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Abstract

The motion by curvature of networks is the generalization to finite union of curves of the curve
shortening flow. This evolution has several peculiar features, mainly due to the presence of
junctions where the curves meet. In this paper we show that whenever the length of one single
curve vanishes and two triple junctions coalesce, then the curvature of the evolving networks
remains bounded. This topological singularity is exclusive of the network flow and it can be
referred as a “Type-0” singularity, in contrast to the well known “Type-I” and “Type-II” ones
of the usual mean curvature flow of smooth curves or hypersurfaces, characterized by the dif-
ferent rates of blow up of the curvature. As a consequence, we are able to give a complete
description of the evolution of tree-like networks till the first singular time, under the assump-
tion that all the “tangents flows” have unit multiplicity. If the lifespan of such solutions is finite,
then the curvature of the network remains bounded and we can apply the results from [11, 16]
to “restart” the flow after the singularity.

1 Introduction

One of the most studied geometric evolution equations is the mean curvature flow: a family of
time-dependent n—dimensional hypersurfaces in R"*! that evolve with normal velocity equal to
the mean curvature at any point. Such flow can be interpreted as the gradient flow of the area
functional. A natural generalization is the so—called multiphase mean curvature flow, where more
than one hypersurface evolves in time by locally moving in the direction of the mean curvature.
The presence of more than one hypersurface creates extra difficulties in dealing with the prob-
lem, since the evolving objects are not smooth manifolds anymore. Anyway, one of the earliest
motivations for the study of the mean curvature flow was to model the grain growth (the increase
in size of grains/crystallites in a material at high temperature), where considering more than one
evolving surfaces is actually necessary.

The one-dimensional version of such multiphase mean curvature flow is usually called motion by
curvature of networks or network flow, that is, a network of curves moving in the plane decreasing
the total length in the “most efficient” way and hopefully converging to a configuration of mini-
mal length (or at least a “critical” configuration for the “total length functional” on the networks).
There are basically two approaches to this problem, related to considering weak or strong (smooth)
solutions, even if they have several points of contact. An advantage of the weak formulations is
that one gets easily global existence results, but then showing uniqueness and regularity becomes
quite hard. On the other side, well posedness of strong solutions is easier, but it is then compli-
cated to define a flow passing past the singularities.

Different notions of weak solutions have been investigated by several authors, for instance [3,
5,9,12, 14]. A very relevant one is the weak definition of the flow given in the seminal pa-
per by Brakke [5], that is, a family of n—dimensional varifolds {V;},c[o,r) such that for almost
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every time, V; is an integral n—varifold with locally bounded first variation and “generalized
mean curvature” in L?, satisfying a suitable distributional inequality. Recent progresses con-
cerning the regularity of these solutions has been made by Kim and Tonegawa [12, 13] at least
for codimension—one varifolds, “coupling” the evolving varifolds with a finite number of time-
dependent mutually disjoint open sets which are the regions bounded by such varifolds. In this
setting, when the initial datum is a closed 1-rectifiable set in R? with (locally) finite measure, then
for almost every time the support of the evolving varifolds consists of embedded W?#?—curves
whose endpoints meet at junctions forming angles of 0, 60 or 120 degrees. Another possible
way to define weak solutions is the so—called “minimizing movements” scheme, first introduced
in [3, 17] and later extended to the network case in [4, 8], which consists in defining the flow as
limit of time-discrete flows, defined variationally by minimizing a penalized geometric energy.
Finally, we mention that one can also consider a phase—field approximation of the flow given by
the singular limits of solutions of a parabolic vector-valued Allen—-Cahn equation, see [2, 7, 15].

The long term goal of our project is a complete description of the network flow defined in the
framework of classical PDEs, that is, we are interested in smooth solutions far from singular
times. We consider the evolution of a finite union of smooth curves meeting at multiple junc-
tions, since the network flow is the gradient flow of the length, it is expected (by “energetic”
reasons) that for almost all times the evolving networks present only triple junctions where the
unit tangent vectors of the three concurring curves sum up to zero. Hence, it is natural to first to
restrict the analysis to the class of “regular” networks, where curves meet only at triple junctions
forming angles of 120 degrees. Then, the motion can be written as a system of quasilinear second
order parabolic equations with nonlinear boundary conditions (see (2.1)).

The first well posedness result for this problem has been established in the "90 by Bronsard and
Reitich [6] whenever the initial network (all its curves) is of class C?T* and the compatibility
conditions for the system of PDEs, up to the second order, are fulfilled at the triple junctions
(namely, both the sum of the three unit tangent vectors and the sum of the three curvatures are
equal to zero, see [20, Definition 4.2]). Existence of solutions can actually be achieved when the
initial datum is only of class C?, without requiring second order conditions at the boundary [20,
Theorem 6.8]. Since it is then possible to prove existence and uniqueness when the initial network

belongs to the fractional Sobolev space W2~ P with p € (3,+00) (as shown in [10, Theorem 1]),
we get a fortiori existence and uniqueness for C? initial data.

Since by these results the flow starts, we can then study the long time behavior of the solutions.
By [21, Theorem 3.18], if the maximal time of existence of a solution is finite, then either the cur-
vature blows up or the length of at least one curve goes to zero. For instance, the area of a region
bounded by less then six curve decrease linearly in time, then when the region vanishes, in can be
shown that the curvature blows up. It is also easy to find an example where only then length of a
single curve goes to zero and either one triple junction collapses onto one boundary point or two
triple junctions coalesce. However, there are no examples in which the lengths of all the curves
of the network remain strictly positive and the curvature goes to +oco. Thus, one may guess that
if no length goes to zero, then there are no singularities. It turns out that this conclusion would
be a consequence of the following conjecture.

Multiplicity-One Conjecture (M1). Every limit of parabolic rescalings of the flow around a fixed
point in R? is a flow of embedded networks with multiplicity one.

We are indeed able to prove that it if no length goes to zero and this conjecture is true, then the
curvature remains bounded during the flow. In other words there are no singularities until at
least one curve vanishes.

As we said before, if a region disappears at the maximal time of existence, then the curvature
cannot remain bounded, however, one may guess that if the initial network does not contains
any loop, hence there are no region that can collapse, this type of singularities are excluded. We
actually have a positive answer.



Theorem 1.1. Let Ny be a regular network which is a tree. Suppose that the Multiplicity—One Conjecture
is true and that Ny is the maximal solution to the motion by curvature in the time interval [0,T), with
initial datum Ny. Then the curvature of Ny is uniformly bounded during the flow.

We briefly outline the proof of this result. We consider suitable rescaled flows around points of
R?. Supposing that every limit of parabolic rescalings has multiplicity one and that the evolving
network is a tree, then the limit of our rescaling, when not empty, can only be the “static” flow
given by a line, a standard triod or a standard cross (see Figure 1). In the case of the line or of
a standard triod, then the original flow has bounded curvature thanks to results by White [22],
Magni, Mantegazza and Novaga [18] and Ilmanen, Neves and Schulze [11].

It remains to show the same conclusion when the limit is a standard cross, and we will show
this in Theorem 5.4. First, in Lemma 4.2 and 4.3 we prove that for any tree, if we assume a
uniform control on the motion of its end—points, the L?-norm of its curvature « is uniformly
bounded in a time interval depending on its initial value. Moreover, we also bound the L*—
norm of the curvature in terms of its L?-norm and of the L?-norm of its derivative in arclength
0sk. Then, we prove that for a special tree, composed by only five curves, two triple junctions and
four end-points on the boundary of Q C R? open, convex and regular (see Figure 5), uniformly
controlling, as before, its end—points and the lengths of the “boundary curves” from below, the
L2-norm of 9,k is bounded until k|2 stays bounded. By localizing these estimates one finally
gets Theorem 5.4, thus Theorem 1.1 follows.

Even if the curvature is then always controlled, in Section 6 we show that singularities might
still occur during the evolution, due to topological changes when the length of a curve goes to
zero. Because of their peculiar nature, we refer to these singularities with bounded curvature as
Type-0 singularities (suggestion by Tom Ilmanen). We stress the fact that they are exclusive of the
network flow, as they cannot appear in the motion by curvature of a single curve.

It is worth mentioning that, if a network contains at most two triple junctions, we can prove that
every limit of parabolic rescalings is a flow of embedded networks with multiplicity one [19],
but unfortunately the Multiplicity-One Conjecture is still an open problem in full generality.
Assuming it, we have a quite complete, “nice” description of the flow of tree-like networks till
the first singular time.

Theorem 1.2. Let Ny be a regular tree composed of N curves in an open, convex and regular Q C R?
Suppose that Ny is the maximal solution to the motion by curvature in the time interval [0,T) with
initial datum Ny. Suppose that the Multiplicity—-One Conjecture holds and that T < +oo. Then, the
curves {v*}I¥., of the flow Ni, up to reparametrization proportional to arclength, converge in CL _ either
to constant maps or to reqular C* curves composing the limit network Np,ast — T. The only possible
singularities, are given by the collapse of isolated “inner” curves of the network, producing a reqular
4—point, or the collapse of some “boundary curves” on the fixed end—points of the network, letting two

concurring curves forming at such end—point an angle of 120 degrees.

We mention that then one can apply the results in [11, 16] and “restart” the flow with a smooth
evolving regular network, hence the main question that remains open in order to obtain a global
existence result, is the possible accumulation in time of the singularities, that we will not address
in this paper.
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2 Preliminaries

2.1 Networks and their motion by curvature

Definition 2.1. A network N is a connected set in the Euclidean plane, composed of finitely
many regular, embedded and sufficiently smooth curves that meet only at their end-points.

We distinguish between interior and exterior vertices of the network: at the firsts, more then one
curve concut, and the latter are the termini of the network.
We say that a network is a tree if it does not contain loops.

We assume that each curve of a network admits a regular parametrization v € C?([0, 1]; R?). (We
remind the reader that with regular we mean 9,v(z) # 0 for every x € [0, 1].)
For such a curve we define the curvature vector as

0ev(2)? |0 (2)y|*

where « is the scalar curvature and v is the unit normal vector, defined as the rotation of —7 of

o

= K('T)V(x) )

the unit tangent vector 7 = \gm% to the curve.

We are interested in the motion by curvature of networks and to deal with this problem we use a
direct PDE approach. The network flow can be understood as the gradient flow of the length

LN = Z/Ol 10,7 ()| dz = ZL 1ds.

Notice that with s we denote the arc-length parameter. Formally, we derive the motion equations
computing the first variation of L. Each curve moves with normal velocity equal to its curvature

v (t ) = k()

or, equivalently (0;v(t, x),v(t,z)) = k(t,z). Moreover, because of the gradient flow structure of
the evolution, we expect that for almost all the times during the evolution, the network presents
only triple junctions where the unit tangent vectors sum up to zero. We thus introduce the fol-
lowing notion:

Definition 2.2. A network is regular if it possesses only triple junctions, where the unit tangent
vectors form angles of 120 degrees.

Let Q2 be a convex, open, bounded and regular set in R?. We consider the evolution of regular
networks in {2 and we suppose that the exterior vertices have order one and remain fixed on 92
during the flow. Both the case in which the end—points move on 92 (with suitable Neumann
boundary conditions) and the case of networks with non compact branches (satisfying suitable
conditions at infinity) can be treat similarly, but we do not consider them in this paper.

Definition 2.3. Let Q be a bounded, convex, open and regular subset of R2. Given an initial
regular network N, composed of N curves 7§ € C?([0,1],9), that meet at m triple junctions
O',...0™ in Q and possibly with ¢ external vertices P!,..., P* € 95}, we say that a family of
homeomorphic networks JV; is a solution to the motion by curvature in [0, 7") with initial datum
N if there exist N regular curves parametrized by

7' e CH3([0,T) x [0,1]),
that satisfy the following system of conditions for every x € [0,1] and ¢t € [0,T):
(0! (t, ),V (t,x)) = K'(t,x) ie{l,...,N}
Y (1,t) = P" re{l,....(}
ij:l TPI (0P t) = 0 at every triple junction O?
7(0,) = (x) i€l N},

2.1)



where we assumed conventionally (possibly relabeling the family of curves and inverting their
parametrization) that the end—point P of the network is given by v"(1,1).

Note that in the third equation we write 777 (O, t) for the outward unit tangent vectors of the
three curves v7 (-, t) that meet at OP.

We underline the fact that the motion equation is equivalent to
o' (t ) = ' (t,2)V' (8, 2) + ¢ (L, 2)7' (¢, 2)

where ( is a non—zero tangential velocity, at the junctions geometrically determined by the cur-
vatures of the concurring curves. In the whole paper we will label the tangential velocity by (.

When ¢ = <%7 T>, we obtain the so—called special flow

2y
% = 1o

2.2 Short time existence and behavior at the maximal time of existence
Combining results from [6, 10, 20] one gets:

Theorem 2.4. Let Ny be a reqular network of class C?. Then there exists a maximal solution to the net-
work flow with initial datum Ny in the maximal time interval [0, Tnax). It is unique up to reparametriza-
tion and it admits a smooth parametrization for all positive times.

Proof. The main result contained in [6] is existence and uniqueness of the flow in a small time
interval [0, 7] provided the initial datum is in the Holder space C**, with o € (0, 1), with the
property that the curvatures sum up to zero at the junctions. Then, by an approximation pro-
cedure as in [20, Theorem 6.18], it is possible to produce a solution when the initial datum is of
class C?, without any assumption on the curvature at the junctions. To conclude, uniqueness
of solution in a short time interval is proved in [10, Theorem 1.1] whenever the initial datum is

in the Sobolev-Slobodeckij space W27 with p € (3,00). So in particular the uniqueness still
holds true if Ay is of class C2. Existence and uniqueness of a maximal solution in [0, Tjay) is then
easy to get (see for instance [10]). Smoothness of solutions for positive times is also part of [10,
Theorem 1.1]. O

The short time existence result can be extended to initial C? networks that are not regular in the
sense of Definition 2.2, but in such a scenario lacks uniqueness [11, 16].

Once established the existence of a solution in a maximal time interval [0, T') it is natural to won-
der what happens at T'. One can find a first answer in [21, 18].

Proposition 2.5. Let N; be the maximal solution to the motion by curvature of networks in the time
interval [0, T). Then either
T =400

or at least one of the following properties holds:
e the inferior limit of the length of at least one curve of the network Ny is zero as t — T;
e the superior limit of the integral of the squared curvature is +ocoast — T.

Moreover if the lengths of all the curves of the network are uniformly bounded from below during the flow,
then the superior limit is a limit, and for every t € [0, T') there exists a positive constant C' such that

/ k2 ds > ¢ and max k2 > ¢
N, T—t Ni T—

~+



2.3 Monotonicity formula and Multiplicity—-One-Conjecture

The problem we tackle now is analyze possible singularities arising at the maximal time of exis-
tence. To this aim we introduce a rescaling procedure and a monotonicity formula, adapted to
our situation and originally due to Huisken, that enable us to better describe the singularities.

To determine and predict how singularities form, homothetically shrinking solutions play an
important role.

Definition 2.6. A time—-dependent family of networks A\, parametrized by {+'}¥, is a shrinking
self-similar solution to the motion by curvature if each evolving curve has the form

Pyi(tﬂ z) = /\(t)ﬁi(x) ) (2.2)
with A(¢) > 0 and A(t) < 0.

Plugging our ansatz (2.2) into the motion equation (9,7y(t, z), v(t, z)) = £(t,z) and fixing \(—3) =
1 it is easy to see that

At)=v=2t, &'(z)+ {n'(x),V' (z))=0. (2.3)

Definition 2.7. The last relation is called the shrinker equation. A (static) network whose curves
satisfy the equation x'(z) + (n'(x),v*(z)) = 0 is called shrinker.

Let us introduce a parabolic rescaling procedure and the notion of reachable points (see [20,
Section 7, Section 10] for more details).

We can describe the solution to the motion by curvature as a map from a reference network ' to
R?. For the time being let F' : N x [0,T) — R? be the curvature flow of a regular network in its
maximal time interval of existence.

We define the set of reachable points of the flow as:

R = {p € R? | there exist p; € N and ¢; /T such that lim F(p;,t;) = p} .
71— 00
Such a set is easily seen to be closed and contained in Q (hence compact as (2 is bounded). More-
over a point p € R? belongs to R if and only if for every time ¢ € [0, T) the closed ball with center
x and radius \/2(T — t) intersects ;.

For a fixed A > 0 we define the parabolic rescaling around a space-time point (py, to) of F as the
family of maps
F} = A(F (-, AT +1t9) — po)

where 7 € [—A\2to, \2(T — to)). After this rescaling we still have that F is a curvature flow in the
domain A\(2 — py) with a new time parameter 7. With a slight abuse of notation we relabel it as
N2

Let (po, to) € R? x (0, +00) and py, 1, : R? x [—00,ty) — R be the one-dimensional backward heat
kernel in R? relative to (po, to), that is,

_lp—pol?
e 40—t

) = .
ppoﬂfo(p ) 47T(t()—t)

Definition 2.8. For every py € R?,t, € (0, +00) we define the Gaussian density function ©,, ., :
[0, min{ty,T}) — Ras

6170»150 (t) = / ppo.,to('a t) ds )

t

and, provided ¢¢ < T, the limit Gaussian density function 0 :R2 x (0, +00) — Ras

~

@(pOa tO) = tllglo epo,to (t) :

which exists finite and non negative for every (pg, to) € R? x (0, 7.



Given a sequence \;  +oo and a space-time point (po, o), where 0 < ty < T, we then consider
the sequence of parabolically rescaled curvature flows A2 in the whole R?. Suitably adapting
Huisken’s monotonicity formula for this network flows and changing variables according to the
parabolic rescaling introduced above we get

L. ogt2
. %’ poo(,0)dsdo

0
@Poio(to + )‘i_27_) — O(po, to) = / / X
0

3 (5

r=1

(P, o)ﬂ poo(Prro)do,

where P/ = \;(P" —py) and ki are the rescaled curvatures. Sending i — oo for every T € (—o0,0)

one gets
0
lim / /
11— 00 T
N

This result is non trivial, also because of the presence of the boundary terms, we refer to [20,
Section 7] for further details.
The monotonicity formula is the key ingredient to obtain the following:

. t 2
k' — %‘ p()’()('70') dsdo =0.

Proposition 2.9. Let N be a sequence of parabolically rescaled curvature flows. Then N2 converges
(up to subsequences) to a (possibly empty) self-similarly shrinking network flow N2° and for almost all
T € (—00,0) in CL* NW22 for any a € (0,1/2) and in the sense of measures for all T € (—oc,0) .

loc loc

Proof. See [20, Proposition 8.16]. O

The flows obtained as a limit of parabolically rescaled curvature flows go under the name of
tangent flow. Now we would like to classify the possible self-similarly shrinking network flows
arising as limit of parabolically rescaled curvature flows. We state now a conjecture about their
nature:

Multiplicity—-One Conjecture (M1): Every limit of parabolic rescalings at a point py € Q is a flow
of embedded networks with multiplicity one.

Theorem 2.10. Let N be a initial regular network of class C? in a strictly convex, bounded and open
set Q C R? and let N; be a maximal solution to the motion by curvature in [0, T') with initial datum Ny.
Suppose that

e cither Ny has at most two triple junctions;

e or Ny is a tree and if for all t € [0,T) the triple junctions of N remains uniformly far from each
others and from the vertices fixed on 0S2.

Then, the Multiplicity—One Conjecture holds true.
Proof. See [19, Corollary 4.7] and [20, Proposition 14.13] O

3 Analysis of tangent flows

From now on we shall always assume that the Multiplicity—-One Conjecture holds true.

Definition 3.1. A standard triod is a network composed of three straight halflines that meet at
the origin forming angles of 120 degrees. A standard cross is the union of two lines intersecting
at the origin forming angles of 120 and 60 degrees.



Figure 1: A standard triod and a standard cross.

Lemma 3.2. Let S be a shrinker which is C\L ~limit of a sequence {N,, }nen of homeomorphic regular
treelike connected networks with non—compact branches and without external vertices. Then S consists
of halflines from the origin.

Moreover, if we assume that S is a network with unit multiplicity, then S can only be
e aline,
e  standard triod,
e 1 standard cross.

Proof. First of all we notice that the length of some curves can go to zero in the limit. The core of
the limit network is the union of these vanishing curves.

Suppose that the length of at least one curve of NV,,, let us say ~,, goes to zero in the limit, namely
S has a core at some point P € S. Since {N,, }»en is a sequence of trees, if N > 1 triple junctions
are contained in the core, then N + 2 curves with strictly positive length concur at P (this fact can
be easily proved by induction).

We can suppose (up to reparametrization) that for every n € N the immersion v, : [0,1] — R?
is a regular parametrization with constant speed equal to its length. Keeping in mind that A,
converges to S in CLL , it is not difficult to show that

lim sup 8x7n(x) - ax'Yn(y)
n=00 & yel0,1] |817n(x)| |a:r'7n(y)|

Hence the vanishing curves of V,, are straighter and straighter as n — oo and for n big enough we
can suppose that the unit tangent vectors of points of the same curve does not change direction.
We describe now the structure of the core. Let n € N be sufficiently big and consider the the
longest simple “path” of curves of N, that belongs to the core of S at P. Orient the path and fol-
low its edges. Then unit tangent vectors (possibly changed of sign on some edges in order to co-
incide with the orientation of the path) cannot turn of an angle of 60 degrees in the same direction
for two consecutive times, otherwise, since {N,, },,cn is a sequence of trees with triple junctions,
without external vertices and with non-compact branches, A;, must have a self-intersection (see
Figure 2).
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Figure 2: If the unit tangent vector turns of an angle of 60 degrees in the same direction for two
consecutive times, N,, has self-intersections.

Hence when we run across such longest path and we pass from one edge to another, if the unit
tangent vector turns of an angle of 60 degrees then it must turn back. This means that at the
initial/final point of such path, either the two unit tangent vectors are the same (when the number
of edges is odd) or they differ of 60 degrees (when the number of edges is even). By a simple
check, we can then see that, in the first case the four curves with positive length exiting from such
initial/final points of the path, have four different exterior unit tangent vectors at P (opposite in
pairs), in the second case, they have three exterior unit tangent vectors at P which are non-
proportional each other.

\
\

Figure 3: Examples of the edges at the initial/final points of the longest simple path in ,, and of
the relative curves in S, the numbers 1 and 2 denote their multiplicity.

Consider the curves with positive length. Each curve of the limit satisfies the shrinkers equa-
tion (2.3). They have been classified by Abresch and Langer [1]. There are basically two possibil-
ities. A branch of the network is non compact and it is either a straight line through the origin or
a straight halfline with endpoint the origin. Otherwise, it is contained in a compact subset of R?
and has a constant winding direction with respect to the origin.

Our scope at this point is to exclude the presence of compact branches in S. Let P # (0,0) and
suppose that either P is a triple junction or there is a core at some point P # 0. Then there are
at least two distinct non-straight Abresch-Langer curves arriving/starting at P. Indeed, if at P
there is a triple junction none of the three curves meeting at P can be a line trough both the origin
and P, neither a halfline from the origin and trough P. Similarly, if an odd number of curves
belongs to the core at P at most two curves can be such a straight lines/halflines and at most
one if an even number of curves belongs to the core. Let o’ be one of the non-straight Abresch—
Langer curves. We follow ¢* from P till its other end—point Q. At this vertex, even if there is a
core at (), there is always another different non-straight curve o7/. We have that o% and o7 are limit
of sequence of curves !, and ~7, which are either concurring in NV, or joint by a path of curves
vk, ... 4L collapsed to Q. We continue running along this path in S till we arrive at an already



considered vertex, which happens since the number of vertices of N, is finite, obtaining a closed
loop, hence, a contradiction. Thus, S cannot contain 3—points or cores outside not located at the
origin. Suppose now that S contains a non—straight Abresch-Langer curve with an end-point the
origin. Since S is a tree the other end—point is non at the origin, so we can repeat this argument
getting again a contradiction, hence, we are done with the first part of the lemma, since then S
can only consist of halflines from the origin.

Now we assume that S is a network with multiplicity one, composed of halflines from the ori-
gin. If there is no core, S is homeomorphic to the whole sequence {N,, },en and composed only
by halflines from the origin, hence N,, has at most one vertex, by connectedness. If N,, has no
vertices, then § must be a line, if it has a triple junction, S is a standard triod.

If there is a core at the origin, the halflines of S can only have six possible directions, by the
120 degrees condition. Hence the sequence {N,, },en is composed of trees with at most six un-
bounded edges. Arguing as in the first part of the lemma, if NV > 1 denotes the number of triple
junctions contained in the core, it follows that N can only assume the values 2, 3, 4. Repeating the
argument of the “longest path”, we immediately also exclude the case N = 3, since there would
be a pair of coincident halflines in S, against the multiplicity—one hypothesis, while for N = 4 we
have only two possible situations, described at the bottom of the following figure.

HX - iw

'\ Thecore of S S The core of S
:§: \ / The longest
\ / simple path

"Ny, S The core of S © Ny S in the core of S

Figure 4: The possible local structure of the graphs G, with relative networks S and cores, for
N =2,3,4.

Hence, if N = 4, in both two situations above there is in S at least one halfline with multiplicity
two, thus such case is also excluded.

Then, we conclude that the only possible network with a core is when N = 2 and S is given by
two lines intersecting at the origin forming angles of 120/60 degrees and the core consists of a
collapsed segment. O

Lemma 3.3. Let Ny be a regular treelike network and let Ny be the maximal solution of the motion by
curvature with fixed end—points in a smooth, convex, bounded and open set ) C R? in the maximal time
interval [0,T) with initial datum No. Let N2 be a sequence of parabolically rescaled curvature flows
around (po, T') and suppose that M1 holds. Then if py € Q2 N'R, N2 converges (up to subsequences) to

o a static flow of a straight line through the origin;

e a static flow of a standard triod centered at the origin;

10



e a static flow of a standard cross centered at the origin.
If po € ONNR, then N2 converges (up to subsequences) to
e a static flow of a halfline from the origin;
e a static flow of two concurring halflines forming an angle of 120 degrees at the origin.

Proof. By hypothesis we consider a sequence of parabolically rescaled curvature flows NV} around
(po,T). Then, by Proposition 2.9, as ¢ — oo, it converges to a self-similarly shrinking network

flow N2, in CL% N W22, for almost all T € (—o0,0) and for any a € (0,1/2). Assuming that the

conjecture M1 holds true, then NV>° has unit multiplicity.

There is a one—to—one correspondence between shrinkers and self-similar shrinking flow: if S =

{n*}}N | is a shrinker, then the evolution given by ; = {y*}}¥ | with~(¢,z) = /—2tn(z) is a self-

similarly shrinking flow in the time interval (—oo,0) with N_; , = S and the other way around.

Thus to classify the tangent flows it is enough to look at the limit shrinkers. By Lemma 3.2, if we

suppose that py ¢ 99, then N2° can only be the “static” flow given by:

e a straight line;
e a standard triod;
e fa standard cross.

If instead py € 01, by a reflection argument we reduce again to the case py € Q. As a result the
only two possibilities for N>° are the static flows given by:

e a halfline;
e two concurring halflines forming an angle of 120 degrees.
We thus have listed all possible cases. O

If we add an extra assumption of the lengths of the curves of the evolving network, two of the
previous cases are excluded. To be precise we have:

Corollary 3.4. Let Ny be a regular treelike network and let Ny be the maximal solution of the motion
by curvature with fixed end—points in a smooth, strictly convex, bounded and open set Q C R? in the
maximal time interval [0, T) with initial datum Ny. Assume that the lengths L' (t) of all the curves of the
networks satisfy
L L)

LU
Let N2 be a sequence of parabolically rescaled curvature flows around (po, T) and suppose that M1 holds.
Then if the rescaling point belongs to Q N'R, NN converges (up to subsequences) to:

:+oo

e a static flow of a straight line through the origin (in this case O(po) = 1);

e a static flow of a standard triod centered at the origin (in this case O(po) = 3/2).

If the rescaling point py is a fixed end—point of the evolving network (on the boundary of Q), then N
converges (up to subsequences) to:

e a static flow of a halfline from the origin(in this case ©(po) = 1/2).
If the rescaling point does not belongs to R, then the limit is the empty set and O(po) = 0.

Proof. The possible limit flow is among the ones listed in the previous lemma. Moreover the
bound from below on the lengths exclude the possibility that the shrinker has a core. Clearly the
only remaining options are the line, the standard triod and the halfline. O

11



3.1 Local regularity
Definition 3.5. We say that a network A has bounded length ratios by the constant C' > 0, if

H'(N N Bgr(p)) < CR,

for every p € R? and R > 0.

Theorem 3.6. Let N; for t € (Ty,T') be a curvature flow of a smooth, regular network with uniformly
bounded length ratios by some constant L. Let (po,to) € R? x (To, T) such that py € Ny,. Let e,n > 0.

If

Opi(t—1?) < Og — ¢,

forall (p,t) € B,(po) x (to — p?,to) and 0 < r < np, for some p > 0, where Ty + (1 +n)p* <ty < T,
then there exists K = K (e,n, C) such that

K
%p

2
Fpt) < =

forall o € (0,1) and every (p, t) with p € Ny N Bai_g),(x0) and t € (tg — (1 — 0)?p?, to).
Proof. See [11, Theorem 1.3]. O

Corollary 3.7. Let N; be a maximal solution to the motion by curvature in the maximal time interval
[0,7) in Q, possibly with end—points P, ..., P* € 9S). Suppose that

e cither at py € € there holds (:)(po, T)<3/2
e orat py € AN there holds © (py, T) < 1/2.

Then the curvature is uniformly bounded along the flow in a neighborhood of po and Ny converges smoothly
to a limit smooth network N there,ast — T.

4 Estimates on geometric quantities

We list here several relations fulfilled by geometric quantities at At the triple junctions of the
solutions of smooth flow of regular networks.

Lemma 4.1. Let N; be a smooth flow of reqular networks in [0, T) and let v*, v* and > be tree curves
concurring at a triple junction O. Then for every t € [0,T') at each triple junction O the following relations
hold true:

\/54-7, — Fu'i71 . Hi+1, (41)
3 3
dri=> (=0, (4.2)
i=1 i=1
Okt + 'kt = 04k + CUK7 | (4.3)
3
Zfiias/ii + X% =0, (4.4)
i=1
3. 3.,
3Y RO =0, ¢ (k)" (4.5)
i=1 i=1

”

with the convention that the superscripts appearing in sums are to be considered “modulus 3”.

12



Proof. Let 7', 4? and +* be tree curves concurring at a triple junction O, and suppose without
loss of generality that v!(¢,0) = ~%(¢,0) = +3(¢,0) = O for every ¢ € [0,7) (for simplicity in the
following we omit the dependence on (t,0)). Differentiating in time this concurrency condition
we obtain that the velocity of the three curves at O are the same, that is

Crt 4+ =01 + RV

for every i, j € {1,2,3}.
Multiplying these vector identities by rtand ! and varying i, j, [, thanks to the conditions Zle =
S v = 0, we get the relations

¢'=—¢"2 V3R 2,

=2+ VBRT2,
Kt — _Ki+1/2 + \/§<i+1/2’
ki — _Hi—1/2 . \@Ci—1/2)

that leads to
o i—1 _ pitl
\/g 9
_ i+l il
oGt
V3

which implies
3 3
I
i=1 i=1
and so we obtained both (4.1) and (4.2). Now we differentiate in time the angle condition Zle Tt =
0, getting 327 | (95" + ¢'s*)1* = 0. The fact that also 3°_, v/ = 0 implies
Osk’ + C'K' = Oui? + (V7 .
Thus
0= (0sk' + ¢'K1) Z Zfi"@sﬁz—i—(ﬂmﬂz.
i=1 i=1
We pass to show (4.5). Keeping in mind (4.1) and (4.2), we obtain
\/éz Cllizatlﬁl _ Z (nzfl o I€7'+1) KO K
i=1 i=1

[(le)? _ (Kz‘—l)Q} Ol

=1

<.
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and

3 3
V30, D¢ () = VB 0, (k)7 + 20 Ok
i=1 =1

3
(8,5%;"*1 . at,{iﬂ) (Ki)Z + QZ (Rifl . ﬁi+1) KO

1 =1

M-

K2

I
\M“

[(Hi—&-l)Q _ (Hi—l)Q Tookikil QHik,i—o—l} Oy’

=1

Il
[M]

[(ni+1)2 - (Hi_l)z (ki 4 DR o 2(ki 1 Hi-i—l)ﬁi-i-l] Oyt
1

.
Il

I
F‘%w

{(Hi_‘—l)Z - (/ﬁi_l)Q] Ok,

=1

and so equality (4.5) is proved.
O

Lemma 4.2. Let Ny be an initial reqular tree-shaped network with end—points P1, ..., P* € 98 (not
necessary fixed). Suppose that N is a solution to the motion by curvature in [0,T) with initial datum
Ny such that the square of the curvature at the end—points of Ny is uniformly bounded in time by some
constant C' < 0. Suppose that for every point P € Ny there is a path from P to an end—point on 9
composed of at most n curves of No. Then there exists a constant D(n) depending only on n such that it
holds

62 < 472C + D(m) ] 2 sl 2 (4.6)

Proof. Let us start from the simple case of a network N, composed of five curves, two triple
junctions O, 0? and four end-points P!, P2, P3, P* on Q. In this case n = 2. We call +¢, for
i € {1,2,3,4}, the curve connecting P’ with one of the two triple junctions and +° the curve
between the two triple junctions (see Figure 5).

P2

P4
P3

Figure 5: A tree-like network with five curves.

Fixed a time t € [0,7T), let P € v C A, for a certaini € {1,2,3,4}. Then
. . . P
['(P)]* = ["(P)]? + 2/ kksds < C + 2|k L2 ]|0sk] L2 ,
Pt

hence, for every P € N; \ 7° we have

[ (P)]? < C + 2||f] 2 | 0srill 2
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Assume now instead that P € +°. By the previous argument for all i € {1, 2, 3,4} we have

[ (ON]? < C + 2|6l L2]|0s5 2
[6*(O")]* < C + 25| L2]|0sk ] 2 -

Moreover by (4.2) we have x%(O!) = —k! (O!) — k?(O!) and £*(0?) = —k3(0?) — k*(0?), hence

[°(ON)]? < 4C + 8| ]| 2|05l e
[57(0%)]* < AC + 8|5 2 |0l = -

Arguing as before, we get

P P

W (P)? = (5O +2 / e ds.

Kyt ds < 4C + 8|5l 12|19,k 12 + 2/
Ol

(@]

In conclusion, we get the uniform in time inequality for N}
[K]|70 < 4C + 10|k 12 |05k £2-

In the general case, since N; are all trees homeomorphic to Ny, we can argue similarly to get the
conclusion by induction on n. O

Lemma 4.3. Let Q C R? be open, convex and regular, let Ny be a tree with end—points P, ..., P* on

OQ and let Ny be a smooth evolution by curvature in [0,T) with initial datum Ny. Suppose that during
the evolution the end—points P, ..., P* either are fixed or there exist uniform (in time) constants C;, for
every j € N, such that 4 ‘

|03k (P", )] +105C(P, 1) < Cj 4.7)
forevery t € [0,T) and r € {1,...,¢}. Then ||x||2 is uniformly bounded on [0,T) by v/2[||(-, 0)[|22 +
1], where

T = min {T, 1/8C (||k (-, 0)]|22 + 1)2} .
Here the constant C' depends only on the number n € N of Lemma 4.2 and the constants C}.

Proof. By direct computations and the relation (4.4) we have
Gt/ k2 ds :/ 2k0¢k + /€2(8S( — /{2) ds

:/ 2k (02K + 0skC + 1) + K2(0s¢ — K?) ds

t

‘
—2(05k)* + Kt ds + Z 2604k + (K2

It
>

at the end—point P"

3
> 2kP 0P+ (P (R

p=1i=1 at the 3—point OP
m 3
< -2/ 0k’ds+ / Kds + 30 ¢ (k7)) +LCoCh
N Ni p=1i=1 at the 3—point O?
< —2/ Dsk ds + |\k||%oo/ E*ds + C|s|3e + C. (4.8)
Nt t

By estimate (4.6) and the Young inequality, we then obtain

3 3
IKl|Ze < Cn + Cullll22110skll 72 < Cr + €ll0sklTz + Crcllsllg2

sl Zoell5lIZ> < Cullslliz + Dallsl72ll0sk] 2 < CullsllZz + ellOsklZz + Cnellllzz
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for every small € > 0 and a suitable constant C,, ..
Plugging these estimates into inequality (4.8) we get

8t/ ks < = 2/|0sk[1” + [[El|7 = [EI” + Cllkl}~ + C
N
< = 2)10uk)* + Cullkl|Zz + €0kl 72 + Crcllkllf2 + Cn + €llsril|72 + CrcllklZz + Ca
3
gc( / kst) Yo, (4.9)

Where we chose ¢ = 1/2 and the constant C' depends only on the number n € N of Lemma 4.2
and the constants in condition (4.7).
Calling y(t) = [ N, k*ds + 1, we can rewrite inequality (4.9) as the differential ODE

y'(t) < 2Cy° (1),

hence, after integration, we get

1
MORp——
2o — ACt
and, choosing T as in the statement, the conclusion is straightforward. O

Lemma 4.4. Let Q C R? be open, convex and regular, let Ny be a tree with five curves, two triple
junctions O, O and four end-points P, P2, P3, P* on 09, as in Figure 5, satisfying assumption (4.7)
and assume that N, for t € [0,T), is a smooth evolution by curvature of the network Ny such that ||| 2
is uniformly bounded on [0,T).

If the lengths of the curves of the network arriving at the end—points are uniformly bounded below by some
constant L > 0, then ||0sk|| 2 is uniformly bounded on [0, T).

Proof. We first estimate ||0sx|2  in terms of |05k 2 and ||02k|| 2.
Fixed a time t € [0,T), let Q € ' C N, for some i < 4. We compute

. o Q
O (QF = Ok (PO +2 [ 0k02kds < C +2]0uk| 120 2
Pi
hence, in this case, ‘
[0:5"(Q))? < C + 2|\ 0k 2|02 2 ,

forevery Q € Ny \ 7°.
Assume now instead that Q € 7°. Recalling (4.3), we get

0.7 (01) = 8.k (O1) + ¢ (01K (01) = (PO (0)
hence,
[0a°(O1)] < |05 (O] + Cllr [
< [0uK"(OY)] + Cll] L2 0kl 2 + C
< [0.K1(OY) + C (1 + 105 2)
by Lemma 4.3. Then,
[0:17(ON)]? < 2[0:6"(ON)]? + C (1 + (|05 17 2)

and it follows

Q
[0:5°(Q)]? = [0:x°(ON]? +2 Dsk02k ds
Ol
) Q
< 200,61 (ON)? + C (1 +10skl72) + 2/ Dsk0%k ds
Ol
< O+ ClloskllTs + 20105 L2 1025 2
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since, by the previous argument, we have [k%(O')]?, [¢1(0?%)]? < C + 2||0sk||1202k]| L2, for all
1 € {1,2,3,4}. Hence, we conclude

0k ]| Zoe < C + Cll0sh72 + 2] 0t 2|0 2 -

We now pass to estimate ||Jsx|| 2:

8t/ (Dsk)? ds :/ 20,k0; 05k + (05k)2(05¢ — K?) ds

:/ 205k (02K + 026C + 4K205k) + (05K)%(05¢ — K7) ds

t

¢
:/ —2(9%k)? + TK%(0.k)* ds + Z 20,k0%K + ((0sk)?

r=1 at the end-point P"
m 3
=35 20,kP2RP 4 (P (DR
p=1i=1

§—2/ 832/12ds+7/ k?0,k2 ds + £C1Cy
N,

t

at the 3—point O”

2 3
ST S 20k ke 4 (7 (0K

p=1i=1

(4.10)

at the 3—point O?

Now we use (4.5) to lower the differentiation order of the term 27 | 9502, From the formula
Ok = 02k + 0skC + k? and from the fact that Zl L Ot =0y Zl 1KY =0, we get

3 3
Z 8s/£i(9§/<:i = Z B,k [@/ﬁt — POkt — (Ksi)g]
i=1

3 3
_ Z(aslii_"_gi i_CiHi)atni_Zci (asﬁ?i)2+(l‘$i)385f€i
i=1 i=1
3
= 2(6 K —&—C%Z 6tf£ —ZCZ L0,k —ZCZ 3 K, ( i)368143i
i=1 i=1

_ _ath ) /3~ Zc (0u57)* + () 0uri

at the triple junctions O' and 0%, where we used the fact that dsx° + (‘" is independent of
ie{1,2,3).
Substituting this equality into estimate (4.10), we obtain

2 3
O aﬁdsgfz/ 8fm2ds+7/ 202 ds + 33 2 (k7)) 0,k + (P (9,k77)
Nt t Nt

p=1i=1
2 3
+20, 3 ¢ (k)7 /3

p=1i=1

at the 3—point OF

+C

at the 3—point O”

2 3
< - 2/ 02k% ds + C[k[172 110kl 7~ + Y > 2 (k™) S OkP + P (kP
Ny

p=1i=1

at the 3—point O”

+20, i i ¢ (k) /3

p=1i=1

+C. (4.12)
at the 3—point O?
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Using the previous estimate on ||0;%/| o, the hypothesis of uniform boundedness of ||x| 2> and
Young inequality, we get
Kl Z2 10sk]| 7o < €'+ CllOsKIT2 + ClOsrill 2 03K 2
< C+ C|0sk1 72 + Ccl|0sk| 2 + el| 03| -
= C + Cc[|0sk]|L2 + e 07KlIZ:
for any small value € > 0 and a suitable constant C..

We deal now with the boundary term 57, 2 (ni)3 sk’ + ¢ (8sni)2.
Combining (4.3) and (4.2) it follows that (8, + ¢k)* S2°_, ¢ = 0, hence,

=1
3 3
ST () = = S0 (E) () 2 (¢ KBk,
=1 =1

then, we can write

w

Zz ()" 0,k + ¢ (9sr")" = Zz () 0sr" — (¢)* ()" = 2/(¢%)* K"
= > 2()’ — (¢) Ao = 30 (<)’

i=1 i=1
3 3

=200k +Ck) D (5) — (¢) R+ D () (w)7 - 2¢ (57)°

=1 =1

At the triple junction O, where the curves v!,7? and +® concur, there exists i € {1, 2} such that
|k1(OY)| > &, where K = max;c(1 2,55 |k7 (O], hence at the 3—point O

3

3 m—&—(k zj:l i+z (Cz)?’ (51)2 _QCi (ﬁi)zk

=1
< CK® 4 C|0,£ (OY)| K3
< ClEH(ONP + Closs' (01| (0N
< O[S i) + CllOsk" '

CON

By hypothesis the length of the curves v! and fy is uniformly bounded away from zero, so we
can estimate C H/{iVert5 41y T Cllosk Ul Lo (y via Gagliardo—Nirenberg interpolation
inequalities. We get

. . L
1Kl Lo 1y < ClOZR'I2

i B 2 i|%
("/i) + L?HH ||L2(’Yi) S C”@SH HLz(,yi) + CL

. .3 . B . .3
105" | oo (1) < C||852"€1||z2(¢')||"fl||£2(7i) + E‘|“1||L2('yi) < CHasQ’#Hz%yi) +Cr,

hence,
Ol oy + I e ) 19 812 g0y OO o oy +C < 202K 3y +C
Loo (y) i s i) > S L2(~1) s L2 (1) L > s L2(~) L, -
Thus, finally,
> > 3, N2 4
2(0sk+Ck) Z ’—i—z ()" (k") —2¢" (v < 5||8§/€7’||2L2(,Yi)+CL,5 < ¢|0%k||3:4+Crc -
i=1 i=1
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Coming back to computation (4.12), we have

2 3

at(/M 0 ds — 233 ¢ (k)? /3

p=1i=1

< _2/ 6352(13 + C”asFCH%’.’ + 5”83%”%2 + CL,E

at the 3—point OT’>

t
<2 [ o2ds + Clounls + 2208 — Crcl e + O
N

2 3

<Cp. (/N Our?ds —23° 37 ¢ (k1) /3

p=1i=1

) +CL,67

at the 3—point OF

where we chose ¢ < 1. ,

By Gronwall’s Lemma, it follows that [|0sr[|2, — 2 2127:1 S (kM) /3 is uni-
at the 3—point O?

formly bounded, for ¢ € [0,T), by a constant depending on L and its value on the initial network

No. Then, applying Young inequality to estimate (4.6) of Lemma 4.2, there holds

3/2 3/2
[8][30e < C 4 Ok 0sk]357 < C + Cel|rl|S2 + e]|0sk |22 < Ce + ]| skl

as ||&||rz is uniformly bounded in [0,T). Choosing ¢ > 0 small enough, we conclude that also
|0s| L2 is uniformly bounded in [0, T'). O

5 Behavior at singular times

The aim of this section is to improve Proposition 2.5. We show that the length of at least one
curve must go to zero. Moreover, if we suppose that N; is a flow of regular tree-like networks,
then we prove that at the singular time the curvature remains bounded.

5.1 Vanishing of curves

Proposition 5.1. Let T € (0, +o0) and let Ny be a maximal solution to the motion by curvature in [0,T).
Then the inferior limit of the length of at least one curve is zero, ast — T.

Proof. Assume that T' < +o0 is the maximal time of existence and suppose by contradiction that
lengths of all the curves of the network are uniformly positively bounded from below. Then,
by Proposition 2.5, as t — T' the maximum of the modulus of the curvature goes to +0c0. We
perform now a parabolic rescaling at any reachable, interior point py € Q. By Lemma 3.4 we
get that the limit network flow is a static flow of either a straight lines with unit multiplicity,
or of a standard triod with unit multiplicity. In both cases O(po) < 3/2. If instead we rescale

at an end-point P" € 0 we get the static flow of a halfline and @(po) = 1/2. Notice that if
we parabolically rescale the flow xzy € Q \ R, then the blow—up limit is the empty set, and so

~

©(x0) = 0. By Corollary 3.7, we then conclude that the curvature is uniformly locally bounded
along the flow, around such point py. By the compactness of the set of reachable points R, this
argument clearly implies that the curvature of the whole N; is uniformly bounded, as ¢t — T,
which is a contradiction. O

We have just shown that if as ¢ — T the length of all the curves of the network remains uniformly
bounded away from zero, then as ¢t — T the curvature does not blow up and the flow is still
smooth.

It remains to understand if as ¢ — T either the (inferior) limit of the length of at least one curve is
zero and the curvature explode, or we have a change of topology with bounded curvature.
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5.2 The curvature remains bounded
We state here two lemma on the regularity of the evolving networks needed to prove Theorem 5.4.

Lemma 5.2. Given a sequence of smooth curvature flows of networks N in a time interval (t1,t2) with
uniformly bounded length ratios, if in a dense subset of times t € (t1,ta) the networks N converge in
aball B C R?in CL., as i — oo, to a multiplicity—one, embedded, C°°—curve ~y; moving by curvature
in B D B, for t € (t1,12] (hence, the curvature of ~y; is uniformly bounded), then for every (z¢,to) €
B X (t1,t2], the curvature of N is uniformly bounded in a neighborhood of (x¢,to) in space—time. It
follows that, for every (xo,to) € B X (t1,t2], we have N — ~y; smoothly around (o, to) in space—time
(possibly, up to local reparametrizations of the networks N).

Proof. See [20, Lemma 8.23]. O

Lemma 5.3. Let X be the static flow given by a standard triod centered at the origin and let N} for
t € (—1,0) be a sequence of smooth curvature ﬂows of networks with uniformly bounded length ratios.
Suppose that the sequence N} converges to X in CL._ for almost every t € (—1,0), as i — oc. Then the
convergence is smooth on any subset of the form Br(0) x [t,0) where R > 0 and -1<t<0.

Proof. One gets the desired result repeating the arguments presented in [20, Lemma 9.1]. O

Theorem 5.4. Let Ny be a reqular initial network and let Ny be a maximal solution to the motion by
curvature in the maximal time interval [0,T) with initial network Ny. Let po be a reachable point for
the flow such that the sequence of rescaled curvature flows N2 around (py,T) as i — oo, converges, in
CLY W22, for almost all T € (—o0,0) and for any o € (0,1/2), to a standard cross N'>°. Then,

loc loc”
|k(z,t)| < C < 400
forallt € [0,T) and x € (0, 1] such that p = ~(x) is in a neighborhood of po.

Proof. By the hypotheses we can assume that the sequence of rescaled networks A con-

1/(2+5)
verges in I/V1 as i — 09, to a standard cross (which has zero curvature), for some § > 0 as small
as we want.

By means of Lemma 5.3 and Lemma 5.2, we can also assume that, for R > 0 large enough, the
sequence of rescaled flows N2 converges smoothly and uniformly to the flow N>°, given by the
four halflines, in (B3r(0) \ Br(0)) x [-1/2,0). Hence, there exists iy € N such that for every
i > ig the flow V; in the annulus B3y, (z0) \ Br/x, (20) has equibounded curvature, no 3—points
and an uniform bound from below on the lengths of the four curves, for ¢t € [T — \;2/(2+6),T).
Setting t; = T — A, 2 /(2 + §), we have then a sequence of times t; — T such that, when i > 4,
the above conclusion holds for the flow V; in the annulus B, T (z0) \ B and

oc”’

2T, (%0)
with ¢ € [t;,T), we can thus introduce four “artificial” moving boundary points P"(t) € N; with
|P"(t) — xo| = 2R+\/2(T — t;), withr € {1,2,3,4} and ¢ € [t;,T), such that the estimates (4.7) are
satisfied, that is, the hypotheses about the end-points P(t) of Lemmas 4.2, 4.3 and 4.4 hold.

As we the sequence of networks A ) converges in W2 to a limit network with zero curva-
ture, as i — 0o, we have

—1/(2+6

lim Kk =0, that is, K do <e;,
H HLZ(B&R(O)ON 1/ees) /BJ.R(O)QN 1/(2+6) o

for a sequence €; — 0 as i — oco. Rewriting this condition for the non-rescaled networks, we have

/ k2 ds < & )
ngm(m)ﬁ/\/}i 2(T — t;)
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Applying now Lemma 4.3 to the flow of networks \; in the ball B, , ~ T tv)(xo) in the time

interval [t;, T'), we have that [|k|| 725 z0)nA;) is uniformly bounded, up to time

2R 2(T—ti)(

. 2 2
E = t7 -+ min {T, 1/80 (Hk||l’2(B2R 2<T_ti>(‘”0)”Nt7;) + 1) } .
We want to see that actually 7; > T for i large enough, hence, [|k||z2(B,(z0)nn;) is uniformly
bounded for ¢ € [t;, T). If this is not true, we have

_ 1

i =1t

2
8C (HkH%Q(BZR S(@o)Ne,) T 1)

2(T—t;

1
=t 8C (Ei/\/Z(T—ti) + ].)2
2(T —t;)
8C (g, + /2T —1))°
2
tm(&ma+ 2@—@”2_Q’

:tz+

=T+ (2T -

which is clearly larger than T', as ¢; — 0, when i — oc.

Choosing then i; > i large enough, since ||k||z>(5 (z0)n A7) is uniformly bounded for all

2R, [2(T—t;))
times ¢ € [t;,,T) and the length of the four curves that connect the junctions with the “artificial”
boundary points P"(t) are bounded below by a uniform constant, Lemma 4.4 applies, hence,
thanks to Lemma 4.2, we have a uniform bound on Hk”Loc(BZR\/m(IO)m Ny fort €00,7). O
Proof of Theorem 1.1. Let N, be a smooth flow in the maximal time interval [0,T) of the initial
network N. Let us consider a sequence of parabolically rescaled curvature flows N around
(zo,T). By Corollary 3.3, if we suppose that py ¢ 92 N'R, then N>° can only be the static flow
given by:

e astraight line;
e a standard triod;
e fa standard cross.

By White’s local regularity theorem [22], if the sequence of rescaled curvature flows converges
to a straight line, the curvature is uniformly bounded for ¢ € [0, T)) in a ball around the point py.
Thanks to Theorem 3.6 the same holds in the case of the standard triod. In this case of a standard
cross the fact that the curvature is locally uniformly bounded during the flow, around the point
po is granted by Theorem 5.4. If instead py € 99, the only two possibilities for N'>° are the static
flows given by:

e a halfline;

e two concurring halflines forming an angle of 120 degrees.
For both these two situation the thesis is obtained as in the case in which py € Q by a reflection
argument. O
5.3 Limit networks

Now we know that the curvature is uniformly bounded along the flow, we can show that the
length of the curves of the evolving network converge to a limit as ¢ — 7. Clearly, if 7" is a
singular time, then at least one of these limits must be zero.
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Lemma 5.5. Let N; be a maximal solution to the motion by curvature such that the curvature is uniformly
bounded in a time interval [0, T). Then the lengths of the curves of the network L'(t) converge to some
limit,ast — T.

Proof. For every curve v'(-,t) and for every time ¢ € [0,7) we have

dL(t)
dt

:gi(l,t)—ci(o,t)—/ k% ds. (5.1)

Yi(st)

If v(t, 1) is an external vertex, then it is fixed during the evolution and so ¢(¢,1) = 0. If (¢, 0) or
v%(t, 1) are triple junctions, by (4.1) we can express ((¢, -) as a linear combination of k(¢ -) and
k'71(t,-). Hence if the curvature is uniformly bounded, then by formula (5.1), any function L’ as
a uniformly bounded derivative and the conclusion follows. O

Lemma 5.6. If M1 holds, there exist the limits x; = lim,_,7 O%(t), for i € {1,2,...,m} and the set
{@; = limy_7 O(t) | i = 1,2,...,m} is the union of the set of the points x in Q where ©(z) > 1 with
the set of the end—points of S, such that the curve getting there collapses as t — T.

Proof. See [20, Lemma 10.8]. O

Proposition 5.7. Let Q) be a bounded, convex and open subset of R%. Let Ny C 2 be an initial reqular
treelike network composed of N curves, with m triple junctions O', ..., O™ and possibly with ¢ external
vertices P', ..., P* € OQ. Let N; = vazl v%([0, 1], t) be a maximal solution to the motion by curvature
in the maximal time interval [0, T) with initial datum Ny. Suppose that the Multiplicity—One—Conjecture
holds true. Then as t — T the networks N, up to reparametrization proportional to arclength, converge

in C* to a network Ny = | JM, 7i-([0, 1]) composed of M curves with positive length with M < N. For
i€{1,..., M} the curves 3i-([0, 1]) belong to C* N W?2:>°. Every multi—point of the N is

o cither a reqular triple junction;

e or a 4—point where the four concurring curves have opposite exterior unit tangent vectors in pairs
and form angles of 120/60 degrees;

and the termini on 0S) are
o cither external vertices of order one;

e or 2—points where the two concurring curves form an angle of 120 degrees.

Figure 6: Collapse of a curve in the interior and at an end-point of N;.
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Proof. First of all we note that by Lemma 5.5 there exist the limits of the lengths of the curves
LY(T) = limy_,7 L'(t), for every i € {1,2,..., N}. Some of these limits can be zero, we suppose
that LY(T),..., LM(T) are different from zero, with M < N.

We reparametrize the curves of N; proportionally to their arclength and we relabel them as
Fi(-,t) : [0,1] — R2. We claim that for such a choice of the parametrizations, the velocities 9,7
are uniformly bounded in space and time. Indeed the normal velocity is the curvature, which
is uniformly bounded. Thanks to (4.1) we can express the tangential velocity of a curve at the
junctions as a linear combination of the curvature of the other two curves, so also the tangential
velocity at the junctions is uniformly bounded. Moreover the endpoints on 952 are fixed during
the evolution, so their tangential velocity is zero. Thus for every i € {1,...,N} and ¢t € [0,T)
there exists a constant C such that |C?(t,0)| < C, |Z ‘(t,1)|] < C. It remains to deal with the tangen-

tial velocity Ci(t,x) for z € (0,1). Because of our specific choice of the parametrizations we have
0,7 (t,2)] = L('(t)), hence [ 0.7 (2)(t, )| dz = L(v*(t))x with z € (0,1). By (5.1) we have

o [ 0.7t 0)lds = 2L (1) = (E01) - Tie.0) - [

(k%)? ds) x. (5.2)
7 ()

Keeping in mind that we are working with the tangential velocity

Ei(t7x) = <8t:7\i(ta'r)77-i(tvx)> ’

we can write

9,Ci(t, ) = (8,04 (t,x), 7' (t,2)) + (07" (t, x), 0, 7" (t, 2))
= (0,07 (t,), 7' (t,2)) + (07 (t,z), LT (1)) 07 (¢, 7))
= (0.0 (t,2), 7' (t, ) + (k' (t, 2)v" (t, 2) + C'(t,2)7" (t, ), LE (1)K (t, 2)v (¢, 7))
= (0,07 (t, ), 7 (t,2)) + L' (1)) (k' (¢, 7))

This gives

9, /0 10,7 (¢, 2)] dar = /O (80,7 (t,2), 7 (t, 2)) do = /O 0,8(t,z) — LA (1) (K (¢, 2))2 dz,

(5.3)
hence, comparing (5.2) and (5.3), we finally deduce that for every z € (0,1), ¢t € [0,7) and
i€ {l,...,N}, wehave

i) =00+ 10 [ 02 an s (Ee0 =T - [ wras)a

and by the boundedness of «*, ('(0),

%(1) the claim follows. So there exists D > 0 such that for
any z € [0,1] and every pair ¢,t € [0,T)

t
R0 =70l < [ Fife.6)lde < Dle—7.

This implies that 7(-,¢) : [0,1] — R? is a Cauchy sequence in C°([0, 1]), hence the network \;
converges uniformly to a limit family of continuous curves 7% : [0,1] — R?, as t — 7. Without
loss of generality we can suppose that (0,0) € Q. We have

sup |¥(t,x)| < diam(Q) < +o0,

z€[0,1]

sup |0,7(t,x)| = L'(t) < L(Ny) < +o0,
z€[0,1]

sup |8§"?1(t,x)| = sup L(t)|s'(t,z)] < CL(Np) < +o0,
z€[0,1] z€[0,1]
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Hence, the family of curves 7'(¢,z) composing the networks N, converges in C!, as t — T,
to the family 7% composing Np and by the uniform bound on the curvature, all the curves 7.
belong to W2°°. In particular, for i € {1,..., M} the curves 7}, are parametrized proportionally
to arclength and fori € {M +1,..., N} we have that §%. are constant maps.

We deal now with the convergence of the unit tangent vectors. We observe that if we denote with
s the arclength parameter, we have

ot (x,t)|  |07(s,1)
or - Os
for some constant C, hence, for every sequence of times ¢,, — 1" have a — not relabeled — subse-

quence such that the maps 7*(-, ¢,,) converge uniformly to some maps 7. For any curve 7' (t, z)
and for any z,y € [0,1] and ¢ € [0, 7)) we also have

Li(t) = |k'(s,t)|L(t) < CLi(t) < C?,

, . 1 , ,
sup |T'(t,x) = T'(t,y)| = 55 sup [0 (8, @) — 0" (8, y)

a:,yE[O 1] L (t) T yE[O 1]
< = sup / |02~ ()| dt = sup / | () (LE(E)2dt < |z — y|CLi(t).
L z,y€[0,1] z,y€[0,1]
Consider i € {1,..., M}, that is L(¢) does not go to zero and the curve 7% is a regular curve. It

is easy to see that the limit maps 7 must coincide with the unit tangent vector field to the curve
i, hence, the full sequence 7 (-, t) converges to 7.
Ifinstead i € {M +1,...,N} and LY(T) = 0, then the limit as t — T of

sup |Ti(t,.’L‘) — Ti(t,y)|
z,y€[0,1]

is zero. Then, for every z € [0, 1] the maps 7*(t,,, z) converge to a constant unit vector 7.

Call v a curve whose endpoints are two triple junctions O, 0? and for i € {1,2} call ¢*,¢? the
other two curves concurring at O'. Suppose that the length of v goes to zero and the lengths of
©", 9" remain strictly positive, as ¢ — 7. Thanks to the information we have collected and the
angle conditions at the triple junctions in the limit N7, the two triple junctions O, O? coincide
and the four curve ¢!, p? 1!, ¥? concur at the junctions, forming a four point where the unit
tangent vectors form angles of 120 and 60 degrees.

Now call v a curve with one internal and one external vertex P € 952 and ¢, v of the other two
curves that concur at the common triple junctions. Suppose that the length of v goes to zero
and the lengths of ¢, 9 remains strictly positive as t — T'. If we symmetrize the initial network
around P (central symmetry with center P) and then we let evolve this network, then we have a
flow or regular networks and the symmetry is preserved during the flow. So, as t — T/, the triple
junction O and it symmetric one O’ coalesce onto P. This is exactly the phenomena described in
the previous case. Looking only at the original curves, at 7" we have that two curves arrived at P
and their unit tangent vectors form 120 degrees.

To conclude the proof we must exclude that the length of two adjacent curves goes to zero as
t — T. Recalling now Lemma 5.6, it is enough to analyze the flow locally around every point pg
which belongs to the set of the limits of the triple junctions {O7(t)}, as t — T. If the point py is
the limit point of a single triple junction O’(t), clearly locally around py no curve is vanishing.
Suppose that the curve 7(-,t) (at least) collapses with its end—points going to py. We perform
a parabolic rescaling around (po,T"). The self-similar shrinking limit flows which we obtain in
this way must be among the ones in Corollary 3.3: a static flow of line, a standard triod or a
standard cross. The first two cases are clearly excluded, since it would hold (:)(zo) < 3/2, then
Corollary 3.7 would tell us that the flow is locally smooth and there is no collapse of curves.
Hence, the only possibility is a standard cross (which has a core composed only of a collapsed
curve). This actually implies that at py there are no collapsing curves other than v*(-, t) and only
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its end—points (among the triple junctions) are converging to py. As

) ) ta to )
|01<t2>—0J<t1>|:/ vﬂ(é)ds]</ 0 (6)| de < Dlts — ],
t1 t1

for every triple junction O’ (t) converging to po, for every t1, ¢ € [0,7), hence
|0 (t) — x| < D|T —t]

for every ¢ € [0, T), we have that its image O/ (7), after performing the parabolic rescaling proce-

dure, satisfies

_[09(t(r) — 2| _ DIT ~(r)]
V2(T = t(r)) ~ 2T - t(7))

which tends to zero, as 7 — +oo, in particular, all the triple junctions converging to pg cannot

“disappear” in the limit (going to infinity). As the core of the standard cross is a single line, the
above claim follows and the collapsing curve v'(-, t) is “isolated”, as in the statement. O

|07(7)|

= DV(T = 1(r))/2,

Proof of Theorem 1.2. We only have to show that the curves of N are actually C2. By means of
Lemma 4.4, ||0s5/ 2 is locally uniformly bounded on [0, T), which implies that the convergence

of the non—collapsing curves of V; to N7, as t — T, is actually in C? _ and we are done. O

6 An example of a Type-0 singularity

We have proved that during the flow of regular tree like network the curvature remains bounded,
even if the length of a curve goes to zero. We finally show that our main theorem is sharp in the
sense that the coalesce of two triple junctions during the flow might actually happen.

Consider an initial regular smooth network N, composed of five curves, which is centrally sym-
metric, in the convex domain (2 (also centrally symmetric). Suppose that four curves have one
end—point fixed on 0f2 and there are two triple junctions (see Figure 7).

N ——

M

Figure 7: The networks Ny and M.

If the triangle given by the two end—points in the upper half plane and the origin has the angle at
the origin greater than 120 degrees, then there exists only one minimal network M connecting the
four end—points of N on the boundary of Q. During the smooth curvature flow N; of N (that
maintains the central symmetry) the curvature is bounded and either a singularity develops or
the flow NV; is smooth for every positive time. In this second case, by Proposition 13.5 in [20] (a
standard energy-based argument), as ¢ — +oo, the network A; converges in C*! to M, which is
not possible because of their different geometric “structures”. Hence, at some time 7' < +oo a
Type-0 singularity must develop and the only possibility is the collapse of the “central” curve of
M, by its symmetry.
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