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Abstract

We introduce an intrinsic notion of perimeter for subsets of a general Minkowski space (i.e. a
finite dimensional Banach space in which the norm is not required to be even). We prove that
this notion of perimeter is equivalent to the usual definition of surface energy for crystals and
we study the regularity properties of the mimimizers and the quasi-minimizers of perimeter. In
the two-dimensional case we obtain optimal regularity results: apart from a singular set (which
is H'-negligible and is empty when the unit ball is neither a triangle nor a quadrilateral), we
find that quasi-minimizers can be locally parameterized by means of a bi-lipschitz curve, while
sets with prescribed bounded curvature are, locally, lipschitz graphs.
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1 Introduction

In this paper we consider the minimizers and the quasi-minimizers of the functional

Evs P(B)i= [ plvw(@) " (@) (1)
8*E

defined for a set £ C R™ with finite perimeter. In (1) 0* E represents the reduced boundary of the
set E (i.e. the points of the boundary where a generalized normal vector is defined), vg(x) denotes
the exterior unit normal vector to E at x € 0*E, and ¢: R* — [0, oo[ is a positively 1-homogeneous
convex function. We observe that, when the function ¢ is even (hence 1-homogeneous), the func-
tional (1) provides an intrinsic notion of perimeter when one endowes R™ with a suitable Banach
structure related to ¢ (see Theorem 2.7).

The minima of (1) have been widely studied in the literature [25], [3], [8], in particular it is well
known ([3], [9]) that, whenever ¢ is smooth and uniformly elliptic out of the origin, the minima
are hyper-surfaces of class C1'® out of a “small” singular set. Here, we are mainly interested in
the case of general convex functions . In this situation it is quite easy to provide examples of
minima which are locally the graph of a lipschitz, but not differentiable, function. Moreover, the
boundary of these sets may have singular points (i.e. points where F is not a manifold) also
in two dimensions. These examples have been studied in particular by J. E. Taylor, J. W. Cahn
and F. Morgan ([28], [22]), which have also classified the singular cones which are minimal for the
functional in (1). As has been pointed out by J. Taylor in [25], the study of such minimal sets
is closely related to problems arising in material science and phase transitions in an anisotropic
environment.

We introduce a class of sets which are w-minimal for (1) (see Definition 3.1), including the
minima, for

B P(E)+ /E H(z) ds, @)

with H € LP(R"), p > n. In two dimensions, i.e. for curves in R?, we are able to prove that
the boundaries of these w-minima are parameterizable by means of a bi-lipschitz map in a neigh-
bourhood of almost any point of the boundary, i.e. the set of singular points has zero measure
with respect to H! (Theorem 6.14). We also show that this regularity result is optimal. In the
particular case of minima of (2), when H € L>°(R?), we use the additional regularizing effect of the
volume integral to improve the result by showing that the boundary of a minimizer is the graph
of a lipschitz function out of a singular set of zero H!-measure (see Proposition 6.5 and Theorem
6.19). When the intrinsic unit ball {z : ¢(z) < 1} is neither a triangle nor a quadrilateral, these
regularity results can be improved by showing that the singular set is actually empty (see Theorem
6.18). We point out that a regularity result analogous to Proposition 6.5 has been obtained by
F. Morgan, C. French and S. Greenleaf in [23], in the case of clusters with prescribed volume which
minimize (1). The techniques used are similar: comparing a minimizing curve with the segment
having the same extremal points. On the other hand, the idea of the proof of Theorem 6.19 is to
compute suitable small variations of the functional (2).

The case of dimension greater than two is still open and deserves further investigation. Sur-
prisingly, the usual techniques (i.e. getting the regularity of the boundary from the decay of a
suitable notion of excess) seem to fail in this situation (see the second example in Section 7).

The plan of the paper is the following.



In Section 2 we fix the intrinsic notation that we will use throughout the paper. In particular,
we interpret the functional P(-) in (1) as a kind of perimeter in R™ equipped with a suitable
distance related to ¢. In the case of an even function ¢, a definition of perimeter equivalent to
ours has been given and developed in [4].

In Section 3 we give the definition of w-minimal set, which extends the notion of minimizer for
(2). Moreover, we prove that compactness and density estimates hold for this class of sets (see
Proposition 3.2, Proposition 3.3 and Proposition 3.5).

In Section 4 we introduce the notion of excess, that is a quantity which measures the “distance”
of the set from being flat in a given ball. In Proposition 4.6 we prove that the boundary of an
w-minimal set coincides with the graph of a lipschitz function up to a set whose (n — 1)-Hausdorff
measure is controlled by the excess.

In Section 5 we prove that, under the assumption of uniform convexity of the unit ball of
the dual space, a polynomial decay of the excess implies the C!*®-regularity of the boundary of
w-minimal sets.

In Section 6 we consider the case when the ambient space is two-dimensional. In particular we
show a decay result for the excess (Lemma 6.2) which implies the C1®-regularity for w-minimizers
under the convexity assumption of Section 5. We also prove (Theorem 6.14) the (local) bi-lipschitz
regularity, in the sense of parameterizations, for w-minimizers in two dimensions out of a singular
set of zero H!-measure. In Subsection 6.4 we show that, when the unit ball of the ambient space is
nor a triangle neither a quadrilateral, the set of singular points of the boundary of an w-minimizer
is empty. In Subsection 6.5 we prove the lipschitz regularity, in the sense of graphs, for the minima
of (2), under very general assumption on the shape of the unit ball and on the function H (Theorem
6.19).

In Section 7 we provide an example of w-minimizer in two dimensions which is not (locally) the
graph of a lipschitz function, and so we show that Theorem 6.14 is optimal. Moreover, we give an
example of global minima for (1) in R® for which no excess decay property holds. This suggests
that, in dimension greater than two, different techniques are needed in order to get a regularity
result (if any).

Acknowledgement. We thank F. Morgan for several useful discussions on this topic.

2 Preliminary notions

2.1 Geometric structure

Let X be a real n-dimensional vector space. We say that a function ||-[|: X — R is a general norm
if it satisfies
llz +yll <Ilzl| +[lgll,  Vz,y€X,
[Az]| = Alll; Vz € X, YA >0,
[lz|]| =0 <=z =0, Vo e X.
We say that || - || is even if also ||z|| = ||—z|| holds for every € X (in this case || - || is a norm
in the usual sense). The space X endowed with the general norm || - || will be called a general

Minkowski space.

Let X* be the dual space of X, that is the space of linear functionals on X. If v € X and
¢ € X*, we denote by (£,v) the evaluation of the functional £ on v. If X is a general Minkowski
space the dual space X* has the natural general Minkowski structure induced by the general norm
[| -]]: X* — R defined by

lell= sup &2

zex\fo} l1zl|




(notice that we will use the same symbol || - || for the general norm of both X and X*, but
the elements of X* will always be denoted by greek letters). For z € X, and p > 0 we let
B,(z) := {y € X:|ly — z|| < p} be the ball centered in x with radius p, we also let B, := B,(0).
The balls of X* will be denoted by Bj(£) and Bj. In the literature B; is usually called Wulff
shape and Bj is called Frank diagram.

Let v € X \ {0}. We define the orthogonal space v- C X* and the dual face v* C X* by

vt = {Ee X*:(Ev) = 0}
vt = {Ee X:[E]] = o], (&) = 1€l - [lvl}-

Notice that v* and v' are convex, non empty sets. Moreover v*/||v|| is the sub-differential of
the convex function || - ||: X — R at the point v. In the sequel, we will always identify X** with
X (this is done by the canonical isomorphism, which preserves the general Minkowski structures)
so that if £ € X* \ {0}, the sets {1 and &* will be considered as subsets of X. One can also
think of £* as the set of vectors perpendicular to £, indeed for all v € £*, w € &+ we have
llv = wll > (€, v — w)/|I]] = [[v]]-

Given £ € X*\ {0} and v € £*, it is natural to consider the decomposition X = ¢+ @ Rv. So
given f:£+ — Rv we call graph of f along v the set Ty := {z+tv:z € €4, tv = f(2)} and subgraph
of f along v the set I'; := {2z +tv:z € ¢4, t < s, where sv = f(2)}.

Given a function f: &+ = Ru (€ € X*, v € £*) we say that f is L-lipschitz if

I1f(@) = f@)| < Lllz —y|| for all v,y € £

We say that the general Minkowski space (X, || -||) is euclidean whenever there exists an inner
product (-,-) on X such that ||z|| = \/(z,z) for all z € X. In this case v* and £* consist of a single
element and v — v* turns out to be an isomorphism between X and X* such that (v*,w) = (v, w).

2.2 Metric structure and Hausdorff measures

We will consider on (X, ||-[|) the topology induced by the pre-base {B,(z):x € X, p > 0}. It is not
difficult to see that this topology does not depend on ||-||, so that it is the usual euclidean topology of
X (i.e. the topology induced by the usual topology of R” through any linear isomorphism between
X and R™).
In order to give a structure of metric space to X, it is useful to introduce the symmetrized
norm
||2|ls == max{]|z[|, [|—=|[},

which induces on X the distance ds(z,y) = ||z — yl||s- Note that

diam(E) := sup ds(z,y) = sup ||z —yll.
z,yeE z,yeE

By means of the distance ds we can define on X, for k € [0,n], the Hausdorff measures H*
and the spherical Hausdorff measures S* (see [15]). Notice that these measures do depend on the
general norm || - || of the space. Anyway, given two different general norms on X, we can find a
constant C' > 0 such that C~'H* < H* < CHF, where H* and H* are the two induced Hausdorff
measures. This implies that H*-negligible sets do not depend on || - ||.

Since we have defined lipschitz functions and Hausdorff measures, we can introduce the notion
of k-rectifiable sets of X as the H¥-measurable sets which are contained, up to a H*-negligible
set, in a countable union of graphs of lipschitz functions from RF to X. Notice that the family of



rectifiable sets does not depend on the general norm of the space X since the metrics d; induced
by different general norms are equivalent.

We recall the main properties of rectifiable sets used in the sequel (here wy, is the usual Lebesgue
measure of the euclidean ball of R¥).

Proposition 2.1 Let E C X be k-rectifiable with H*(E) < co. Then, denoting by B3(z) the balls
with respect to the symmetrized norm, we have

_HABy(@) N E) _

li - =1 for HF-a.e. x € E
p—0 Wgp
and HF(E) = S*¥(E).
Proof:
The density property is proved in [20] in a more general metric setting. The agreement of H* and
S* is a simple consequence of this fact, arguing as in 3.2.26 of [15]. O

2.3 Perimeter

On the Borel o-algebra B(X) is defined a unique Haar measure £ invariant under translations
and such that £(B;) = w,. We call this measure, Lebesgue measure on X and we simply write
[ f(z)dz instead of [ f(z)dL(z) and |A| instead of L(A). If Ej, E € B(X) we write E;, — E as
k — oo and say that Ej converge to E locally in measure if |(ExAE) N B,| — 0 as k — oo for all
p > 0. Again notice that, given two different general norms on X, it is possible to find a constant
C > 0 such that the estimate C~1£ < £ < CL holds between the induced Lebesgue measures. So
the local convergence in measure defined above does not depend on the general norm on X. If X
is even we also notice that £ = H"; in fact H™ and £ are both invariant Haar measures on X and
H"™(B$) = wh.

With respect to the Lebesgue measure £ we can consider the Lebesgue spaces LP(X) :=
LP(X, L) (again, the topology of these spaces does not depend on the general norm on X). If
V is a topological vector space and Q2 C X is an open set, we can define, as usual, the space of
differentiable functions C*(Q; V) and C¥(; V) for k = 0,...,+oo (if V is not specified we assume
V = R). Note that if f € C¥*+1(Q) the differential D f belongs to C¥(Q; X*), in fact D f(z) induces
the element of X* defined by

(Df(x),v) := g—fj(:ﬂ) Yo € X.

We also consider, as usual, the space of distributions D(Q; V') as L(C°(Q2),V) where L(W,V) is
the space of all continuous linear applications L: W — V. If Q C X and T € D(Q;R) we define
DT € D(Q; X*) by (DT, ¢),v) := —(T,0¢/0v) (where ¢ € C(Q), v € X).

If E C X we denote by xg: X — {0,1} the characteristic function of E. When E € B(X) and
the distributional derivative Dxg is a Radon measure on X (a vector measure with values in X*)
we say that E is a set of locally finite perimeter and we define the perimeter of E in any bounded
Borel set B as P(E, B) := ||—Dxg||(B). Here ||u|| represents the total variation of u, defined by

lull = M—sup #22
vex\{o} [[]]

where the supremum is taken in the family of all positive measures, with the partial ordering given
by
u<v <<= puB)<v(B) VBEeDBX).



For notational reasons, in the following we write Dxg in place of —Dxg.

Proposition 2.2 Let A C X be an open set and let E C X be a set with locally finite perimeter.
Then

P(E,A) =sup {/ div®(z)dz: ® € CL(A;X), ||®||z~ < 1} . (3)
E
Moreover E — P(E, A) is lower semicontinuous with respect to local convergence in measure.

Proof:
Consider the linear functional Lg: Co(A; X) — R induced by the measure Dypl_ A:

L6(@®) = [ 8(a)aDxs (o).

By Riesz Theorem, L is continuous and ||Lg|| = ||Dxg||(4) = P(E, A). Since C!(A; X) is dense
in Co(A; X) and Lg is continuous, we get

ILe|| = sup{Le(®):® € Co(4;X),||®||r- < 1}
= sup{Lg(®):® € C}(4A;X),||®||~ < 1}.

Since for ® € C}(A; X) we have Lg(®) = [, div ®(z) dz, (3) is proved.

In (3) we have represented the perimeter as the supremum of a family (indexed by ®) of
functionals continuous with respect to local convergence in measure; as a consequence the perimeter
is lower semicontinuous. O

Let E be a set with locally finite perimeter, and let

o gy, D)
vi(w) = lim ||DxE||(B,(z))

(if the above limit does not exist at z, we set by convention vg(xz) = 0). Then, by Besicovitch
differentiation theorem [24] we know that Dxg = vg||Dxgl|| and vg € L'(X,||Dxg||; X*) with
[lve(z)|| =1 for ||Dxg||-a.e. = € X. .

Then, following [13] we define the reduced boundary to be the set 0*F of all z € spt||Dxgl|
such that ||vg(z)|| = 1. When z € 0*E we call vg(z) the exterior unit normal vector to E at x.
We also introduce the density boundary 0™E := X \ (E° U E') where E® is defined by

E® := {xeX: limwza} Va € [0,1].
p—0 W p™
Notice that 0™ FE, i.e. the set of points where the density of F is neither 0 nor 1, does not depend
on the general norm of the space. For £ € X*\ {0} define He := {z € X:({,z) < 0}, so that
v (x) = £/]|¢]| for all z € dHe = &+,
In the euclidean case, the following fundamental results were proved by De Giorgi and Federer
(see [13], [14]).

Theorem 2.3 (De Giorgi—Federer) Let X = R" endowed with the euclidean norm and let
E C X with locally finite perimeter. Then the reduced boundary 0*E is (n — 1)-rectifiable, is
contained in E*/? and

P(E,B) =H"'(0*ENB) VB € B(X).
Moreover H""1(0™E \ 8*E) = 0.



We will extend this result to general Minkowski spaces. To this aim, let us consider a linear
isomorphism A\: X — Y, where X and Y are general Minkowski spaces. We recall that the adjoint
map A*:Y* — X* is defined by (A\*€,v) = (£, Av) for all £ € Y* and v € X. If T is a distribution
on X (with values in a vector space V') we recall that AxT is the distribution on Y (still with
values in V') defined by (AT, ®) := (T, ® o ) for all & € C°(Y,R). We will say that A preserves
the Lebesgue measure if [\(B)| = | B| for one (and then for all, provided |B| > 0) Borel set B C X.
This is equivalent to require that Ay Lx = Ly, where Lx and Ly are respectively the Lebesgue
measures on X and Y.

The following result can be proved arguing as in Lemma 3.5 of [19].

Lemma 2.4 Let Y = R” endowed with the euclidean norm. Let B C'Y be a bounded convex open
set containing the origin and let ' C'Y be a set with locally finite perimeter. Suppose that there
ezist po > 0 and C > 0 such that

P(F,y + pB) < C|Dxr(y + pB)| Vp €10, po[
for some y € spt ||Dxp||. Theny € 0™F.

Theorem 2.5 Let X, Y be general Minkowsk:i spaces, and let \:Y — X be a linear isomorphism
which preserves the Lebesque measure. Then, for all sets E = AF) C X with locally finite
perimeter,

P(E,B) = /B<P(VE(37))d)\#||DXF||($) VB € B(X) (4)

where @: X* — R is the convex and positively 1-homogeneous function defined for £ # 0 by p(§) =
111 /11A*€]-

Moreover if Y is euclidean we find that
A(O0*F) C 0"E C 0™E = \(0™F). (5)
As a consequence O*E is (n — 1)-rectifiable and H" 1 (0™E \ 8*E) = 0.

Proof:
First of all notice that if f € L'(Y,R) we have

(AeDf,w) =(D(foA™"), w) = (X*D(f o A™"), w) (6)

for all vectors w € Y. In fact, given ® € C°(X,R) we have

Oogr®) = = [ 102G =~ [ 1050000 do

So, for f = xr we obtain

D D ~AxDyp A1
l|Dxe|l = M_SUPMZM_SHP( #Dxp, A" 'v)
vex\oy Il vex\{o} ]|
= M—Supwl
wev\foy Al



Notice that Ag(fu) = (o A7Y)(Agp) whenever p is a positive measure; hence for £ = vp and
= ||Dxr|| we obtain

((vr o A1) (Ax[|Dxrll), w)

IDxel| = M-<=sup
weY\{0} || Awl|
(vr o A7, w) _
= sup | Au||[Dxrl|-
<weY\{0} [ *

But since \*(Dxg(B)) = Ay Dxr(B) for any Borel set B, we know that vp o A= and A\*vp have
||DxE||-a.e. the same direction, so

A* _
vr oA l= *VE ||DXE||—a.e. in X. (7)
[| M vE||
As a consequence

D <VE',)\U)) A#HDXF” ||VE'|| _

Dxell = = el Dl

I I (mEY\{o} [|Aw]| [[A\*vg|| vz #

1 _
= ool Dxrll
| A*vg|| #

That is || Dxg|| = (¢ o ve)(A||Dxr||) and (4) is proved.

Now suppose that ||-||y = ||y is euclidean, y = A" (z) € 8*F, E, := (E—x)/p, F, := (F—y)/p
and H := A(H,,(,))- By the proof of De Giorgi rectifiability theorem (see [19]) we know that
P(F,,B) - P(A\™'H, B) for all balls B and H"~!(0™F \ 8*F) = 0; we can thus apply Reshetnyak
continuity theorem (see for instance [21]) and use (4) to obtain that P(E,,B) — P(H,B) as
p—0%. So B B B

Dxg(B,(z)) _ Dxg,(B1) Dxu(B1) _ Avp(y)
IDxell(By(x))  [IDxg,|l(B1) — [[Dxall(By)  |[Awr ()|

hence z € 9*E.
Now we prove the inclusion 0*E C 0™E. Let x = Ay € 9*E and choose C > 0 such that

CHIEN < Ix¢ < Cliell Ve e X,
We can find pg > 0 such that
P(E, B,(x)) < 2||Dx5(B,(2))]| Vp €]0, po[
and by (6) and (4) this implies
P(F,y + pB) < 2C?||Dxr(y + pB)|| Vp €0, pol

with B = A\~}(B;). By Lemma 2.4 we obtain that y € ™F, hence z € O™E (notice that the
equality A(O™E) = 8™F is trivial). This concludes the proof of (5).

Finally, since (by Theorem 2.3) 8*F is (n — 1)-rectifiable and H"~1(8™F \ 8*F) = 0 we obtain
that 8*E is (n — 1)-rectifiable and H"~1(0™E \ 0*E) = 0 as well. O

By Theorem 2.5 and (7) we infer another representation of the perimeter in terms of the
euclidean Hausdorff measure.



Corollary 2.6 Let A:R" — X be o linear isomorphism preserving the Lebesgue measure. Then,
given B € B(X) and a set E = A\(F') C X with locally finite perimeter,

PeB) = [ 1O v )| 41 ().
A—1(B)NO*F
In the following theorem we provide one more representation of the perimeter, in terms of the

intrinsic Hausdorff measure (see also [4]).

Theorem 2.7 Let E C X be a set with locally finite perimeter. Then

P(E, B) = / (v (@) dH" ()

8*ENB
where Y: X* — R is the convex and positively 1-homogeneous function defined for & # 0 by

WO =1l s s g

Proof:

Notice that, by translation invariance, any bounded open set instead of B; could be considered
in the definition of ¢. Consider a linear isomorphism A: R" — X which preserves the Lebesgue
measure and ' = A"'(E). Let # € A(0*F) C 9*E, Bi(z) := {y € X:||ly — z||s < p} and
E, := (E — x)p. We have

P(E,B)() _ . P(EpBj) _ P(Hyp(), B)

p—=0t Wy _1pn L p=0 Wy Wn—1

=Y (ve(2))

where the convergence of the limit is guaranteed by the Reshetnyak continuity theorem, as in
the proof of Theorem 2.5. So, by the theory of spherical differentiation of measures (see [15],
2.10.19) we proved that ||Dxg||LA(O*F) = (¥ o vg) S* 1L A(0*F). By since 9*E \ A(0*F) is
H" -negligible we have ||[Dxg||LLA(0*F) = ||Dxg|| and the rectifiability of 8*E together with
Proposition 2.1 give

S"ILAO*F)=S" 'LO*E=H""'LO*E.

Lemma 2.8 Let u(z) := ||z||. Then ||Dul|| = L.

Proof:
Since u is a lipschitz function, u is differentiable for a.e. € X. Moreover, using the properties of
the general norm, it is not difficult to show that

ou ou

@ <l oeX, i) =zl

for any differentiability point € X \ {0}. It follows that ||Vu(z)|| = 1 wherever the differential

Vu(z) exists and z # 0. So Du = VuL and ||Du|| = ||Vu||£ = L. O
Now we prove that the natural normalization |B;| = w, induces a natural normalization on

P(By, X).

Theorem 2.9 There holds P(B1,X) = nwy,.



Proof:
We approximate xp, by continuous functions. Let ¢.:[0,00[— R be the continuous function
defined by

1 if t<1
pt):=q 1+ if 1<t<1+e
0 if t>14¢

and define u.(z) := ¢ (||z||). Since u — ||Dul|(X) is lower semicontinuous we get
P(By, X) < liminf ||Du.||(X) = liminf || Du.||(Bite \ B1)-
e—0t e—0t
As uc(z) = (1+1/e — ||z||/€) in Bite \ B1, from Lemma 2.8 we get

P(By, X) < lim inf £(B1+< \ B1)

e—0+ £

d
= d_pﬁ(Bp)|p=1 = MWn.

So we proved one inequality. Let now u(z) := ||z||. If ||z|| < 1 we have

1
u(w) -1= _‘/0 X{y: u(y)<t} (IB) dt

whence, by linearity, we have

1
Du = —/ DX{y: u(y)<t} dt in B;.
0

Given any v € By and ® € C°(B;) we get

Ou 'o R
—,P) = — — X ) dt < Dy, d| dt.
<8’U7 ) A <6UX{y. u(y)<t}> ) > /0 || X{y: u(y)<t}|| | |

Since this is true for all ® and v, we obtain

1
Notice that || DXy u(y)<t}||(B1) = P(By, B1) so that

' P(B;,X
= IDull(Br) < [ ¢ P(BL,X) dt = EBLX)
0

and this concludes the proof. m|
We notice that, in general, P(B;,X) # P(—B1,X).

Remark 2.10 Arguing as in Theorem 2.9 it is possible to show that
P(EN B,(@).08,0) < 2|0 B@)l.  P(E\By(2).0B,(x)) < 7 [ENB,()

whenever E has finite perimeter in X and ¢ — |E N By(z)| is differentiable at t = p.

10



2.4 Isoperimetric inequalities

Using Theorem 2.7, the following fundamental results can be recovered from [27] (see also [18],
[17], where the symmetry assumption is dropped).

Theorem 2.11 (global isoperimetric inequality) Let E C X be such that |E| < oo and
P(E,X) = P(B1,X). Then |E| < |Bi1| and equality holds if and only if E = By + h for some
heR".

From Theorem 2.11 and Theorem 2.9 it easily follows that for a general set E with |E| < +o00 we
have

P(E,X) > nw, <@> L

Wn

Theorem 2.12 (local isoperimetric inequality) There exists a constant B > 0, depending
only on (X, || -1]), such that

P(E, Bg) >ﬂ|BRﬁE| _ |Br\ E|
Rnfl — Rn Rn

VR >0, E € B(X).

2.5 Non intrinsic notation

Let X be a general Minkowski space and let A: X — R" be a linear isomorphism preserving the
Lebesgue measure. Let also (-,-) be the usual euclidean inner product of R". Then the adjoint
map \*: R® — X* verifies (\*€, A"1v) = (£,v). So we may define the functions : R* — R, (v) :=
[IA"t0]], p2:R* = R, ¢°(§) = ||)\*§|| T:R* — P(R"), T(v) := /\*_1(()\_11;)*), T°:R* — P(R"),
T°(&) == M(A*9)*), Wy, := X(B1), F, := (\*)7Y(BY), Py(E,B) := P(A(E),\(B)). This provides
an equivalent definition of the space (X o1+ 1)) as R™ endowed with the general norm ¢, which is
the usual approach followed in the literature [25], [8].
By Corollary 2.6, we have

PED) = [ oo (@) ).
A(BENB)

where vy(g) () is the usual euclidean normal vector to A(E) in z.

3 w—minimal sets

In order to have boundary, closure and interior operators invariant under changes in negligible sets,
we define

OF := {z€X:Vp>0 |ENB,(z)| €{0,|B,(2)[}},
E {z € X:Vp>0 |ENB,(z)| #0},
E {zeX:3p>0 |ENB,(z)| =|B,(z)|}

Notice that if [EAF| = 0 then 0E = dF, E = F and E = F. Moreover OE, E are closed sets,
Eis open and the usual relations OF = E\Eand E=X\X \ E hold. Notice that in general
|[E\E|, [E\E|>0. If Q C X we write E € Q when E C  and E is compact.

Let w:(0,00) — (0, 00] be a nondecreasing function with lim,_,o+ w(p) = 0.
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Definition 3.1 Let Q C X be an open set. We say that E C X is an w-minimal set in Q if for
all B,(x) € Q with x € OF and oll F C X with EAF € B,(z) we have

P(E,B,(z)) < (1 +w(p))P(F,B,(z)).
We denote by M, (Q) the family of all w-minimal sets in Q and we let M, := M, (X).

Proposition 3.2 (density upper bound) There exists a constant © > 0 (depending only on
n, X, w) such that if E € M, () and B,(z) € Q with w(p) <1 then

P(E, B, (x)) < ©p"".

Proof:
Suppose for simplicity = 0. Take n < p and let F;, = EU B,,. Then we have

P(F,,B,) = P(E, B, \B_n) + P(F,,0B,) < P(E, B, \B_n) + "wnn"_l
since P(F,,0B,) < P(B,,X) = nw,n""'. Then, since F, AE € B, we get
P(E,B,) < (1 +w(p)) (P(E, B, \ By) + nwnn""")
and letting  — p~ we conclude
P(E, B,) < nwn(1+w(p))p"".

O
Using Theorem 2.7 and reasoning as in [3, 3.2], one can get the following compactness result
(see also [5]).

Proposition 3.3 (compactness of w-minimal sets) Let (E}) be a sequence of wi-minimal sets
in Q C X and suppose that wp — w pointwise and QT X. Then there exists a subsequence (Ey;)
converging in Ll (X) to E € M,,. Moreover, if Ey, converge in L. (X) to E then

loc loc
Dxg, = Dxg and ||Dxg,|| = ||Dxsll-

Proposition 3.4 (volume bounds) Let E € M,(Q), = € OE. Then there exists a constant
v €]0,1[, depending only on X and w, such that

< ENB,@)
<=2

whenever E € M, (), B,(z) € Q, w(p4+) <1 and z € OF.

<l-v

Proof:
Suppose for simplicity z = 0 and consider the nondecreasing function g(p) := |E N B,|. Theorem
2.11 gives

& 9(0)F < P(ENB,,X) = P(E,B,) + P(EN B,,0B,)
for some dimensional constant C; > 0. By Remark 2.10 we find that

P(EN BpaaBp)aP(E \ BpaaBp) < QI(P)

12



for all p > 0 for which ¢'(p) exists. Comparing E with E N B, we have
P(E,By) < (14+w(n))P(E\ By, By) vn>p
and letting n — pt, if w(py) < 1 we get
P(E,B,) < (1 +w(p+))P(E\ By, B,) = (1 + w(p1))P(E\ B,,8B,) < 2g'(p).

So, we get g(p)"T_1 < 3C19'(p), that is (g(p)%)l > 1/(3C1n), hence the first inequality follows
by integration.

To prove the second inequality, consider X \ E instead of E and repeat the proof; even if, in
general, we cannot assume that X \ E is w-minimal, the inequality

P(X\E,B,) <CP(E,B,)

is sufficient to complete the proof. m|
Notice that the previous estimate ensures that if x; € 0FEy, Ey — E in LIIOC(X ), Tx, — « and
E € M, then z € OE. This will be often used in the following.

Proposition 3.5 (density lower bound) There exist 6 > 0 and p, > 0 such that, if E €
M, (Q) and B,(z) € Q with p < p,, and z € OE, then

P(E, B,(x)) > 6p"*. (8)

Proof:

In the case E € M(2) we will reason as in [3, 3.4], assuming for simplicity n > 2 (in dimension
n = 2 the proof is quite simpler). Let v := ((n—l)"*lwn,l)ﬁ and consider a bijection A: X — R
as in Subsection 2.5. As a consequence of the isoperimetric inequalities for subsets of R of arbitrary

codimension (see [1]), it follows that for a.e. 7 > 0 there exists a set A(E;,) C R" with locally finite
perimeter, such that A\(E)AX(E,) C B,(Az) and

P\(E,), By () < 7(m'() "%, where  m(y) := P(\(E), B, (\a)).
Hence, setting c := max{sup|, =1 ¢°(e), (inf|e ;=1 ©°(e))~ 1}, by the minimality of E we get
¢ tm(n) < P(E,\"Y(By(A2))) < P(Eyp, A=1(By(\z)))
< cP(MEy), B, (@) < ey(m'(n))*=,

for a.e. n > 0. This implies

(n—1)2
m(n 1 1 n=2
> ?
n=1 = (p = 1)n—1 \ 2v¢2

n
and letting n = ¢~ 'p we get A(B,(z)) 2 B,(Az) so that

(n—1)2
L POE), B, () | 1 1 o,
cnnn—l cn(n__])n—l 2702

P(E, By(z))
pn—l

In the general case E € M, (), we argue as in [7]. Suppose, by contradiction, that there exist
sets Ey € M, (Q), points x, € OE), and radii pr — 0 such that

py " P(Ey, By, (z1)) < 6.

13



By the rescaling properties of quasi-minimizers the sets Fy, := (Ej, — z)/pr belong to M, ((2 —
Zr)/pr), where wg(t) = w(prt). We note that wr — 0 so that by Proposition 3.3, up to a
subsequence, we may suppose that F, — F with FF € M. From the lower semi-continuity of
perimeter we obtain

¢ > liminf p; " P(Ey, B,, (z1)) = liminf P(Fy, B;) > P(F, By).
k—o0 k—o0
But since by Proposition 3.4 0 € OF and F € M, we have already proved that P(F, B;) > 26, so
that we have a contradiction. O
Corollary 3.6 For any E € M (Q), there holds
H"H((BEN Q) \ 0*E) = 0.

Proof:
By (8) the measure ||Dxg|| has strictly positive (spherical) (n — 1)-dimensional upper density
greater than 6/wy,_1 at any x € OF, hence

0

n—

H"Y(B) VB € B(X), B C dE.

D B) >
IDxl(B) > —

Choosing B = OE\8*E and taking into account that || Dxg|| is concentrated on 8* E the conclusion
follows. m|

By Corollary 3.6, when we deal with w-minimal sets, we can equivalently integrate with respect
to H™~! (or ||DxEl|) either on OF or on §*E.

Remark 3.7 (additive quasi minimizers) Let us define an additive w-minimal set in Q as a
set E € B(X) such that

P(E, By(z)) < P(F, By(z)) + p"'w(p)

for any ball B,(x) € Q and any F C X with EAF € B,(z). If E satisfies also (8) for some 8 > 0,
it is easy to check that E is also a w/ (6 — w)-minimizer in the sense of Definition 3.1.

An example of sets wich satisfy the additive w-minimal condition and the density lower bound
(8) is given by sets with prescribed mean curvature in L™, that is, the minima of the functional

E~ P(E, Q)+ H(z)dz
ENQ
with H € L™(Q) (see [7]).
Remark 3.8 Let A : X — R” be as in Corollary 2.6, let E € M, () with 9ENQ # () and set
E':= XE) C R, Q' := A(Q). Then, for any § > 0 there exists a constant k£ > 0, depending only

on w and §, such that E' is a (', k, §)-minimizer in the sense of [12]. More precisely, E' satisfies
the following properties:

1. OE' N Q' # §;
2. P(E',B) < +oo for each B € Q;

3. P(E', Q) <kP(¢(E"), Q) whenever ¢ € Lip(R*; R"), diam(WUep(W)) < § and WUp(W) €
V' €R", where W := {z € R" : ¢o(z) # z}.
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By the previous remark and [12, Theorem 2.11] it follows that OE' fulfils some mild regularity
properties. Precisely, for any z € 0E' and R €]0, d[ such that Bzr(z) C ', there exists a constant
C > 0, depending only on w and 6, such that for any y € E' N Bgr(z) and any ball B,(y) C Bgr(z)
there exists a C-lipschitz graph I" such that

H Y OE'NT N B,(y)) < érnfl.

Being the statement bilipschitz invariant, the same holds for OF, by composing with A~L.

Lemma 3.9 (cut and paste) Let {2 C X be an open set and let E,H C X be sets with locally
finite perimeter. Suppose moreover that ENOY = HNIN, and H"~H(OENON) = H"~LH(OHNON) =
0. Then, letting F := (E\ Q) U (H N ) we have

P(F,B) = P(E,B\ Q) + P(H,BN Q)

for all Borel subsets B C X.
In particular, if E € M,, and Q € B,(x) with o € OF, we have

P(E,Q) < P(H,Q) +w(ps)P(F, By(w0)) = (1 +w(p4)) P(H, Q) + w(p+) P(E, By(zo) \ Q).

Proof:
First we prove that 0F N0} C OEUOH. Let z € 0Q \ (OE U 0H) and suppose z € E (otherwise
we may consider the complementary sets of E and H). By hypothesis z € H so we get, for some
p >0, |B,(xz) N E| = |B,(xz) N H| = wpp™ Then obviously |B,(z) N F| = wyp™, which means
x ¢ OF. So we have proved that 0F N 9Q C O0FE U 0H and in particular P(F,99) = 0 since
H HOF NoN) < H™ Y((OEUOH) N IN) = 0.

So, by the locality of perimeter, for all Borel sets B C X we have

P(F,B) = P(F,BNQ)+ P(F,B\Q)+ P(F,BnaN)
= P(H,BNQ)+ P(E,B\0).

Now let us prove the second statement. Suppose for simplicity o = 0. Choose a radius
n > p such that P(E,0B;) = 0. Since EAF C Q € B, from the minimality of E we get
P(E,B,) < (1 + w(n))P(F,By). But since we have P(E,B,) = P(E,Q) + P(E,B, \ Q) and
P(F,B,) = P(H,Q) + P(E, B, \ Q), the conclusion follows letting n — p*. m|

Proposition 3.10 (Gauss-Green) Let B be an open set and E, F sets of X with locally finite
perimeter in X. If EAF € B then Dxg(B) = Dxr(B). The same result holds if we know that
ENOB =FNIB and H" (OF N 9B) = H™ (9E N OB) = 0.

Proof:
Given ¢, € C°(B) such that ¢ =1 on EAF and ¢ — xp in L' we have

< / |Dgr| =0
EAF
and the first result follows.
For the second statement, we set F' := (FNB)U (E\ B). We notice that FAE C B. For any
p > 0 consider the p-neighbourhood of B: B, := {z € X: inf,cp ||z —y|| < p}. Since F'AE € B,
we know that Dxgr(B,) = Dx%(B,) and letting p — 0% we obtain Dxg(B) = Dx (B). Since
P(E,0B) =0 and F'N B = F N B we conclude Dxg(B) = Dxr'(B) = Dxr(B). O

(Dxe — Dxr, k)| = ‘/ DSOk_/ Dy,
E F
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4 Lipschitz approximation of sets with small excess
In order to study the regularity of w-minimal sets we consider the following quantities (see [5])

Eccp(z,p) = p'7"(||Dxzl|(B,(2)) — (Dxe(B,(x)),v)),

Ecep(e,p) = inf  Beep(z,p) = p'" (IDxsll(Bo(®) = |IDxz (B, (@))])-

We also define the singular set X(F) as

Y(E) :={z € OE : limsup Eccg(z, p) > 0}.

p—0t

Notice that X(E) N 0*E = §); indeed if € 0* E we have, by definition,

Dx5(B,(x))

28 DxellB,@)y =
where ||vg(z)|| = 1; i.e.
o IDxsll(B, (=) ~ IDxeBy@)Il _
B, [ Dxr (B, @)

Since by (5) z € 0™E, the relative isoperimetric inequality implies that || Dxgl||(B,(z)) > cp™~!
for a suitable ¢ > 0 and p sufficiently small. We conclude that lim,_,o+ Eccg(z, p) = 0. Since 0*E
and ¥(FE) are disjoint it follows that [|[Dxg||/(Z(E)) = 0 and Theorem 2.7 gives

H"H(Z(E)) = 0. (9)

These quantities are meant to measure the “flatness” of the set E in the ball B,(z). In fact,
when Bj is strictly convex and Eccg(z, p) = 0 then ENB,(x) is an half-plane. If Bf is not strictly
convex this is not always true, but we can state the following result.

Lemma 4.1 Let xg € X, v € 0By and let T C X be an hyper-space perpendicular to v. If
Eccy (2o, p) = 0 then E coincides in B,(x¢) with the subgraph of an Lo-lipschitz function f:T —
Ru. The constant Lo depends only on (X, || -|]).

Proof:
Let us choose mollifiers p. € C§°(X) such that sptp. C Be, pe > 0, fBe pe = 1 and p.(z) =
3 (4wn(e/2)™) " for z € B, /2- We consider the mollified functions u. := xg * p-.

Let € X, € > 0 be such that u.(z) = 1/2 and B.(x) C B,(2¢). Then

Sl - / pely — z) dy
4 |B.sl ENB, »(z)

/pe(y—w)dy—/ pe(y —x)dy
E EN(Be(z)\B. /2(z))

1 3 1
> ——(1-9)=-
- 2 ( 4) 4
that is [EN B, /2(z)| > | B./2(2)|; reasoning the same way with X \ E we also find |B, /»(z)\ E| >

£|B./2(z)|. Hence, by Theorem 2.12 we get P(E, B, >(2)) > a(e/2)""!, with @ > 0 depending
only on (X, || []).
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Consider now the positive measures p. := p.(- — z)||Dxg||. Letting a. := p.(R?), for e
sufficiently small we have

3 3
nP(EaBE/2(m)) > -

= — > .
Ao (2/2) = Dtome = &

ae > pe(Bg (7))
Notice that since Ecc¥;(xg, p) = 0, we have

P(B.Bo(oo)) = [ (ve(),v) dIDxel|(),
By (z0)

which means that vg(y) € v* for ||Dxg||-a.e. y € B,(z¢). Hence, since p./a. are probability

measures and v* is a convex set, we obtain

Vue(o) = (Dxe +p2)(a) = o [ vey) 422 (w) € acv”.

We have just proved that if u.(z) = 1/2 (with B:(z) C B,(z0)) then Du.(z) € a.v* with
@ > a, which means that du./0v(z) < 0. Thus we may apply the implicit function theorem to
obtain that {u.(z) = 1/2} N B,_-(z0) is contained in the graph of a C* function f.: T" — Rv.
Since €||Vue|| is bounded from above in X and £9u®/dv is bounded from below in {u. = 1/2} we

obtain that .
A N (S —

is bounded, hence f. are Lo-lipschitz for some constant Ly independent of €.
Since u. — xg in L', letting E. := {u. > 1/2} we have |E.AE| — 0. Recalling that ||Df.||
are equi-bounded, we have

||f!:‘1 _f52||C° < C||f51 _f62||L1 = C|E61AE62|

for some dimensional constant C, so f. — f uniformly and since f. are all Ly-lipschitz also f is
Ly-lipschitz and E N B,(x) is the subgraph of f along v. m|

Proposition 4.2 The best constant Ly in the previous theorem, valid for any v € X and any
hyper-space T perpendicular to v, is given by

Lo= sup sup sup  |{z,v)].
llol|=1 & vev* ze€t, ||z]|=1

In particular, Lo = 0 if By is strictly convez.

Proof:

Given any v € X with ||[v|| = 1 the sets E such that Eccy(z, p) = 0 are exactly those for which
ve(z) € v* ||Dxgl|-a.e. in B,(z). So, given £ € v* and T = &4, if f is the lipschitz function given
by the previous lemma then we have D f(2)h = — < h,vg(z + f(z)) > v (this can be easily proven
noticing that {h + tv:h € £+, tv < Df(2)h} = {h +tv :< h + tv,ve(z + f(2)) >< 0}). So the
lipschitz constant of D f(z) is given by

sup |[Df(z)h||= sup | <h,v>|.
[[A[l=1 [|h[|=1

The conclusion follows considering all possible v, £ and v. m|
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Proposition 4.3 (properties of the excess)

1. If B,(x) C By(y), then

n—1
v n v
Eccp(z,p) < (;) Eccgy(y,n)

n—1
Eccp(z,p) < (%) Eccg(y,n)-

2. The functions p — Eccg(z, p) and p — Eccy(z, p) are left-continuous in 10, +00].

3. Let (Ey) be a sequence of w-minimal sets converging to E in L}, (X) and vy = v. Then

klg{.lo Eccg, (z,p) = Eccg(z,p)
Jim Eccp, (z,p) = Eccp(z,p)

for all x € X and all p > 0 such that P(E,0B,(x)) = 0. While

liminf Eccg, (z, p) Eccg(z,p)
k—oo

>
liminf Ecep, (#,p) > Eccy(z,p),

for all x € X and all p > 0.
4. If Eccg(z,p) =0 then E € Mo(B,(z)).

Proof:
1. Note that

"V Eccl(s, p) = /B (= (), D)

Since the integrand is always nonnegative, we can conclude that p"~1Ecc};(z, p) < n" 1Ecc},(y, ).
Moreover, if Eccg(z, p) = Eccg(z, p) and Eccg(y,n) = Eccg(y,n), then

n—1 n—1
Becr(z.p) = Boch(a,p) < Beci(wp) < (1) Becpn) = (1) Bees(yn).

2. Tt follows immediately from the definitions of Eccy and Eccg.
3. As Dxg, = Dxg and ||Dxg,|| = ||DxE||, the first statement follows. Given z € X and p > 0,
choose p' < p such that P(E,0B, (x)) = 0. Then, we have

(P)"'Ecep(z,p) = lim (o))" 'Eccp,(z,p') <liminf p"'Eccp, (z, p),
h—o0 h—o0

()" *Eccp(z,p) = lim ()" 'Eccy, (z,p') <liminf p" "Eccg, (z, p).
h—o0 h h—o0 h

One gets the thesis using property 1 and letting p' — p.
4. Given any F such that EAF € B,(z) by Proposition 3.10 we obtain

P(E, B,(2)) = [[Dxe(B,(2))|| = [|Dxr (B,(2))|| < P(F, B, ()).
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Lemma 4.4 (vertical gap) For any L > Lo there exists e = e1(n,|| - ||,w,L) > 0 such that
the following property holds. Let E € M, (Bs,), w(p) <1, v € X NOB; and let T C X be an
hyper-space perpendicular tov. Let x = z+tv, &' = 2’ +t'v be two points of B,NOE with z,2' € T
and t,t' € R. If we in addition suppose that

Ecch(w,n) < e VYw € {z,2'} C B,(z0) NOE, n €]0,2p]

we conclude that
[[tv — t'v|| < L[z = 2'||.

Proof:

Without loss of generality we may suppose that p = 1. Suppose also, by contradiction, that there
exist w-minimal sets E}, in B3, vy € 0By, hyper-planes T} and points z = 2 +t,vk, T}, = 25, +1, Uk
with x, 2}, € B1 N OEy, 2k, 2, € Ty, and ty,t), € R such that

Eccy (w,n) <

)

e

for all n € (0,2], w € {z,z}} and
[ltev = toll > L2k — 2.

[case 1] Suppose that liminf,_, |ty — t}| > 0. Up to a subsequence we may suppose that t; — ¢,
t, >t #tvg =0, T > T, 2 > ¢ =2z+tv, ), & ¢’ =2’ +t'v and by Proposition 3.3 E, — E.
Now for k sufficiently large we have

n—1 gn—1
Eccy (zk,2)

4
Eccy (x,3/2) <

3n—1 S 3n—1k'

By Proposition 4.3 we get Eccy(x,3/2) = 0 and similarly Eccg(z',3/2) = 0. So by Lemma 4.1
we know that in the union Bj/s(zx) U Bsjs(z') the set OF coincides with the graph along v of
a Lo-lipschitz function f:7 — Rv. But f(z) = tv and f(z') = t'v and since we have assumed
||tv — t'v|| > L||z — 2'|| we get a contradiction when L > L.

[case 2] Suppose that liminfy_, [ty — t},| = 0 and let 9 := ||txv — t},v]|. Up to a subsequence we
may suppose that 1, — 0. Define F, := (Ej, — zx,)/m and yi = (zx, — },)/nx. We get

|z — 2g || + [[tev — thv]| <14 17
Mk

lyrll <

S0, up to a subsequence, we may suppose yr — y = z+v/||£v|| for some z € T. By the hypothesis
|ltkv—tjv|| > L||z, —2|| we get ||z|| < 1/L. Let R := 1+1/L. Again, up to a subsequence, we may
suppose that Fy — F and that Rn < 2. The hypothesis Eccy} (w, Rng) < 1/k for w € {zy,z}}
becomes Ecct (0,R) < 1/k and Eccy (yx, R) < 1/k, so that Eccg (y, R/2) < 2"7'/k, and by
Proposition 4.3 we conclude

Ecc}(0,R) = Eccy(0,R/2) = 0.

As in case 1 we note that the set 0F must be a graph along v of an Lg-lipschitz function f defined
on T, but again we note that since f(0) = 0 and f(z) = £1 the lipschitz constant of f is at least
L. This contradicts L > L. O
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Lemma 4.5 (horizontal translations) There exist positive constants cg, €9 depending on (n,||-
||,w) such that, given any E € M, (Ba11L,)p(%0)), w(p) < 1, and given an hyper-space T and a
unit vector v perpendicular to T, then for all h € T N B, there holds

Ecc¥(wo,2(1+ Lo)p) < g0 = H™ 1(OE N C(x0,h,p)) > cop™

where
C(zo, h,p) = {zo + 2+ tv:z € B,(h) N T, ||tv|| < 2Lop}.

Proof:

Suppose for simplicity g = 0, p = 1 and let C(h) := C(0,h,1). Reasoning by contradiction we
suppose that there exist Ey € M, (Ba(14L)), hyper-spaces Ty, unit vectors vy perpendicular to
Ti and hy € Ty, N By such that

1
Eccy, (0,2(1+ Lo)) <2, and  H" 1(OENC(hy)) < co.

Up to a subsequence we may also suppose that Ey — E, vy = v, Ty = T, hy — h, so that
Ecc(0,2(1+Lo)) =0 and H* Y (OENC(h)) < co. So by Lemma 4.1, in By(11 1) F is the graph
over T of an Lo-lipschitz function f: T — Rv. Since C'(h) C Ba(141,) We get OENC(h) = TyNC(h).
Moreover, if m: X — T is the projection on T along v (w(z + tv) := z for all z € T, t € R), it is
not difficult to show that z € 7(C'(h)) = 2+ f(z) € C(h) which means n(T'y N C(h)) = n(C(h)) =
By (h). Finally we conclude that H*~1(ENC(h)) > KH" (T N B1(h)), where K is the lipschitz
constant of 7, so that for ¢¢ sufficiently small we get a contradiction. O

In the following proposition, we will show that the boundary of a quasi minimizer F can be
locally approximated by the graph T of a lipschitz function, estimating the measure of 0EAT with
the excess.

Proposition 4.6 (lipschitz approximation) For each L > L there exists a constant ¢(L) >0
such that, given any unit vector v € X N By and any hyper-space T C perpendicular to v, for any
E in M, (Q), zo € OF and for all p > 0 sufficiently small (more precisely 9(2Lg + 1)p < py,
w((2Lo +1)p) < 1 and By(ar,+1),(T0) C Q) the following statements are true.

1. If Eccy(z,m) < e1(L) (where e1(L) is the constant given in Lemma 4.4) for all x € OE N
B,(z0) and for all n € 10,2p[, then OE N B,(xq) is contained in the graph along v of a
L-lipschitz function f: T — Ru.

2. There exists a L-lipschitz function f:T — Rv such that

H" Y ((OEAT) N By(x0)) < c(L)p" ' Eeek(zo,9(2L0 + 1)p).

Proof:
Suppose for simplicity zq = 0.
[step 1] Define
G :={z € 0EN B,:Eccy(z,n) <ei1(L) Vne€]0,2p[}.

From Lemma 4.4 we know that given any two points x = z + tv and z' = 2’ + t'v of G we have
[t —t'| < L||z — 2'||. Tt follows that the projection m of G on T along v is injective and G is the
graph of a L-lipschitz function f which can be extended to all T'. So the first statement is easily
proved, since in that case G = dE N B,,.

[step 2] Let now

G' :={z € B3(21,+1), N OE: Eccy(z,n) <e Vne (0,6(2Lo+1)p)}
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where £ > 0 is such that € < g9 and € < g1(L).

Now we will estimate the measure of the set U := 0E N B3(ar,41), \ G'- For all z € U there
exists p, € (0,6(2L¢ + 1)p) such that Eccy(z, p,) > €, By Besicovitch covering theorem we can
find a countable covering {B,,(z;)} of U (p; := pa;), with the property that for all 2 € U there are
at most N balls B,, (z;) which contain = (IV is a constant depending only on (X, || -||)). So we get

WL V) < 3 HTHOEN By (wi) < K Yo (10)

< g Z PP 'Eccl(zs, pi) < @(9(2140 +1)p)" 'Ecc’(0,9(2Lg + 1)p).
K2

[step 3] Let f be the L-lipschitz function, defined as in step 1, such that G' C I'y. Also we can
suppose L < 5Lg/4. We will now estimate the measure of the set V' := (['y N B,) \ 0E. Let
w(V) be the projection of V' on T along v. By (10), it is enough to estimate from above the
(n — 1)-dimensional measure of m(V) with a multiple of H"~1(U). Observe that we can assume
G' N (=Byg) # 0, indeed if not it would follow H"~'(U) > H" ' (OE N (=Bg)) > c(p/3)" ", by
Proposition 3.5; therefore, by (10) we would have Ece},(0,9(2Lo + 1)p) > ke, for some k& > 0,
so that choosing c(L) large enough, T itself satisfies the thesis. So we assume G' N Bs # 0. Let
z € (V) and let Cr(2) := (B.(2) NT) & Rv be the largest cylinder not intersecting G'. We
have r < 4p/3, moreover there exists 2z’ € T N B,(z) such that 2’ + f(2') € G'. By Lemma
4.5 with h = 2’ — 2z, we get H" L (OE N C?) > cor™~1, where C? := C(z + f(2'),2' — 2z,r). Since
[|z4+f(z")]] < p(4+8L)/3, it follows that, for L < 5Ly/4 we have JENCY C UNC,(z), which in turn
implies H" 1 (U N C,(2)) > cor™ L. As before, we can find a collection of balls {B,,(z;)}, z; € T,
such that NH" (U, Br; () N T) > H* *(x(V)) and H* (U N Cy,(2;)) > cor? '. Summing up
over i we get H" 1 (n(V)) < MH"~1(U), for a suitable constant M > 0. |

We conclude this section recalling the following lemma, that we will be needed in the sequel
(see [5, Lemma 4.4.5]).

Lemma 4.7 Let E C X be a set of finite perimeter in Q, where §) is an open connected subset of
X. If OENQ is non empty and is contained in a lipschitz graph T', then OENQ =T N Q.

5 The uniformly convex case

We say that the ball By is uniformly convex if there exists a constant M > 0 such that for all

&,n € 0BT we have
e -l < ar (1- 1571

For any set E with locally finite perimeter in 2 and any ball B, € ) we define the approximate
normal vg(z,p) by ~
Dxe(B,(z))
vis(, p) = X))
IDxE(B)(x))]|
Proposition 5.1 Assume that Bf is uniformly convezx and let E € M, () be such that Eccg(z, p)

< Cp?@ for all balls B,(z) C Q, z € OE, for some constant C, a > 0. Then 0*E = OF in Q and
ve(z) : 0ENQ — X* is a-Holder continuous. Hence, OE N Y is an hyper-surface of class C1>*.

Proof:
From the lower density estimate and the upper bound on the excess we get

1Dx (B, (2))|| > 20p" VB,(z) CQ, p€]0,pol,
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for a suitable constant pg.
Let B,(x) C By(y) C Q with 2, y € OF and n < po; for any w € vg(y,n)* we obtain

2lve(z,p) —ve@n)ll; < MQ2-|lve(@,p) +vely,m)l) < M2 - (ve(e,p) +vE(y,1),w)

_ |1Dx5||(B,(=))
= M1~ (ve(z,p),w) <M (m - (VE($7P)7UJ>)
n—1 ECC%(.’L‘,p) M (77

n—1
= Mp" =—— e < o —) Ecc%(y,n).
D (B, @) = 20 \p £(y:m)

Since w € vg(y,n)* we have Eccg(y,n) = Eccy(y,n), hence
M n n—1 MC n n—1
2llve(e, p) = ve,nll; < o5 (;) Ecer(y,n) < <5 p 7.

Let now z € 0*E. Since lim,_ ||[ve(z, p) — vE(z)|| = 0, for p < po we obtain

llve() —ve(z,p)lls < D llve(z,27p) — ve(z, 27 p)||,
k=0
< C'p*

and a similar estimate proves that vg exists for any « € OF, i.e. 0*E = 0E. Let z,y € 0E N},
p=lz—ylls, 2= (z+y)/2 and n = 2p. We have

llve(@) —ve@)lls < |lve(®) —ve(,p)lls + lve(y) — ve(y, p)lls
+ve(z, p) —ve(z,n)ls + |lve(y, p) — ve(z,n)|ls
< C//pa‘

Fix now zo € OF, B,(zo) C Q. For p sufficiently small, by Proposition 4.6, there exists a lipschitz
function f:T — R such that OE N B,(zo) C I'y. We want to prove that f is of class . Let
x = (z,t), 7 : X — T the projection and A := w(B,(x¢) NT'y), which is relatively open in T.
Let also D := {z € A: 3Vf(2),(2,f(2)) € 8*E}. Then H" (A \ D) = 0 and the function
2z € D — Vf(x) is a-Holder continuous by (11). It follows that f € C1:¥(A). O

6 Regularity in the two-dimensional case

In this section we consider the case n = 2. In this case the boundary of a set E € M, (Q) can
be directly compared with straight lines. This simple fact enable us to get a decay result (Lemma
6.2) for the excess of w-minimal sets.

Lemma 6.1 For any L > 0 there exist pg = po(L) € |0, p,| and € = (L) > 0 such that, given
E € My, (B,(20)), xo € OF, 0 < p < po and a L-lipschitz function f:T — Rv, with v unit vector
perpendicular to the hyper-space T, the following holds. If

H' ((DEAT) N B,(20)) < ep,

then there exists a convex open set R with B,/ 6y41)(%0) C R C B,(z0) such that OENOR consist
of exactly two points. Moreover, ENJR and X \ ENOR are connected.
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Proof:

Suppose for simplicity g = 0. Let 7: X — T and 7n': X — Rv be defined respectively by 7(z+tv) =
zand m'(2+tv) = tvforall z € T and t € R. Consider theset D := {z € T: #{n~*(2)NOENB,} #
1}. Clearly D = m(rm 1(D)N(OEATf)NB,), since #{m1(2)NT;} = 1. So, letting K be a lipschitz
constant for 7 (chosen independent of T' and v), we have

H' (D) < KH'((OEAT;) N B,) < Kep.

Set n = p/(3+ 2L) and let & be so small that Kep < n/3. As H'(T N By \ B,,/2) > 1 there exist
two points 21,22 € (T N By \ B, /2) \ D such that TN B, /5 C [21,22] C T N By,.

Now notice that 7' is also lipschitz since v is perpendicular to T and denote by K' its lipschitz
constant. Define D' = n/(0E N B, N w 1(]z1,22[)). Note that for e sufficiently small there holds
T'sN B, # 0 otherwise we had 9EN B, C dEN B, \ 'y but by Proposition 3.5 H!(0E N By) > 6'n
for some 6 > 0. It follows that 7' (T'y N7~ ' (B, NT)) C B(1421), N Ru. Since D'\ B(1ar), C
7' (0E N B, \ Ty) we obtain H'(D'\ B(yar),) < K'ep < in if ¢ is sufficiently small. But
HI(B(QHL)T, NRv \ B(1yar)y) > 7 so it is possible to find two points ¢1v,t2v € Rv \ D’ such that
B(1+2L),r] NRv C [tlv,tgv] C B(2+2L)n N Ro.

Define R =]z1, 22[®]t1v, t2v] and notice that R C B, and R D B, /2- We have constructed R in
such a way that 0E N OR = {z1 + s1v, 22 + sav} for some s1,52 € R.

Notice that E N AR is connected if and only if X \ E N JR is connected.

Assume by contradiction that ENAJR is not connected, hence OENOR = ENJR or DENOR =
X\ ENOR. If OENOR = ENOR, let F := E\ R, then EAF &€ B,. Therefore, since E € M, (B,),
it follows

P(E,R) = P(E, B,) — P(F, B,) < w(p)P(E, B,) < 0w(p)p.
On the other hand, there exists ¢ > 0 such that
P(E,R) > cH'(OENR)>cH' (T;NR)—cep
a_

v

(for € sufficiently small) which gives a contradiction if we choose py such that w(pg) < £/0.
One can reason in a similar way if 9ENJR = X \ ENOR, by considering the set F:= EUR.
O

Lemma 6.2 (decay) There exist positive constants o, 3,y with f < 1/2, which depend only on
(X, 11 -11), such that if E € My,(92), 2o € OF, 0 < p < po(2Lo), w(p) < 1 and Eccg(z0,9p) < @,
then Eccg(xo0,98p) < yw(p).

Proof:

Suppose for simplicity o = 0. Let v € X, ||v|]| = 1 be a vector such that Eccy(0,9p) < a and
let £ € v*, T := ¢, By Proposition 4.6, there exists a 2Lg-lipschitz function f:T — R such that,
letting p’ := p/(1 + 2Ly), we have

HY((OEAT;) N By) < ac(2Lo)p'.

If ac(2Lo) < e(2Lg), by Lemma 6.1 it is possible to find a convex open set R, with B, /g481,) C
R C B, and an half-space H such that H NOR = ENOR and 0H N R = dE N OR.
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By Lemma 3.9 and Proposition 3.10 we have (noticing also that ||Dxx||(R) = ||Dxu(R)|l,
since H is an half-space)

IDxs|l(R) = P(E,R) < (1+w(p))P(H,R)+w(p')P(E,By \ R)
(L +w(e@NIDxa (R + w(p)||Dxzl|(By \ Q)
1 +w(E)DIDxe®R)|] +w()|IDxell(By \ )

)| '

IDxe(R)|| + w(p)|Dxel|(By)-

IA

So that, by Proposition 3.2,

[|=Dx&ll(Q) = IDxe(@)]]

Eccp(0,p'/(6+8Lo)) < 0/ /(6 + 8Lo)

< O(6 + 8Lo)w(p),

and the proof is completed letting v := ©(6 + 8Ly), B := (9(1 + 2Lo)(6 + 8Lo)) - O

Proposition 6.3 (iteration) Let «, (3,7 be the constants defined in Lemma 6.2 and let p; €
10, po(2Lo)[, w(p1) < 1, be such that w(p1)/vy < a. Then, for any E € M, (), z € OF, p € 10, p1],
if Eccg(z,2p) < a/2 then Eccr(y,n) < 2yw(n/B?) for all y € B,(z) and all n € 10, Bp).

In particular, if Eccp(z,2p) < a/2 and p €]0, p1| then lim, o+ Eccp(z,n) = 0.

Proof:
By Proposition 4.3, for all y € B,(z) we have Eccg(y, p) < 2Eccg(z,2p) < a. So by Lemma
6.2 we find that Eccg(y,8p) w(p) and by iteration we may conclude that for all positive

<
integers k there holds Eccg(y, 8%p) < yw(B*~! ) Now, for any n € ]0, 8p] we can find a positive
integer k such that gftlp < n < B*p < pF-lp < n/B% Again, by Proposition 4.3 we get
Eccg(y,n) < 2Eccp(y, 8*p) < 2yw(B**

p) < 2yw(n/B?). O
By Proposition 6.3 we get

QNX(E) ={z € QN IE: Eccg(z,2p) > /2 whenever B,(x) C Q, p €]0,p1[}

and, in particular, X(E) is relatively closed in Q whenever E € M, (Q).

6.1 The uniformly convex case

The following regularity result for a set £ € M, () in the uniformly convex case easily follows
from Proposition 5.1, Proposition 6.3 and the definition of X(E).

Theorem 6.4 Let E € M, (Q) and z9 € OE \ X(E). Assume also that w(p) < Cp*, for some
constants C, a > 0, and that BY is uniformly convex. Then, there exists a neighbourhood U of xo
such that U N OE is a CY*/? curve.

6.2 The convex case: minimal sets

We can now prove that minimal sets are locally lipschitz graphs out of the singular set, even
without uniform convexity assumptions on 0B7. Indeed, from Lemma 6.2 and Proposition 4.3 we
obtain the following result (see also [23, Theorem 4.3]).

Proposition 6.5 (regularity) Let E € Mo(Q), zo € OE \ £(E). Then, for oll L > Lg there
exists p > 0 such that OE N B,(x0) is the graph of o L-lipschitz function.
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6.3 The convex case: w—minimal sets

In this section we consider general w-minimal sets, assuming for the sake of simplicity that Q = X.

We will prove in Theorem 6.14 that these sets are locally parameterizable by means of a bi-
lipschitz map out of the singular set. Moreover, it is not true in the general case that a set
E € M, (Q) is locally the graph of a lipschitz function, as it happens in the case of minimal sets
(see Section 7 for a counter-example).

Notice that since for a w-minimal set E we have H"'(0E) = H""'(0*E) < +oo we get
|0E| = 0. This fact ensures that [E \ E| = 0 that is E, E and E are all equivalent in measure.
Moreover notice that, in this case, OF is the usual topologlcal boundary of E. In the following
we will often c0n51der the connected components of E and, as well, the connected components of
X \ E. The following result linking topological to measure theoretic decomposition will be used
implicitly (see [6, Theorem 2]).

Theorem 6.6 Let E C X be an open set with finite perimeter and let {E;}icr be the family of the
connected components of E. Suppose moreover H" 1 (OE \ 80*E) = 0. Then I is at most countable

and, for all open sets A C R,
A) =Y P(E;, A).
icl
We are interested in connected components for the following regularity result.

Theorem 6.7 (Jordan) Let E C R* be bounded, and simply connected (in the sense that both E
and B2 \ E are connected) and with finite perimeter. Then OF is a closed Jordan curve, i.e. there
exists a lipschitz continuous curve y:[0,1] — OF such that v(0) = v(1) and v|j,1] is injective.

In the following F will be an w-minimal set of X with dim X = 2.

Lemma 6.8 There exists a constant ¢ > 0 such that P(E) > c||z —y|| for all z,y € OE, whenever
E is connected and bounded.

Proof:
Suppose for simplicity z = 0 and let T be the line through z and y. Let £ € X* be such that
[€]l =1 and &1 = T and let v € £*. Consider the projection 7: X — T defined by m(z + tv) = z
for all z € T,t € R. Then 7(0E) D [r,y] otherwise if there were z € [z,y] \ ™ QGE) the line 7 1(z)
(which cannot be all contained in E, since E is bounded) would decompose E in two parts.

So there exist positive constants c1, ¢, c3 such that

P(E) > et H'(OF) > ey H' (m(0OE)) > caH' ([z,y]) > sl —yll.
m

Lemma 6.9 Given an orientation on X, there exists a convex and positively 1-homogeneous func-
tion ¥: X — R such that, given any closed lipschitz Jordan curve v:[0,L] — X inducing the given

orientation on X, we have
L
P(EX) = [l @) de
0

where E is the set bounded by .
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Proof:
Given an orientation on X, we can construct a continuous bijection 4: X — X™* in the following
way. For a given v € X we consider the straight line spanned by v (which is an hyper-space since
dim X = 2). The direction of v together with the orientation of X enable us to choose one of the
two half-spaces determined by the straight line. This half-space has a constant normal vector v.
So we let Av = ||v]|sv.

From Theorem 2.7 we get

L L
P(E,X) = /M p(vp(z)) dH' (z) = /0 ewe(Y NI @)Ils dt = /0 Py (1)) dt,
where we have set ¥(v) = p(Av). O

Corollary 6.10 Let A : X = R2, ¢©° : R2 = R be as in Section 2.5. Given an orientation on X
and on R?, assume that A\ preserves the orientations. Let also 1 : X — R be as in Lemma 6.9.

Then we have
P(v) =¢°(R\),  Yve€EX,
where R : R? — R? is the 5 clock-wise rotation of R? inducing the given orientation.

Proof:

In fact, let H = H, be the half-space such that Av = ||v||sv that is AH is the half-space on the
left of Av. Notice that RAv = |\|vam. So, if we choose an open set B such that BN OH = [0,v],
by the representation formula in Section 2.5 we get

PLB) = [ an() aH! @) = PUEN) 311 (M0, ]) = o° (RM).
8OH |/\U|

While, letting ~(t) = vt, by the representation formula in the previous lemma, we get
1
PUH.B) = [ (/@) dt = v(o)
0

For a set C C X, we let rad(C) be the radius of C that is

rad(C) = inf sup ||y — z||.
(©) = inf sup |y s

Notice that diam(C) < 2rad(C) and that, in general, the equality does not hold.

Lemma 6.11 There ezists a constant c € ]0,1[ such that, given E € M,,, if Eq is a connected
component of E or of X \ E then w(2rad(0Ep)4) > c.

Proof:

Let B be a ball of radius p > 2rad(9Ep) centered on 0FE, and such that 0Ey € B. We may also
suppose that Ey is a connected component of E and Ey € B; otherwise we could consider the set
X \ E instead of E. Let F := E \ Ey, so that EAF € B. By the minimality of E:

P(E, B) < (1 + w(p))P(F, B).

Since E, is a connected component of E we also have P(E, B) = P(F, B) + P(Ey, B) so that we
conclude P(Ey, X) = P(Ey, B) < w(p)P(E,B) < ©pw(p). On the other hand, by Lemma 6.8 we
get also P(Eg, B) > Crad(0Ey) = (C/2)p, and the conclusion follows. O
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Proposition 6.12 If E € M., R C X is an open, bounded and convex set such that E N OR
is connected, OE N OR contains exactly two points and w(2radR) < ¢, with ¢ as in Lemma 6.11.
Then ENR and X \ EN R are both connected.

Proof:
Notice that OR is homeomorphic to a circle, and OR = I, U I» U {z1 ng} where I; and I, are
disjoint, connected and relatively open sets, {wl,wg} OENOR, I CEand I, C X \ E.

Let Ey be a connected component of E N R and let E} be the connected component of E
containing Fp. First suppose that Fy = FEj. In this case, belng FEy a connected component of
E, the hypothesis w(2radQ) < c¢ is in contradiction with Lemma 6.11. On the other hand, if
Ey # E},, we conclude that I} N Ej is not empty. This means that all the connected components of
E that meet R also meet I;. Since I; is connected, we conclude that ENRhasa single connected
component.

Reasoning the same way with the set X \ E we conclude the proof. O

Lemma 6.13 Let R > 0, E € My(Bsr(20)), 20 € OE and Q C Bg(20) an open, conver set,
such that OF N Q) is parameterizable by means of a injective, lipschitz curve :[0,L] — Q with
v~1(09Q) = {0,L}. Then, there exist positive constants C, € such that if w(2R) < C then for any

couple of points £o = y(to), 1 = Y(t1), with tg,t1 € 0, L[, we have

t1
(' (1)) dt < C|lz1 — o
to
Proof:
Suppose for simplicity to < t;. Suppose also ¥(y'(t)) = 1 for a.e. t € [0, L] so that P(E,Q) =L
Let so := min{t € [0, L]:y(t) € [zo,z1]} and s; := max{t € [0, L]: ¥(t) € [zo,z1]}. Clearly we have
0 <389 <tp <t <s <L and we may define the curve o: [0, L] = Q by

o(t) = v(t) if ¢e€0,s0]U[s1, L],
' 5811,_;0’)’(80) + Stl Sofy(sl) if t€]so,s1]

Note that o is injective and 0='(9Q) = v~ (99) = {0, L}, therefore the set 2\ ([0, L]) has exactly
two connected components. If we call G the connected component such that G N 92 = E N 0N
and let F := (F'\ Q) UG we have FAFE € ). Moreover, we find that

P(F.Q)~ P(E,Q) = $(y(s1) —7(s0)) — / oy ) de (11)
< k) =2 - [ 6/ O)d

where k is such that max{y(v),¥(—v)} < ky(v), for any v € X.
Set now Iy := t1 — to, l2 := (81 — s0) — (t1 — to) and s := (1 — x0). Let also r > 0 be such
that EAF € Bsy,.(x¢). Note that

P(F,Q) — P(E, Q) = P(F, Bz (0)) — P(E, B2y (20)),
hence by the minimality property of E and by Proposition 3.2 we obtain

20 w(2r) 20 w(2R)
Trw@) = T+w@r)"

P(F,Q) - P(E,Q) > — (12)
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If r < s, from (11) and (12) we get

20 w(2R)
— 1 > =1, > ===\
ks ll_kS ll l2_ 1+w(2R)S7
whence 20 w(2R)
w
< _— .
ll_(k+1+w@RQ

If r > s we can assume, possibly reducing r, that at least one of the curves v([to,t1]), Y([s0,to] U
[t1,51]) intersects Ba,(zo) \ Br(xo), hence either I; > ¢(r — s) or Iy > ¢(r — s) for some constant

¢ > 0, depending only on (X, || -||). If R is such that 20w(2R) - 5, from (11) and (12) we get

1+w(2R)
20 w(2R) c
ks =1 —ly > ——"—C ——
FTATRE T LeR) T2
whence,
ll l1 C C
- 1>1 —Zr>—=s.
ks 2_2+l2 27‘_ 28
So, we finally obtain
h52®+gﬁ,

which concludes the proof. a

Using Lemma 6.13, we can prove the following regularity result.

Theorem 6.14 Let E € M, zqg € OE \ ¥(E). Then, there exists a neighbourhood of o where
OFE is parameterizable by means of a bi-lipschitz map.

Proof:
By Lemma 6.1 we may find a convex open neighbourhood 2 of z such that E N 0 consists of
exactly two points. By Proposition 6.12 we may also suppose that E N2 is connected so that,
by Theorem 6.7, we get that F N ) is parameterizable by means of a bijective lipschitz curve
v:[0, L] = OE N Q. Finally Lemma 6.13 proves that y~! is also lipschitz. ]
Note also that in the previous theorem it is possible to give uniform bounds on the radius of
the neighbourhood of z in which there is a bi-lipschitz parameterization, and on the bi-lipschitz
constant.

6.4 Everywhere regularity

We now want to study the structure of the singular set X.(E), for E € M (Q). We prove that in
most cases (depending on the shape of B;) the set X(FE) is empty (Theorem 6.18).
We recall this general property of closed convex subsets of X.

Lemma 6.15 Let C C X be closed and convex. For k > 2, let x1,...,xr be extremal points of C
with x; # x; for i # j. Let also 0 < a; < 7 be the angle defined by C in x;. Then there holds

k
Zai 2 (k - 2) T
i=1

and the equality holds if and only if C is the “k-agon” (possibly degenerate) spanned by x1,. .., T.
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In the following proposition we point out some properties of the two-dimensional minimal cones
(see also [28], [23, Theorem 3.2]).

Proposition 6.16 Let E € My(X) be a cone over the origin, then one of the following conditions
hold:

1. Eccg(0,R) =0 for any R > 0 and OF is the union of two half-lines starting from the origin;
2. B is a quadrilateral and OF is the union of four half-lines;

3. Bj is a triangle and OF is the union of four or sixz half-lines.

Proof:
Since E € Mo (X), OF is the union of a finite number (even) of half-lines starting from the origin,
say l1,. ..,y (we label the half-lines such that /; and l;1, are consecutive). For any i € {1,...,N},

we can find an extremal point xz; € dB; such that, denoting by C; the cone bounded by I; and
lit1, if C; is contained in E then C; contains the set By — x;, whereas if C; is contained in X \ E
then it contains the set z; — B;. Indeed, assuming that C; is contained in E and defines an angle
smaller than 7, we can consider the set E \ T, where T is a triangle having a vertex in the origin
and two edges contained in I; and l;;;. Then, the assertion follows from the minimality property
of E with respect to E \ T. More precisely, from Jensen’s inequality it follows that the set C; \ T
has perimeter smaller than or equal to the perimeter of C;, and the equality holds if and only if the
exterior normals to C; \ T lie all in the same edge of By, which is equivalent to say that C; contains
the set By — x;. One can proceed in a similar way when the angle between I; and /;4; is contained
in X\ E. If N = 2, this implies Eccg(0,R) = 0 for any R > 0 as vg(z) € z7 for all z € OF \ {0}.
Let us consider the case NV > 4. Assume that z; = x; for some i # j. Observe that the same point
z; can occur at most two times, in correspondence of an angle contained in E and of an angle
contained in X \ E. Since N > 2, possibly changing the first half-line 1 of the enumeration and
the orientation, we can assume 7 = 1 and j > 4. Let us consider the points x1, 2 and z3; they are
all distinct and, if oy is the angle defined by B in zy, there holds oy + as + a3 < 7 (see Figure
1). By Lemma 6.15, this implies that Bj is the triangle spanned by z1, z3, x3, and N € {4,6} (see
Figure 2). It follows that, if B; is not a triangle, the map ¢ — z; is an injection. Let a; be the
angle defined by Bj in z;. We have

N

Z a; S 2 T

i=1

on the other hand, from Lemma 6.15 it follows

N
Zai Z (N - 2) T,
i=1

which implies N = 4 and so B; coincides with the polygon spanned by z1, z2, 23,24 (see Figure
2). O

Theorem 6.17 Let E € Mo(R) and xy € OE. Then, there exist p > n > 0 and a set C with
CAE & B,(zq) such that CNBy(xg) is a cone on g and P(C, B,(x¢)) = P(E, B,(20)). Moreover,
if xo € X(E) then By is either a triangle or a quadrilateral.

Proof:
Set for simplicity 2o = 0 and fix p > 0 such that B, C Q. Let E;, k € I, be the connected
components of EN B, and let E}, k € I', be the connected components of B, \ E (I and I' are
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Figure 1: The construction in the proof of Proposition 6.16

i
A

Figure 2: The singular minimal cones.

30



at most countable). Since E is minimal, P(E},0B,) > 0 and P(E;,0B,) > 0, otherwise we could
consider E'\ E}, or EU E;, and reduce the perimeter of E. Moreover, the set J = {k € I:0 € 0E}
is finite, otherwise by Lemma 6.8 we had P(E, B,) = +o0. The same is true for the set J' = {k €
I':0 € OE;}. Let us fix a radius < p such that if 0 ¢ OEj, then 0E, N B, = 0 for any k € J,
and such that the same is true for the sets Ej, for any k' € J'. Clearly, we can choose a strictly
positive 7, otherwise we had infinitely many components Ej (or E}) intersecting the ball B,/,,
which would imply again P(E, B,) = +0o0.

We focus on a given component Ej of En B, with k € J. Notice that Ey is simply connected
and 0Ey is a closed Jordan curve passing through 0. Notice also that all the connected components
of 0E;, N B, which intersect B, contain 0 otherwise there should be a component E; with j € J
which intersects By, but such that 0 ¢ 6E;-. So only one connected component of 0 EpNB,, intersects
B,,. Moreover, 0E N 0E; = {0} for any k,j € J, k # j. Indeed, if (0E, N 0E;) \ {0} # 0, there
would exist a component Ej, of B, \ E such that P(E},0B,) = 0, which contradicts the minimality
of E as above.

Let us take now a lipschitz parameterization of OEj given by 7, : [0,3] — B, such that
Y(0) = v%(3) = 0, %(1) € 0By, v(2) € 0B,, v(3/2) € 0B, and v(t) € B, \ B, for any
t € ]1,2[. Observe that the two points v4(1),vx(2) € 0B, are independent of the choice of the
parameterization .

Then, we consider the lipschitz curve ay : [0,3] = B, defined as

tye(1) if telo,1],
a(t) =9 () if tell,2], (13)
(-2 if te[23].

Notice that also ay defines a closed Jordan curve, and let us denote by Cy the compact subset of
X bounded by aj. By the definition of a4 it follows ExACy € B,, moreover Cy N C; = {0} for
any k,j € J, k # j. Indeed, (Cr N Cj) \ {0} # 0 implies (OEy, N OE;) \ {0} # 0, which gives a
contradiction.

From Lemma 6.9 and Jensen’s inequality we obtain

P(Ci,B,) = / (e, (1)) dt + / (e (t)) dt + / (ay (1)) dt

IN

1 2 3
/ Pk (0)) dt + / Y1) dt + / Y (1)) dt (14)
0 1 2
P(

Ey,B,).

The first statement of the theorem follows by setting C' := (E '\ U,c s Ex) U Upes Ck-
Notice that, by the minimality of E, the equality holds in Jensen’s inequality (14), therefore

[oosonas = [ vtenas=venmr=v ([ o). 1)

3 3 3
[ vtionas = [ o) =vine) = ([ o).
This implies that 1) is linear on the convex hull of {7}(s):s € [0,1]} and on the convex hull of
{7(s):s € [2,3]}. This is equivalent to say that vg, (7x(s)) belongs to the same edge vy of Bf for
a.e. s € [0,1] (and respectively to wj C 0By for a.e. s € [2,3]).

Suppose now zg = 0 € X(E). This implies 0 € £(C), in fact if by contradiction Ecc(0,1) = 0,
it follows that J = {0} and v = vy = wy, so that Ecc%(0,7) =0 and 0 ¢ X(E).
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Let C be the blow-up of C' in 0 (note that Coc N B,y = C'N By). Since Cx € M((X) and
0 € £(Cy), by Proposition 6.16 it follows that B; (hence Bf) is a triangle or a quadrilateral. O

Theorem 6.18 Let E € M, (Q). If By is neither a triangle nor a quadrilateral then %(E) = 0.

Proof:

Given any x € OF consider the sets Ey = k(E — x). By Proposition 3.3, up to a subsequence,
we may suppose that Ey — FE, with E, € M. Since 0 € 0Fj we also have 0 € O0F,,. Now
note that 0 € X(Ey) otherwise by Theorem 6.17 E, would be a singular minimal cone and this
contradicts Proposition 6.16. So, there exist p > 0 such that Eccg_ (0, 2p) < a/2 and, by Lemma
6.2, we can find a radius 7 < p such that Eccg_ (0,n) = 0. Possibly considering an even smaller 7,
by Proposition 4.3 we may suppose that Eccg_ (0,1) = limg_,o Eccg, (0,7). Therefore we obtain
limg 00 Eccg(z,n/k) = 0 and Lemma 6.2 again gives z ¢ X(E). O

6.5 Sets with prescribed curvature

In this section we consider sets E € B(X) that minimize the functional

E— PE,Q)+ H(z)dz, (16)
ENQ
where H € L*(Q) and @ C X is an open set. It is easy to check that these sets are additive
w-minimizers (see Remark 3.7) and in particular are w-minimizers. But in this case stronger
regularity results hold.

Theorem 6.19 (C"! regularity) Assume that By is not a triangle. Let E C X be a minimal
set for (16), and let zo € (OEN Q) \ (E). Then, there exists a neighbourhood U of xq where OF
is the graph of a lipschitz function. Moreover, there exists a lipschitz function v: OENU — 0B,
such that v(y) € ve(y)* for anyy € O*ENU.

Proof:

From Theorem 6.14 we already know that there exists a convex neighbourhood U C Q of zy such
that OF N U is parameterizable by means of a bi-lipschitz map +: ]0,L[ — U. By Lemma 6.9,
there exists a convex function ¢ such that

L
PED) = [ o) a

Suppose also ¢(y'(t)) = 1 for a.e. t € 0, L[, so that L = P(E,U).
Fix now Lebesgue points t1, t2 €]0, L[ and let a := (t1), b := 7(¢2). Choose also 0 < § <
(t2 —t1)/2, v € By and consider the function ¢s defined by

0 if te€]0,t1[ Ulte, L],
t—t1 3
_ v if t €[t t + 0],
ps(t) : v if telti+6,ta—4d]

Lty if t€[ta—6,t)

Notice that there exists g > 0 such that the function vy + eyps is bi-lipschitz for any e €]0, |
and identifies the boundary of a set F' of finite perimeter such that FAE € U. By (16) we get

[ e -xn)fi@ s < PV - PE0)

L
/O B (1) + ey () — w(y (1)) dt,
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for any € € (0,eq). Notice also that, by Holder inequality,
—/ (xe — xr)H(z)dz < |[EAF|||H||p= < eCt]|H||z||a -]
U

for some constant C; > 0, since EAF is contained in an e-neighbourhood of ¥([a, b]).
Moreover

PV (8) +ep5(t)) = (v (1) + lns (), 5 (2)) + o(e),

where ng(t) € 079 (7'(t)) C X* and 0~ denotes the sub-differential in the sense of convex analysis.
More precisely, ng(t) is such that

(ns(t), 05(t)) = max{{n, p5(t)): n € 0 Y(~'())}- (17)

Letting ¢ — 0% we obtain

L
—CHHHHLmHa—-M|sL£ (ns (), 05 (8)) dt,

L t1+40
[ o= [ ﬁ——[

Notice that, by (17), since ¢j is either parallel or opposite to v, ns(t) can be chosen independent
of 6 for t € [t1,t1 + 6] U [t2 — 4, ta]. Possibly passing to a subsequence d, — 07, we have

and

1 t1+0n 1 to
- / ne,(dt > mh), S / ne. (t) dt = na(ts),
n n Jt

t1 2—0n

where n;(t;) € 0~ Y (v'(t:)), i € {1,2}. It follows

max {(n1 —na,v): n1 € d"P(y'(t1)),n2 € ™Y (t2)) } (n1(t1) — na(t2),v)

—Cslla | (18)

ARV

with Cy = C1||H||eo- If we differentiate the equality ¥(7'(t)) = ¢°(RAy'(t)) in Corollary 6.10,
recalling that 0~ p°(RAY'(t)) = A (y(t)), we obtain

max{(n,v): n € & (v (1))} = max{(fi, \" " R\v): 7 € v(v(1))},
for any v € 0By, t € |0, L[. By (18), this implies

min{(iix —7ig, w): M € vy(y(t)), Nz € v(7(t2))} < Cslla — b, (19)

for any w € By, with a constant Cs > 0 independent of w.
Given z, y € 0*ENU, let now

D(z,y) := min{||fi; — fiyl[s: e € vg(2), iy € vp(Y)},
then from (19) and from the minimax theorem (see for instance [10]) we get
D@,y) < C  min _ max(n,u) (20)
nevy(2)—vE(y) weB;

= C max min (n,w) < CCsl|lz —yl|.

weB] nevg(z)—vi(y)
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We shall show that condition (20) implies that the set 0E N U is the graph of a lipschitz
function in a neighbourhood of any point. Indeed, since Bj is not a triangle, we get that, given
three different points vy, v2, v3 € OB}, such that vy Nvi #0, v Nvi # 0 and v N3 Nvi =0,
there holds v3 Nvi = 0, i.e. there exists a constant ¢ > 0 such that ||va — v3||s > ¢ for any v, € V3,
v3 € V3.

Let now z € OENU and let 2, — z, yr — z, Tk, yr € 0*E. We can also assume that
liminfy, ||ve(zr) — vE(yr)|| > O, otherwise this would imply that OF is locally the graph of a
lipschitz function f:v+ — Ro, with v € v*, v = lim; vg(zk;) = lim; vg(yx, ), for a subsequence
xr; (resp. yr;) of zx (resp. yx). Since D(xx,yx) — 0, possibly passing to a subsequence, we can
find v € OB; and v1,vs € OBF such that vg(zr) = v1, ve(yr) = v, 11 # vo and v Nvi =v. We
claim that, for such a v, we also have dist(v, v} (zx)) — 0 for any sequence z, — z, 2, € 0*E (here
we set dist(v, v (zr)) = min{||v —n||s: n € v} (2;)}). In fact, if it is not true we can find (passing
again to a subsequence) ¥ € 0By, ¥ # v and vz € 0By, such that vg(zy) - v3 and ¥ = vf N .
Then, since B; is not a triangle, there exists a constant ¢ > 0 such that |[va — vs||s > ¢ for any
ve € V3, vz € v}, and this contradicts the fact that D(y, zx) = 0. So we get dist(v, v} (2)) — 0,
for any sequence z; — z. This implies that there exist r,¢ > 0 such that (v,vg(y)) > ¢ > 0 for
any y € *EN B.(z) CO*ENU,ie. OF is the graph of a lipschitz function along v in the ball
B, (z), and the first statement of the theorem is proved.

Assume that the vector v, defined as above, is not unique, i.e. there exists another vector
w € 8By, w # v, such that dist(v,v}(2;)) — 0 for any sequence z, — z, z;, € 0*E. This implies
that vi(z,) is constant in a neighbourhood of x, hence OF is a segment locally around z. Let
z1,z2 € OENU, x1 # = # T2, be the extremal points of such a segment in U, then in z;, i € {1,2},
is uniquely defined a vector v(z;) € 0By as above (if z; € U we set v(z;) := v). We define
v(z) € OBy as the linear interpolation between v(x;) and v(z2) in z. In this way we get a lipschitz
function v: OENU — 0By such that v(y) € vg(y)* for any y € O*ENU. O

The hypothesis that B; is not a triangle is technical and we believe that it is not necessary in
order to get the result.

7 Counter-examples

Example 1.

We give an example of a set E € M, (), @ C X ~ R?, which is not the graph of a lipschitz
function in a subset of the boundary of positive #!-measure, even if w(p) = o(p®) for any a > 0.
Let X = (R?,||-]|), where ||(z, y)|| := max{|z|, |y|} for (z,y) € R?. Let {ax}r>1 be the sequence
in [0, 1] defined as
2+l
T ogng41
so that k = 2™ 4+ j and 0 < jp < 2™*.
Let also f:R — R be the function defined as

ng = |_an k’J, jk =k — 2"

o0

F@) =) (D™ Xay 100 (@),

k=1

where {ay, }nen is a decreasing sequence of positive numbers such that », a, < +oo.

Notice that, if E := {(z,y) € R?: y < f(2)}, then E = Ty it is not the graph of a lipschitz
function in any point p = (z,y) such that 0 < z < 1 and z ¢ Q, because any neighbourhood of
p contains points (z',y’) with Df({z'}) > 0 and points (z",y") with Df({z"}) < 0. Fix now a
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Figure 3: The set E of Example 1.

function w satisfying the required assumptions. We will show that it is possible to find a sequence
{a,} such that E is an w-minimum in Q := ]0,1[xR. Indeed, for all p > 0 there exists n(p) := %
such that |a; — a;| > 2p for all 4,j < n(p), i # j. Let now {a,} such that 3° - am < pw(p),
for all p > 0.

Let now po > 0 be such that w(pp) < 1 and let p = (zg,y0) € OE N Q be such that 2o ¢ Q.
Then, given F' such that FAE € B,(p), with p < po and p € Q, we distinguish two cases:
1. OEN 0B,(p) = {p1,p2}. In this case there exists a minimal set Ey € My(B,(p)), such that
EyAE C B,(p); for example Ey can be obtained by taking the subgraph of the linear function
between p; and p»2. In this case we get

P(E7Bp(p)) < P(EﬂaBp(p))‘l‘ Z Qm
m>n(p)

< P(F,B,m) +po(p) < (1 +w(p)P(F, B, (7).
2. 0EN 0B, (p) consists of more than two points. In this case one of the sets (and not both)
I* == {(z,y) € 0B,(p) : y=yo+1}
intersects I'y in more than one point. Let us consider the set
B:= {(z,y) €R?®: |z — 20| <1, |y —yo| <2} D B,(p).

Since the condition w(p) < 1 implies }° ., ) @m < pw(p) < p, we have that E N OB consists of

exactly two points. Reasoning as in the previous case and letting D := B \ B,(p), we get

P(E,B,(p)) = P(E,B)-P(E,D)
< P(E,B)+ Y am-P(ED)
m2n(p)
< P(F,B)+ pw(p) - P(F,D)

IA

(1+w(p))P(F, B,(p)),

which gives E € M, ().
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Example 2.

We now provide an example of minimal set in R® showing that Lemma 6.2 does not hold in the
three-dimensional case (see also [28] for a discussion of similar examples).

Let X = (R%,||-[|), where ||z|| := max{|z1|,|z2|, |2z3|} for any z = (z1,22,23) € R®. Notice
that X is a Banach space endowed with the norm || - ||. Let also

E :={z = (z1,22,73) € R s. t. 73 < sgn(z1) sgn(z2)}.
We have that E € My. Indeed, let us consider the vector field n: X — X given by
n(z) := —(sgn(z2)e1, sgn(z1)es, —1).

Notice that div n = 0 in the sense of distributions, ||n|| = 1 and the normal component of n is
continuous and equal to 1 across the faces of OF, i.e. m provides a calibration of £ in X. By
Gauss-Green Theorem, it follows that E € My. Indeed, let FF C X be a set of finite perimeter
such that EAF € Bg for some R > 0, then

0 = ; div n * pe(z)(xE () — xr (7)) dz =(DxE — DxF,n * p)
Z (DXE(BR)Jn*pE) _P(F)BR)'

Since lim,_,o+{(vE,n * p:) = 1 on the faces of OF, passing to the limit as ¢ — 0t we obtain that
P(F)BR) > P(EJBR)
On the other hand, it is easy to check that 0 € OF and

lim Eccg(0,p) =0, liminf Eccg(0, p) > 0.
p—r0o0 p;}0+
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