5)\2 |0, ()] da
_ r—1

T —r+1

2
< Illaey + |

-

—rt1 r
‘K,Q’r(l')ﬁ 0.0, ()] dz +/ ]/ﬁoﬂq(x)]Z |0.T0 ()] du.
r—1

By virtue of Frenet-Serret’s formula, (A1), and (A2), we see that ¢, (™ ¢ L2(R) for
any integer m > 2. Combining the fact with the expression of kg,, we see that

/ |/€07T(5L’)|2 10,0, (x)] de < C,
[—r,—r+1]U[r—1,r]

where the constant C' depends only on 7. This yields that
2 2
150 llze < IkollLo@y + €

holds for any r > M.

In order to obtain the conclusion, we turn to a estimate of the second term in the
right-hand side of (3.4). Let us fix b € (M,r — 1) arbitrarily. Then we have

(3-5) E(Fo,r) - (Qbo(r) - ¢0(—7"))
= {L1(To,) — (o(b) — do(—b))} + {£5 (Do) — (¢o(r) — ¢o(b))}
+{L5 (To,r) — (¢o(=D) — (7))},

where

b
£4(Tor) = / 10,To, ()| dx = 2,
—b
£3(To,) = / 10T, ()| de,
b

b
£; (To,) = / 10,70, (2)] da.

T
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The first term in the right hand side of (3.5) is bounded independently of r. In the
following, we focus on the second term.

From (3.1), for any » > M, we see that [y, (z) is expressed as a variation of line
in the interval [b,r]. Here we derive a variational formula for £ in a general case. Let
[(z) : [b,7] — R? be a straight line. For ¢ € C>((—e&q,&¢); C*[b,r]) with p(x,0) = 0 and
©(r,e) = 0, we consider a variation

[(z,e) = T(x) + ¢(z,2),

where T'(b, €) is on the straight line orthogonally intersecting with I'(x) at x = b for any
€ > 0. Concerning the variation, it holds that

d d>
(36) £<F(>€)) = E(P()) + d_g‘c(F<7€)) ‘5:0 €+ d_gg‘c(r(a E)) |5:9 827
where |0] < |¢|. Concerning the first variation, we have
(M +<,0 (z,€)} - pl(z, )
3.7 / = dzx.
&0 TG + /(o)

Integrating by parts and letting € = 0, (3.7) is reduced to

[ ] - [ (B e ia o

For I'(x) is a straight line. Next, concerning the second variation, we have

& @l ey
EE(F(,Z‘:)) _\/b' { |F/<ZL’,€)| |F/(ZE,€)|3 } dx.

Here, in particular, we set

d
SL(T(2)

(35) I) = (Gl 0), pl:2) = (0. )it ).

Since I'(z,e0/2) = I'g,(x), the relation (3.6) gives us the following:

(39) £5(T0,) — {0(r) — o)) < - %d

Under (3.8), we have |I(x,0)| > 1 — p. Thus the right hand side of (3.9) is estimated as

follows:
T|80;(x79)‘2 " 2 / 2
[ de <o [ (o + e} do

Consequently we see that

310)  Lf(Ta) ~ (G) )} <€ [ {fnn@l + (@)} do
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Along the same line as above, we find

—b
00

B L)~ (ot (-} < C [ {jwnle)? + (o)} da.
Combining the estimates (3.10)-(3.11) with condition (A3), we obtain

sup {L(To,) = {do(r) — ¢(=7)}} < 0.

re(M,00)
This implies sup,. (a0 [[fr]l 2 < 0. O
Making use of Lemma 3.3, we obtain a estimate for |07k, .

Lemma 3.4. Letr > M. Then, for any m € N, there exist constants C; > 0 and Cy > 0
being independent of r such that

sup [0k, (1)) 2 < Ci + Cat.
re(M,00) °

Proof. Let r > M. Along the same line as in the proof of Lemma 2.9, we have
d o 2 4m+6 4m+10
g 105 e lle < Cllell 2™ + Cllrll 2™
Then, Lemma 3.3 yields that
1070 ()72 < 10560, I[7, + Ct.
Since 07" kol 2 < |07 Kol 2m) + C'; we obtain the conclusion. O

Next we show estimates on the local length of ,:

Lemma 3.5. Let T > 0 be any positive number. Then there exist positive constants Cy
and Cy being independent of r such that the inequalities

1
3.12 < |0 (z, )| < CU(T, ),
(3.12) CiT ) <07, (z,1)] < Ci(T', %)
(3.13) 103" 027 (2, 1)]] < Co(T, 7o)

hold for any (x,t) € [—r,r] x [0,T] and any integer m > 1.
Proof. First we prove (3.12). Since

0:0yy, = 0, (—2(9?;@ — kS + )\2@) v, + (—282;@,. — kS + )\inr) OV,
and 0,v, = |07, | Osvy = — |02V | KOsy, We have

8277“ : azatlyr o

3.14 O |0y =

— Ky (—2852,%,, ST )\2,%,,) |0y -
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Thus |0,7,| satisfies the initial value problem

(3.15) dt

where
F(k,) = —k, (—28?/@ — k4 /\2/<or) .

By virtue of Lemmas 2.6 and 3.4, there exists a constant C' being independent of r
such that |F(k,)| < C(T,v) for any (x,t) € [—r,r] x [0,T]. Hence, for any (x,t) €
[—r, 7] x [0,T], we have

e <10,y (2, )| < 7T
Next we turn to the proof of (3.13). Here we have

(3.16)
8;”F(/@T) - |8a:7r|m a;nF(’{r) = P(|8ar/77“| yte 78;71_1 10ue| s B (Kr), - aagn_lF(’{r»-

Suppose that there exist constants C;(T, yy) being independent of r such that

sup ‘81, |ax%~|‘ < Ci(T, 7o)
(z,t)€[0,7]%[0,T

holds for any 0 < j < m — 1. Then (3.16) implies
|0 F (k)| < C,
where the constant C'is independent of r. Differentiating the equation (3.14) with respect
to x, we have
00 05y, | = F (k)00 [ 00| + > mCiAF ()02 [007s |
j=1

Thus 92 |0,7,| is a solution of

(3.17) { o = F(k.)v + G,

v(0) = 0.

Then we see that there exists a constant Cy(7T,7) being independent of r such that
|v| < Cy. This gives us the conclusion of Lemma 3.5. O

In order to state our main result precisely, we define the following:
Definition 3.1. Let y(z) : R — R? be a planar curve. v is called proper if| ‘lim Iv(z)| =
x| —400
+00.
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We are now in a position to prove an existence of a classical solution to
{ Oy = (—20%k — K* + N*k) v,
v(2,0) = 70(x)
for any finite time:

Theorem 3.1. Let vo(z) be a proper planar curve satisfying (A1)—(A4). Then there
exist a family of smooth proper planar curves y(z,t) : R x [0,00) — R? satisfying (SS).
Moreover the following holds:

(i) There exists a positive constant K being independent of t such that
(3.18) max {02k(O)]2, 100k | < K

for any n € NU {0}, where k denotes the curvature of 7.
(ii) Let e =(0,1). As |z| — oo,

(3.19) Y(z,t)-e >0, Oyy(z,t)-e—0
for any t > 0.

Proof. To begin with, we prove a long time existence of a classical solution of (SS) by
making use of Arzela-Ascoli’s theorem. Let us fix N > M and T > 0 arbitrarily. First
we show that {7, },~y is uniformly bounded on [—N, N| x [0, 7] with respect to r. Let
r—1> N. For any (z,t) € [N, N| x [0,T], it holds that

T
(2, 0)] < |, 0)] + / Oy (a,7)| dr
0

T
<@l + [ {20800 + I + 3 (D} dr < Ol V.70
Since

07y = 10w |™ 079 = P(10u%] s+ O Ol O ),
Lemma 3.5 yields that there exists a positive constant C'(N, T, o) such that
|a:vn’7’r(x7 t>| S O(N7 T7 70)
Moreover, since |07k, 2 < oo for any m € N, we have
‘8t’)/7«($, t)| S C(Nv T7 70)

Next we prove an equi-continuity of {v,},~y with respect to r. From the uniform
boundedness of {7, },~n, we have

|/y7“(l‘7t) - ’yr(yﬂ_” < |7T(m7t) - ’Yr(y>t)| + |7T(y>t) - 7(y,7)|
< [ oanenl s+ [ ontup)l do

x t
g/ |az%<§,t>|d5+/ [Py, p)| dp < Cile —y| + Colt — 71,
y T
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where the constants C] and C5 are independent of r. Similarly we see that

|atfy7’(x7t) - athT(ZﬁT)‘ < 03 ’.CL’ - y’ + C4 ‘t - Tl )
7 (2, t) — 0y v (y, T)| < Cs |lo — y[ + Co [t — 7],

where m is any natural number. Thus the sequence {7, },~x is equi-continuous. Therefore,
Arzela-Ascoli’s theorem and a diagonal method imply that there exist a subsequence
{7r, 1521 and a family of smooth planar curves vy defined on [—N, N] x [0, T] such that

sup |07, (1) = By (, 1) | = 0,
(2,t)€[~N,N]x[0,T]
sup {at'y'rj(x?t) - 8{)/(.7),?5)‘ — 07

(z,t)€[—N,N|x[0,T]

as j — 0o. Since 1, satisfies (SS,;) for any j, we see that v satisfies (SS) on [N, N] x
[0, 7.

We can verify that 7 is defined on R x [0,00). Indeed, let {R;}52, be a sequence
with R; > M and R; — oo as j — oo. Set Q; = (—R;, R;) x [0,R;). Then there
exist a subsequence {v,,;}22; C {7 }r>r, and a planar curve v defined on @)1 such that
Yry; — 7 as j — 00. Moreover 7 satisfies (SS) on Q1. Next, for {7, }»,,>r,, there exists
a subsequence {7V, 152 C {7V, }r;;>Rr, such that v,,. — v in Qy as j — co. Similarly
we observe that, for any m € N, there exists a subsequence {%mj };";1 {v,, . j}rmf1 ;>Rm
such that v, — v in Qn as j — oco. Letting {v,,,}n2,, we see that v is defined on
R x [0, 00) and satisfies (SS) on (—R, R) x [0, R) for any R > M.

Next we shall prove that ~y(x,t) is a smooth proper curve for any ¢ > 0. Let R > M
fix arbitrarily and define a strip domain as follows:

(3.20) S(R) := {(z1,22) | =R < x; < R}.
Then there exists » > R such that

(3.21) —¢po(—1) < —R < R < ¢o(r).
For such r > R, we observe that

(3.22) H (v, ()N S(R)) > 2R.

For the curve 7, is fixed at the both (¢o(—7),0) and (¢o(r),0). Since v,.(z,t) converges
to y(x,t) smoothly along a sequence {r;};, the inequality (3.22) implies that

(3.23) H(v(t) N S(R)) > 2R

for any R > 0.
Next we turn to the estimate (3.18). By virtue of Lemma 3.3, we see that there exists
a constant Cy > 0 being independent of r and ¢ such that

(324) I (®)llzz < Co.
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The inequality is equivalent to
(3.25) 027 ()] ., < Co.

Combining Lemmas 2.12, 2.14, and 2.16 with the inequality (3.25), we observe that there
exists a constant C,, > 0 being independent of r and t such that

(3.26) 10527, ()] 2 < Ca,
where n is any non-negative integer. The inequality (3.26) yields that
(3.27) 105 (Bl < Cin

holds for each non-negative integer n. By using Lemma 2.6, we obtain
(3.28) max{”@f“w(t)HLw : ||8?+2I€T(t)HLw} <C,

for each n, where C,, is independent of 7 and ¢. Therefore we obtain (3.18).

Finally we prove (3.19). Let T' > 0 fix arbitrarily. First we prove that v(z,t) - e
converges to 0 as |z| — oo for any 0 <t < T, where e = (0, 1). Then, by virtue of Lemma
3.5, we have

o0

G el =2 [ @000 )0 @1)-e)da

—0o0

N

- 2/_00 Oy, 1) - €) |0y (2, 1)|7 - ((x,1) - €) |0py(, )| % da

o0

<2{ [10atw)-ef ds}é { [ worioator dw}%

< ClEr @l 2 17(#) - ell L2y -

Using Lemmas 3.3 and 3.4, we obtain the following:

d
(3.29) 2 1v(®) - el < (1) - el + €,
where C' depends only on vy and T'. The inequality (3.29) implies that v(z,t) - e satisfies

(330) (8) - lagey < (0 - ellZagey + C) ¢

for any 0 < t < T. Therefore we see that y(z,t)-e — 0 as |z| — oo forany 0 < ¢ < T.
Next we prove a convergence of 9,v(z,t) - € as || — co. Making use of Lemma 3.5, we
have the following:

[e.9]

d
D 10u(0) - el =2 [ @0, - )@ 1) - 0) da
dt (R)

—00

2 [ (@an (1)) 0@ O - @t 0) (a0 do

00
1

2{ [0oatw-ef ozs}é [ oteof ool rf

< Cl2:0y Ol 2 [10:7(1) - €| 2wy -

IN
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Figure 1: An example of a curve whose curvature is given by (3.34).

Along the same line as above, we see that d,v(x,t) -e — 0 as |x| — oo for any 0 < ¢t <
T. [

In the rest of this paper, we prove that the solution of (SS) obtained by Theorem 3.1
converges to a stationary solution as t — oo. Moreover we see that the stationary solution
is a line or a borderline elastica (see Figure 1):

Theorem 3.2. Let v(x,t) : R x [0,00) — R? be a solution of (SS) obtained by Theorem
3.1. Then there exist sequences {t;}52, and {p;};2, and a smooth proper curve 5 : R — R?
such that y(-,t;)—p; converges to4(-) ast; — oo up to a reparametrization. The curvature
k satisfies

(3.31) 20%k + K> — Nk =0
and
(3.32) //%2 ds < 0.

7

Moreover i is given by either

(3.33)

x>
Il
]



or

(3.34) i(s) = {k(s —59)  for s> s,

k(—s+sg) for s<sg

for some sy € R, where k(s) is the solution of either

dk Bt N2
A BTN 2

(3.35) e 1 + 5 k*  for seR,
k(0) = V2|l

or
dk kN2
Y S 3

(3.36) 15 1 + 5 k2 for seR,
k(0) = —V2|)|.

Proof. From (3.18), it follows that 07k(-,t) is uniformly continuous with respect to ¢.
Furthermore, the fact (3.18) implies that, as |z| — oo,

(3.37) 002y (w,t)| = 0, |00k(z,t)] =0
for any ¢ > 0. Then, along the same line as in Section 2.3, we are able to prove that
(3.38) 1020y ()|l = 0 as t— oo.

Here we reparametrize « by its arc length, i.e., v = ~(s,t). Then, (3.23) implies that
v(s,t) is defined on [0, L] x [0,00) for any L > 2R. In the following, let L > 2R fix
arbitrarily. For the curve v = v(s,t) : [0, L] x [0,00) — R?, first we observe that

(3.39) [v(s,t) =v(0,1)| <s < L

for any (s,t) € [0,L] x [0,00). Thus we see that v(s,t) — ~(0,¢) is uniformly bounded
with respect to t. It is easy to check that (s, t) — v(0,¢) is equi-continuous with respect
to t. Indeed, since it holds that

{7 (s1,8) = 7(0,0)} — {7(s2,8) = (0, )} < [s1 = 8o,
if |s1 — s3] < d, then we have
{y(s1,8) =7(0,8)} = {7(s2,8) =7(0, 1)} <&
for any t > 0. Moreover, with the aid of (3.18), we verify that

|00 K(s1,t) — OFK(s9,1)] < / |07 K(0,1)| db < C'|s1 — sa].

52

Therefore, by virtue of Arzela-Ascoli’s theorem and a diagonal method, we see that there
exist a sequence {t;}32,, a planar curve 4(:), and a function &(-) such that

(3.40) V(s t5) = (0,85) = A(-),
(3.41) k(- t5) = O¢k()
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for all n € NU{0} as t; — oo. This implies that the curve 4(-) is smooth and there exists
a sequence {p;}52, C R?, with p; = 7(0,¢;), such that

Y(5t5) —pj = ()

as t; — oo. Furthermore, it follows from (3.38) and (3.41) that & satisfies (3.31). Since
7v(s,t) converges to 4 along a sequence {t;}52, on any compact set [0, L], the estimate
(3.23) yields that the limiting curve 4 is also a smooth proper curve. Moreover (3.32)
follows from (3.18) letting ¢ — oo along {#;}52,.

Finally we derive a representation formula of . From (3.31), we obtain

dic\ 2 REON2
49 ARy __F A
(3.42) (d8> TR +C,

where C' is an arbitrary constant. A standard theory of ordinary differential equations
yields that the fact (3.32) implies C' = 0. Then it is clear that &£ = 0 satisfies (3.42). If
Rk is non-trivial, then there exists a point s = sy such that di/ds vanishes. Therefore we
obtain the conclusion. O

Remark 3.1. Along the same line as in the proof of Theorem 3.2, we can also prove
that, for any sequences {t;}; and {p;}; C R? with p; € v(-,t;), there exist a subsequence
{t;.} C {t;} and a stationary solution 4 such that v(-,t;,) — p;, — () as t;, — oo.
Indeed, the claim is proved by applying our argument to v(-,t;).

We define an index of 7 as follows:

i(y) = /WK,CZS.

Regarding the index i(+y), we prove that () is invariant under the shortening-straightening
flow for any finite time.

Lemma 3.6. Let y(z,t) be a solution of (SS). Then i(v) is invariant for any finite time
t> 0.

Proof. By virtue of Lemma 2.3, we observe that

d .
%2(7) —/W/atds%—/v/{@tds

_ / 2FNds = — [0, = — [20% + 3520, — No0us] ™.
”
Since Lemma 3.4 yields that

/(8;”,%)2 ds < 00

v

for any m € N and finite time ¢ > 0, we see that, as |z| — oo,

9, F* = 0.
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With the aid of Lemma 3.6 and Remark 3.1, we can characterize a dynamical aspect
of v starting from -y with i(~o) # 0.

Theorem 3.3. Let vy : R — R? be a smooth planar curve satisfying (A1)—(A4). Let
v : R x [0,00) = R? be a solution of (SS) obtained by Theorem 3.1. If i(yy) # 0, then
there exists at least one sequence {t;}; with t; — oo such that v(-,t;) converges to a
borderline elastica as t; — 00.

Proof. Let {t;}; be an arbitral sequence with ¢; — oco. If i(7) # 0, then Lemma 3.6
implies that (-, t) always contains at least one loop part [(y(t)). Let us define a sequence
{pi}; CR? as

(3.43) pj € l(v(¢;))

for each j € N. Then, as we stated in Remark 3.1, there exist a subsequence {¢;, } C {t,}
and a stationary solution 4 such that (-, t;,) —p;, — ¥(:) as t;, — oo. By virtue of (3.43),
the curve 4 can not be a straight line. Therefore Theorem 3.2 gives us the conclusion. [
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