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Abstract

We determine the probability thresholds for the existence of monotone paths, of finite
and infinite length, in random oriented graphs with vertex set N[k], the set of all
increasing k-tuples in N. These graphs appear as line graph of uniform hypergraphs
with vertex set N.

1 Introduction

In this paper we are interested in oriented graphs with vertex set NW, the set of all
increasing k-tuples of elements of N. We recall that an oriented graph G is a pair of sets
(Va, E), where Vi is the set of vertices and Eg C Vi X Vi is the set of edges of G, such
that (a,b) € Eq implies (b,a) € E¢ for all a,b € V.

We point out that such graphs naturally arise as line graphs of k-uniform hypergraphs
with vertex set N [VV:09]. Indeed, every k-edge of such a hypergraph is an element of
N [k], and we can uniquely associate to the hypergraph the line graph with vertex set N [k],
where two vertices are linked if the two corresponding hyperedges have intersection of a
prescribed type.

A random subgraph of G is a random choice of its vertices: more precisely, we associate
to each vertex v € Vi = NI a measurable set X, C Q, where (€2, u) is a given probability
space. We recall that G can be equivalently defined by means of a u-measurable function
X :Q — 2Y6 such that X, :={w € Q: v e X(w)} for all v € Vg.

Notice that we consider graphs with random vertices rather than random edges, as this
class of graphs seems more natural for the questions we address in this paper. However,
for the sake of completeness, in Section 4.5 we briefly discuss the case of random edges.
The main problem we study in this paper is whether a random subgraph X (w) of G
contains an infinite path for some w € 2.

Problem 1. For all v € Vi = N¥ let X, be a measurable subset of a probability space
(Q, u), with p(X,) > X € [0,1]. We ask for which values of A there exists an infinite
sequence of vertices v; of G such that (v;,v;y1) is an edge of G for all i € N and ;o X,
is non-empty.
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In order to answer to Problem 1, we have to compute the threshold

AG = sup{ inf  p(X,): X random graph without infinite paths} (1.1)
’UEVGZN[k]

and we also want to estimate the probability
p({w € Q: X(w) contains an infinite path})

that the random graph X contains an infinite path, in terms of the parameter \.

Problem 1 was first posed in [EH:64] for the graphs G defined in Section 3.3, that is,
Ve, = NI and (vi,v2) € Eg,, with vi = (ig,...,ik—1) and v2 = (Jo,...,jk—1), if and
only if jy = ip4q for all £ € {0,...,k —2}. A complete solution of Problem 1 for k = 2
(k = 1 being trivial) was given in [FT:85], where the authors show that an infinite path
necessarily exists if A > 1/2, while there are counterexamples for A < 1/2. In the paper
[BMN:12] we present a different proof of this result, relying on the theory of exchangeable
measures introduced by De Finetti in [DF:30] and later developed by many other authors
(see [A:08] and references therein).

In this paper, following the approach of [BMN:12], we provide a solution to Problem 1 for
a class of graphs which includes the graphs Gy, for all k € N (see Theorem 4.5).

An important notion in this paper is the joint contractability of measures (see Section 3
and [K:92, K:05]), which extends the notion of exchangeability by demanding a smaller
class of symmetries. For such measures there is a remarkable representation theorem
(Theorem 3.1) due to Kallenberg [K:92], which is crucial for the present work. Using this
representation, we are able to reformulate Problem 1 as a variational problem on the unit
cube, which we then solve by combinatorial methods (see Lemma 4.1).

As discussed in detail in Section 4.2, if a random subgraph X of G has no infinite paths,
one can define a pu-measurable map ¢: ) — w?ﬂk] where ¢(w,v) is the rank of the vertex
v € Vi = N¥ in the graph X (w). It turns out that ¢, (u) is a compactly supported Borel
measure on w)', and that

o(X,) C A, = {x € w?lk] : Xy > Ty for allv’ such that (v,v') € Eg} :
As a consequence, in the determination of the threshold Ag, we can set Q) = wll\l [k], X, =A,,
and reduce to a variational problem on the convex set Ml(wll\ﬂk]) of compactly supported

. k
probability measures on w?ﬂ L

Ag = sup inf m(A,). (1.2)
mEMl(wll\][k])veN[k]

As a next step, we show that in (1.2) we can equivalently take the supremum in the

smaller class of all the compactly supported contractable measures on wll\ﬂk]. Thanks to
this reduction, we can explicitly compute A\ when G is a simple contractible graph (see
Theorem 4.5).

A closely related problem, which we discuss at the end of the paper, is finding the thresh-
olds for paths of finite length. We observe that this type of questions are reminiscent of



Turdn’s problem [DC:83], and the answer is expected to be difficult in general. We men-
tion that the case of paths of length 2 in the graphs G mentioned above has been already
considered in [TW:98], where the authors determine the precise thresholds for k& € {2, 3},
show upper and lower bounds for all £ € N, and make a conjecture for £ € {4,5}. In
Section 4.4, we determine the thresholds for all £ odd, thus confirming the conjecture
made in [TW:98] for k = 5, while the case of k even remains open.

2 Notation

Given p € N, we identify p with the set {0,...,p — 1}. Given a topological space S and
k € N, we let S/ be the set of all subsets of S of cardinality k, endowed with the product
topology, and we let SI=F be the set of all subsets of S of cardinality at most k. Notice
that, if S has cardinality k& € N, then S[=H = S[J) for all j > k and SISF = P(9) is the
part set of S. If S is ordered, we can identify S/¥ with the set of k-tuples (10y -y 0g—1)
with ig <« < ip_q.

Given a compact metric space A, we let AN he the space of all sequences with indices in
NI and values in A, endowed with the product topology, and M(AN[k]) be the space of
all Radon measures on ANM, endowed with the weak* topology. The subset Ml(AN[k]) -
M(AN[H) denotes the (compact metrizable) space of all probability measures on AN
We denote by w; the first uncountable ordinal and by Mc(wlfﬂk]) the set of all probability
measures on wll\][k] with compact support, that is, with support in aN[k] for some a < wi.
We let Incr(N) C NY be the family of all maps o : N — N which are strictly increasing,
and we let s : N — N be the shift map defined as s(i) =i+ 1 for all i € N.

As a general rule, given a map f we use the symbol f, (resp. f*) to indicate a covariant
(resp. contravariant) map induced by f. Due to possible iteration of the previous rule, we
still use the symbol % to sum-up a certain number of x’s, keeping the previous convention
in order to distinguish a covariant from a contravariant action. In particular, given a map
o : N = N we let o, : NF — NI be defined as o, (ig, . .. ,ix—1) = (c(io),...,o(ir_1)),
we let o + AN 5 ANY he defined as o* (7); = w4, for all i € N¥and we let

o*: ./\/l(AN[k]) — ./\/l(AN[k]) be the corresponding pushforward map.

3 Contractible measures and graphs

3.1 Contractible measures

Let k € N, let A be a compact metric space, and let m be a Borel probability measure on
AV We say that m is (jointly) contractible if m = o*(m) for all o € Incr(N).

Noice that, when k£ = 1, the notion of contractible measure reduces to the well-known
notion of exchangeable measure, introduced by De Finetti in [DF:30].

Given k € N and f : [0, 1]’“[91 — A, we let ¢ : NF xg[=F 5 NI be the composition
function, and f : [0, 1]N[§k] — AN be defined as the composition of f, and ¢*, that is

f:f*OC*v



NI . .
where f : ([0, 1]’“[9])N — AN [0, 1]N[Sk] — 10, I]N[k] k= Notice that f induces a

map fo : My ([0, 1JN") = My (AN,
Contractible measures admit the following representation [K:05, Theorem 7.15]:

Theorem 3.1. Let A be a compact subset of [0,1] and let m be a contractible measure on
ANH Then, there exists a measurable function f : [0, 1]k[§k] — A such that m = f*(ﬁ),

where L is the product Lebesque measure on [0, 1]N[Sk].

We observe that Theorem 3.1, in the particular case £k = 1, implies the representation
result for exchangeable measures due to De Finetti [DF:30] (see also [HS:55]).

3.2 Asymptotically contractible measures

We say that a measure m € /\/ll(AN[k]) is asymptotically contractible if there exists a
contractible measure m’ such that there exists the limit

m' = lim 6*(m).
min —co
6cIncr(N)

The following result can be proved as in [BMN:12, Theorem B.8|.

Proposition 3.2. Given m € M1(ANM) there exists o € Incr(N) such that the measure
o*(m) is asymptotically contractible.

Proof. Fix m € Ml(AN[k]). Given r € N consider the function f: NIl — Ml(AT[k])
sending © € N to 1*(m) € Ml(A’”[k] ). By Lemma 3.3 below, applied with M = Ml(AT[k]),
there is an infinite set J,. C N such that

lim  *(m) (3.1)
min(t)—o0
LGJ,LT]
exists in /\/ll(AT[k]). By a diagonal argument we choose the same set J = J, for all

r. Letting o € Incr(N) be such that ¢(N) = J, we claim that ¢*(m) is asymptotically
exchangeable. To this aim consider my, := (s*)¥o*(m) € /\/ll(AN[k] ). By compactness there
exists an accumulation point m’ € ./\/ll(AN[k]) of the sequence {my }ren, and we claim that

lim  6*c*(m)=m’. (3.2)

min()—oo
6clIncr(N)

Notice that the claim also implies that m’ is contractible. Indeed, given an increasing
function v: N — N, to show v*(m’) = m/ it is enough to replace 6 with fo~ in (3.2). Since
the subset of C' (ANW) consising of the functions depending on finitely many coordinates
is dense in C (AN[H), it suffices to prove that the limit

lim 0%c"(m) (3.3)

min(0)—o0
0€Incr(N)

exists in M1(A’"[k]) for all r € N and ¢ € NIl but this is just a special case of (3.1). O



We conclude this section by stating a topological version of Ramsey Theorem [BMN:12,
Lemma A.1].

Lemma 3.3. Let M be a compact metric space, let k € N, and let f : NE 5 M. Then
there exists an infinite set J C N such that there exists the limit

lim f(il,...,’ik).
(91,051 ) —>+00
(i1seerig) €T F]

3.3 Contractible graphs
We now introduce the class of ambient graphs in which we consider Problem 1.

Definition 3.4. Let G be an oriented graph with Vg = N for some k € N. We say that
G is contractible if

1. (a,b) € Eg = a; <b;forall 0 <i<k—1;
2. (a,b) € Eg = (0«(a),0.(b)) € Eg for all o € Incr(N).

We say that a map 7 : S; — Nis an order relation of length k € Nif S, = {ag,...,ar_1} C
N, with ap < -+ < ag_1, 7 is strictly increasing, and 7(a;) > a; for all 0 < i < k — 1. We
say that two order relations 7,7’ are equivalent if there exist 0,0’ € Incr(N) such that

o(a;) =0'(a}) and ocot(a;)=0"o7'(a;) forall0<i<k-—1.

We denote by & the set of all equivalence classes of the order relations of length k. Notice
that, since the set & is finite, we can assume that all the relations 7 € & are defined on
the same domain S C N, i.e. S, =S, = S for all 7,7 € &.

We say that the couple (v,v’) € NI x NI¥ satisfies the order relation 7 if there exists
o € Incr(N) such that v; = o(a;) and v, = o o 7(a;) for all 0 < ¢ < k — 1. Notice that
(v,v") and (v',v) cannot both satisfy the same order relation 7. Notice also that 7 can be
naturally extended to a function 7 : S.[rgk] — NI=H defined on all the r-tuples of elements
in S-. Given an order relation 7, we let

Yr={a; €Sr:i<k—1,7(a;) =a; forsome0<j<k—-1} CS;. (3.4)

Given C C &, we let Ge be the graph with set of vertices N*/| and such that (v,0') is an
edge of G¢ if and only if (v,v’) satisfies 7 for some 7 € C. Notice that the graph G¢ is
contractible for all C C &;.

Definition 3.5. We say that a contractible graph G is simple if it is eventually equal to
some graph G, i.e. if s7(G) = G, for some 7 € £ and n € N.

A relevant example of such graphs is the graph G, = (Vg, , Eg, ) with vertices Vg, =N [k]
and such that (v,v) € Eg, iff v} = v;q; for all i € {0,...,k —2}.

4 Probability thresholds

In this section we give an answer to Problem 1 under the assumption that G is a simple
contractible graph.



4.1 A variational problem in the unit cube

We first discuss a variational problem on the unit cube, which is related to Problem 1.
From now on, given a set A C [0, 1]° where S is a countable set, we set |A| :== £(A) where
L is the product Lebesgue measure on [0, 1]°.

Lemma 4.1. Let S be a set, let Sg C S be a finite subset, and let T : Sy — S, so that T*
maps [0,1]% into [0,1]%0. For all measurable functions f : [0,1]%° — [0,1] we let

Z:(f) = {2 € 0,1%: f(zlsy) > f(r*(x))} - (4.1)

If 7 has no cycles, we have

sup | Z,(f)] =1
£:[0,1]50—[0,1] w(r)

, (4.2)

where
w(t) :=1+max{n € N:3s€ Sy s.t.77(s) €Sy V1<j<n—1}>2.

Proof. Assume first that 7 can be extended to a p-periodic function 7 on the whole of S,
for some p € N. Let f : [0,1]% — [0, 1] and notice that

=0
It then follows
p—1 p—1
p(1=1Z(N) =21 Z-(N) = U (FY(Z())| = 1= |[(VFV(Z()] = 1,
j=0 J=0
which implies
Z(f)] < 1—]17. (4.3)

Observe that, by definition of w(7), we can find a w(7)-periodic function 7 : S — S such
that 7|s, = 7|s,. From (4.3) it then follows

We now prove the opposite inequality. By definition of w(7) there exists 5 € Sy such that
73(3) € Sp for all 1 < j < w(r) — 2. Let us consider the function
1 :
I = T e <0§j1§n£(§)—2 i)+ 5j> ’

where 1/(1 4+ ew(7)) is just a normalization factor in order to have f.(z) € [0,1], and
j = j(z) € N is such that Toi(5) = MAXG oy (7)o Tri(s). Notice that j(z) is well-defined
out of a set of zero measure. We then have

‘ZT(fE)‘ > il_rf(l)‘ZT(fE)’ =1-

w(7)

which gives (4.2). O



Notice that w(7) depends only only on (7, Sy) and is independent of S, so that for instance
one can substitute S with the finite set So U 7(S0).

Example 4.2. In the particular case where S = N, Sy = {1,...,k} and 7 is the shift map
restricted to Sy, i.e. 7(i) =i+ 1 we have w(7) = k + 1, so that

1
sup  |Z-(f)]=1——.
£:[0,1]% 1 k+1

4.2 A canonical probability space

Following [BMN:12], we reformulate Problem 1 as a variational problem on a suitable
space of sequences. For all w € 2, we consider the oriented graph X (w) < G whose
vertices are all v € Vg such that w € X,. Given v € N[k], we also let Y, C X, be the
subset of all w such that X (w) contains an infinite path starting from v, i.e. there exists
an infinite sequence {vy}ren, with v1 = v and w € N, Xy,

We recall that a partially ordered set admits a decreasing function into the first uncount-
able ordinal wy (called height or rank function) if and only if it has no infinite increasing
sequences, we can define a measurable map ¢ : 2 x N K] 5wy +1 by setting

sup o(w,v)+1 ifwe X,\Y,
{U’EN[k]:(U,U’)EEg,wEXU/}
plw,v) =19 if we X,
w1 if wey,.

For simplicity of notation, we still denote by ¢ the map ¢ : @ — (w1 + 1)N[k] defined as
p(w)y = (W, v).

Remark 4.3. We have p(w,v) = @, (w,v) where ¢q: Q — (w1 + 1)N[k] is the truncation
Yo = min(p, a), that we can equivalently define by induction on o < wy as

po(w,v) = 0
Ya(w,v) = sup{pg(w,v')+1: <a, (v,0) € Eqg,we Xy}

Notice that ¢(w,v) < wy iff there is no infinite path in X(w) starting from v, that is
w ¢ Y,, and in this case p(w,v) is precisely the height of the vertex v in X (w). Indeed,
if w € Y, then ¢(w,v) = wy by definition. On the other hand, if p(w,v) = w; then there
exists v such that (v,v) € Eg, w € X,y and ¢(w,v') = wy, since otherwise ¢(w, v) would
also be less than wq, being the supremum of a countable set of countable ordinals. By
iteration we then get w € Y,. In particular, if X has no infinite paths, then the function

 takes value in w?lk] and, if there are no paths of length p, then it takes values in pN[k].

Lemma 4.4. The following assertions hold:
1. the set P :={w € Q: X(w) has an infinite path } is p-measurable;
2. for all o <w;p and v € Vg, the set {w € Q: p(w,v) = a} is p-measurable;

3. @: Q= (w1 +1)"¢ is p-measurable and its restriction to Q\ P is essentially bounded.



Proof. Since taking the supremum over a countable set preserves measurability, it follows
that the sets {w € Q : p(w,v) = a} are measurable for all v € Viz and a < wy. We will
show that {w € Q : p(w,v) = w1} is p-measurable, namely it is the union of a measurable
set and a p-null set. Fix v € V. The sequence of values p({w € Q: p(w,v) < 5}) is
increasing with respect to the countable ordinal 8 and uniformly bounded by 1 = (),
therefore it is stationary at some finite value. So there is ay < w; such that

pw{we: plw,v)=p}) =0 for ap < f < wy.

It follows that {w € Q : p(w,v) = w1} is p-measurable and ¢ is p-measurable. Since
P =Uy{w € Q: p(w,v) = w1}, we have that P is y-measurable, too. O

As a consequence, if X has no infinite paths, then the function ¢ maps €2 into the Cantor
space o™ for some o < w1 (up to a set of zero measure), so that it induces a probability

measure m = @,(u) on wll\][k] concentrated on o', i.c. m(aN[k]) = 1. Moreover, for all
v € Vo we have
o(Xy) C A, = {x € wll\ﬂk] : Ty > x4 for allv’such that (v,v') € Eg} . (4.4)
It then follows
Ag = sup inf m(A,). (4.5)

k]
mEMC(wll\][k] ) veEN

4.3 Infinite paths.
We are ready to state the main result of this paper.

Theorem 4.5. Let G be a simple contractible graph with Vg = N[k], i.e. G =G, for some
7 € &, up to a finite number of shifts. Then
1

Ag=1————.
¢ w(rls,)

In particular, letting X : Q — 2V¢ | the random graph X has an infinite path if

A= inf p(Xy) > Ag. (4.6)

veVa

On the contrary, if A < A\g we can find X such that X (w) has no infinite paths for some
w € Q.

Proof. We divide the proof into several steps.

Step 1. Recalling (4.5), we want to compute the supremum

sup inf m(A,).
meMc(wll\I[k] ) ’UEN[k]

Since the support of m is contained in oz§ . , for some compact countable ordinal g, thanks
to Proposition 3.2 we can assume that m is asymptotically contractible, so that in par-

ticular the sequence my, = (s*)¥(m) converges to a contractible measure m’ € ./\/ll(onN[k])



in the weak* topology of Ml(a§[k]). Moreover, one can prove by ordinal induction as in
[BMN:12, Lemma 4.4] that for all @ < w; there holds

inf m({zed, x,<a})< inf m {zed, iz, <a}).
veNIH] veNI
Therefore, we can assume that the measure m in (4.5) is contractible.

Step 2. Recalling the definition of the set A, in (4.4) and letting S = S; be the domain
of 7, by Theorem 3.1 we have

sup inf[k] m(A,) =  sup inf[k] m(Ay) = sup m(Ag) (4.7)
meMC(wll\I[k]) vEN meMc(wll\][k]) veEN meMC(wll\I[k])
m contractible ‘m contractible

= sup Hx € [0, I]N[Sk]  f(z|gier) > f(770™(z)) Vo € Incr(N)s.t.ols = id}‘

F£:10,155 500
ag<wi

< sup ‘ x €0, 1]N[§k] s fzlgien) > f(70™(z)) Vo € Incr(N)s.t.o|g = id}‘
£:0,1)5= 5 0,1]

where the last inequality follows since every countable ordinal a can be embedded in [0, 1]
with the induced ordering. We will show below that this inequality is indeed an equality.

Step 3. Recalling the definition of ¥, in (3.4), we observe that every x € [0, 1]N[§k] can
be uniquely written as x = (y,2), with y = z|g<x and z = z[y<n \SI<K] - Similarly, we

Sl<k]

sometimes write y € [0,1] as y = (v, t), with ¢ = y|E[Tgk] and z = x\s[gk]\z[fgk]. For

simplicity of notation, we let in the following 79 : ¥, — S and 71 : S\ ¥; — N\S be the
restrictions of 7 to ¥, and S \ X, respectively. We now show that

H:c € [0, 1M : f(algen) > f(7*0* (@) Yo € Incr(N)s. t. ofs = id}‘ (4.8)
[<K] N = [<Kk]\ sn[SH]
= [{y e 0.5 1) > 1 (iw).0) Fee 0,155
where 7|y, : ¥; — S, so that 75 : [0, l]s[ék] — [0, 1]2[T§k]. Indeed, for all y € SI=F we set

) = {t e 0,15 1) > £ ()0}

Then, letting
S ={o €Incr(N): o|g =id},

by Fubini-Tonelli Theorem we have

Haz € [0, l]N[Sk] s f(zl|gi<m) > f(T70"(x)) Yo € SH
— Hx = (y,2) €0, 1]N[Sk1 S fy) > f(riy), it (2)) Yo e 3}’

{ze NS 1) > £ (7 (), ot (2) Vo € S} dy

{z e [0, PNEINSET L ) € J(y) Yo e 5}‘ dy (4.9)



where we denoted by o1 : N\S — N\S the restriction of o to N\S. Notice that the set

appearing in

{z € [0, 1NEINSEH L o) € J(y) Vo e s} :

the last term of (4.9), is contained in an infinite product of the set J(y),

therefore its measure is nonzero if and only if |J(y)| = 1. From (4.9) it then follows

which proves

Hz € [0, 1V flalgien) > F(7 0" (x)) Vo € SH

— [ 1w dy
[0,1]5'=
y e 0,11 5 1) = 1}]

{
= Hy € [0, 1]S[Sk1 : f(y) > f(i(y),t) Vit e o, 1]5[§k]\2[§k]}’

(4.8).

Step 4. Given f : [0, I]S[Sk] — [0,1] and € > 0, we define gy : ELSk] — [0,1] as

gr) =sw {x € [0,1): [{t € 0,55 py ) > 2 = ¢}

For all y € |

0, 1]5[9] we also let fo(y) = min (f(y), g7:(75(y))). Notice that from the

definition of gy it follows that the set

has measure

A= {y e .U F) > g (v) }

|Az| < e, moreover f = f. on [0, 1]S[Sk] \ A.. Notice also that the function

t — f(15(y),t) has essential supremum gr.(75(y)), and attains such value on a set of
measure bounded below by €. We then get

Hy 0.5 2 f(y) > f(m5 (), 1) Vit € [0,1}5[“]\25'“1}

<

IN

IA

IN

Notice that (

S
{ye D™\ Acs £ > Lm0 Fee DY
{ve0 U5 £y) > £ ().t e 0,155 Y e (@10)

ye 0,55 L) > esssp L) 0} +e

tefo,1]sISFN==H

[<K] *
v € 0,155 gpelylyen) > gp=(i) }| +=.
4.10) implies

sup ‘ y € [0, 1]S[Sk] L fy) > f(E W), t) Vi e 0, 1]5[516]\2[;“}’

F£:10,1]55M (0,1

[<K] *
s |{y e 0,05 glulyen) > 95 W)} (4.11)
g:[O,l]Z[fgk]ﬁ[O,l]

10



as the > inequality follows immediately by considering functions f depending only on the
[<K]
variables in [0,1]*7 . Putting together (4.8) and (4.11) we then get

[<k] _—
s o e 0,17 f(algien) > f(770* (@) Vo € S|
£:0,118=H 50,1
(<] « > [<k]\ s [<K]
s [{ye 0,05 f) > ()0 Fre 0,57 (4a2)
£:0,118=H 50,1
[<k] *
= sw o {ye DT gllgen) > o(mw) |-
g:[O,l]Z[TSk]—)[O,l]

<k
Step 5. Notice that, if g, — ¢ almost everywhere on [0, 1]2[77 Yasn o +00, then

timinf |{y € 0.1+ g,(ylyyen) > gu(5 ()}
> [{y € 0.0+ g(ulgzn) > sl )]

This implies that the supremum in (4.12) can be taken over a dense class of ¢’s, or
equivalently of f’s, so that in particular the inequality in (4.7) is indeed an equality.
From (4.7) with the equality and from (4.12) we then have

. [<k] *
swp inf m(A)= s [y e 005 glylyen) > o)}
meMe (i) N g0 50,1

and by Lemma 4.1 we finally get

1 1
sup inf m(4,)=1- =1-——=)Xg.
me M () vENE w (10) w(7]s,)

Step 6. To prove that last assertion it is enough to fix € > 0 and consider a contractible
measure m € Mc(wlfﬂk]) such that

inf m(A4,) > A\g—¢.
veN[¥]

The conclusion then follows by choosing 2 = wll\l[k] as probability space, equipped with

the measure m, and letting X, = A,. In this way, we define a random graph X with no
infinite paths and such that m(A,) > Ag — ¢ for all v € NI, O

When G is only contractible, reasoning as above we get the following weaker version of
Theorem 4.5. We recall that, given C C &, we may assume that all the maps 7 € C are
defined on the same domain S = S.

Proposition 4.6. Let G = Ge be a contractible graph with Vo = N¥ and C c &,. Then

Ag = sup Hx € [0, I]N[Sk]  fzlgier) > f(170™(2)) V(o,T) € Incr(N) x CH .
£:[0,11515H 10,1
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In particular, letting X : Q — 2Y6 | the random graph X has an infinite path if

A= inf u(Xy) > Ag.

veVa

On the contrary, if A < A\g we can find X such that X (w) has no infinite paths for some
w € .

The next result provides a sharp lower bound on the probability of having an infinite path.

Corollary 4.7. Assume that the sets X, are such that inf,cy, p(Xy) = X > Ag. Let Py
be the set of all w € Q such that X (w) contains an infinite path. Then

Proof. Consider the conditional probability pu(- | Q\ Py) € M1(Q2). For all v € Vi we have

:UJ(XU) — (Py)

X, | Q\ P > 4.13
px, o R = M (4.13)
> A= (B
1= pu(Py)
Applying Theorem 4.5 or Proposition 4.6 to u(- | 2\ Py) it follows that /l\:ﬁgi; < Ag, or
equivalently u(Py) > ’}:ig O

Remark 4.8. In the particular case of the graph G} defined in Section 3.3, we have
Sr=A{l,...,k}, 7 =s|g, and X, = {1,...,k—1} (¥, =0 if k = 1). From Lemma 4.1
and Example 4.2 it then follows that the threshold Ag, is given by

1
Moreover, by Theorem 4.5, X < G}, contains an infinite path if A > Ag, .
It is not clear from this analysis what happens when A = Ag, , even if we expect that there
are still infinite paths (this is proved in [FT:85] and [BMN:12] when k = 2).

4.4 Paths of finite length

Given a simple contractible graph G = G, and p € N, we can look for the threshold A,
such that the random graph X contains a path of length p, whenever A > \,. We can
proceed exactly as in Theorem 4.5, with the simplification that the space w?lk] is replaced

by pN[k], and obtain the following characterization of the threshold A,:

Ap 1= sup { inf  u(X,): X random graph without paths of length p} .
veVg=N

12



Proposition 4.9. Let p,k € N and let T € E.. We have

Ap = sup inf m(Ay,)
mEMl(pN[k] ) veNt]

= s [{we 01 gllgen) > g((rlgen) @)}
gl S

In particular, the random graph X has a path of length p if

inf p(Xy) > Np. 4.14
vlenVG'u( v) p ( )

On the other hand, if A < Xy, we can find X and w € Q such that X(w) has no paths of
length p, and p(X,) > X for allv € Vg.

Notice that from Proposition 4.9 it follows that ), is an increasing function of p and
limy 00 A\p = Ag-

When G = G}, we are able to explicitly compute the value of the threshold \,, which we
denote by A, .

Proposition 4.10. Let p,k € N. Then

(e[S R = (o [57)) 0-2)

In particular, if (k — 1) is a multiple of p we get

Aok = (1 - ;) <1 - ;) . (4.15)

Proof. As in Example 4.2 we have S = {1,...,k}, 7 = s|g where s is the shift map, and
Y, ={1,...,k—1} (weset ¥ = 0 if k = 1). Let us consider the function h : [0,1]*~1 — p
defined as

h(y, - yk-1) =7 —1 (modp),
where the index j is such that Tj = maxi<i<kp—1Zi, as in the proof of Lemma 4.1. We
then have

[<k—1] *
o= s | (fre 0.5 glylgen) > ol ) }) |
o012
— k.
- sup ‘{ye[oal] ‘g(ylr-'?ykfl)>g(y27'-'7yk>}’
g:[0,1]F"1—p

> Hy € [o, l]k ch(yt,y e Yk—1) > h(y2,...,yk)}‘

1O~ (- -

. . . [Sk—1]
In order to prove the opposite inequality, for all functions g : [0, 1]27 — p we let

- 9Wlgiznn) > 9((715.) () } -

v

Sl<k—1]

Ay = {y € [0,1]
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Let 7: S={1,...,k} — S be the k-periodic function defined as 7(i) =i+ 1 if i < k, and
7(k) = 1. We have

kﬂ—MD—kMﬂ>/ %f ()de> | B =14 |F22
o) =Bl = jZOX((%*)jAg)cx x > ol ’

where x4 denotes the characteristic function of the set A C SI<F=1_ It then follows
1 k—1 1
A< (1——7 | —— 1—=1.
|g’_< k—l{pD< k)

From Proposition 4.10, for all £ odd we get

kE—1

2k

In particular A\g5 = 2/5, thus confirming a conjecture made in [TW:98]. We point out
that in [TW:98] it is also shown that Ay > 5/12, so that (4.15) cannot hold for all couples
(p, k).

Aok =

4.5 Graphs with random edges

In this final section we discuss a variant of Problem 1 for graphs with random edges.
More precisely, given a graph G with vertex set N[k}, we associate to each edge e € Fg a
measurable set X, C €2, where (€, 1) is a given probability space. As before, the random
graph can be equivalently defined by means of a pu-measurable function X : Q — 2F¢,
such that X, :={w € Q: e € X(w)} for all e € E. In this setting, Problem 1 becomes:

Problem 2. For all e € Eg let X, be a measurable subset of (£, ), with pu(Xe) > X €
[0,1]. We ask for which values of A there exists an infinite sequence of vertices v; of G
such that (v;,vi11) € Eg for all i € N and [,y Xu,,

vi41 18 non-empty.

As above, answering to this question amounts to computing the threshold
G = sup{ ir}Ef w(Xe) : X random graph without infinite paths} .
eclbqg
Reasoning as in Section 4, we let Xy 1= Uyr.(y0/)e B Xv,v's Yo C Xy be the subset of all w

such that X (w) contains an infinite path starting from v, and the map ¢ : Q@ — (w1 + 1)N[k]
be defined as

sup ow)y +1 if we X, \ Yy,
- {U’ENUC]Z(U,U/)EEg,wEva/}
Pl =19 g if wé X,
w1 if wey,.

As before, if X does not contain infinite paths then ¢ : ) — wll\l[k] is essentially bounded

and
O( Xy o) C Ay = {x € w?m DTy > acv/} for all (v,v') € Eg.

We now state the analog of Theorem 4.5 and Proposition 4.6 in this setting.

14



Theorem 4.11. Letting G = G¢ be a contractible graph with Vg = N gnd € ¢ Ek, we
have

Ag = sup inf  m(Ay,)
me./\/lc(wll\l[k]) (vv')EEG
= su 0, N * vrel
= P x € [0,1] : fzlgieny) > f(77(2)) VT € .

£:00,1855% 50,1)
When G = G, is a simple graph, from Lemma 4.1 it also follows

~ 1
Ao=1———.
“ w(T)

In particular, the random graph X has an infinite path if

A= inf p(X,) > Ag.

veVa

On the other hand, if A < Ao we can find X and w € Q such that X(w) has no infinite
paths and p(Xe) > X for all e € Eg.

We point out that the proof of Theorem 4.11 is analogous to the proof of Theorem 4.5,
and in fact it is slightly shorter, due to the fact that the sets A, ,» have a simpler definition
than the corrsponding sets A,.
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