Curve shortening flow in heterogeneous media
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Abstract

In recent years, there has been a growing interest in geometric evolutions in het-
erogeneous media. Here we consider curvature driven flows of planar curves with an
additional space-dependent forcing term, and we look for estimates which depend only
on the L*-norm of the forcing term. Our motivation comes from a homogenization
problem, which we can rigorously solve in the special case when the initial curve is a
graph and the forcing term does not depend on the vertical direction. In such case,
we are also able to define a soluton of the evolution even if the forcing term is just a
bounded function, not necessarily continuous.

1 Introduction

In this paper we consider the curvature shortening flow of planar curves in a heterogeneous
medium, which is modeled by a spatially-dependent additive forcing term. The evolution law
reads:

v=(k+g), (1)

where v is inward normal vector to the curve, k is the curvature of the curve, v is the normal
velocity vector, and g € L>°(R?) represents the forcing term.

The original motivation for our analysis comes from a homogenization problem related to
the averaged behaviour of an interface moving by curvature plus a rapidly oscillating forcing
term. More precisely, the evolution law is given by

o= (rra(Z D) ®

where g is a 1-periodic Lipschitz continuous function.

When the forcing term is periodic, Equation (1) was recently considered in [6], where
the authors prove existence and uniqueness of planar pulsating waves in every direction of
propagation. This result leads to the homogenization of (2) for plane-like initial data (see
Section 3). Related results on the homogenization of interfaces moving with normal velocity

given by
ry
v = <5n+g<7,7)>u,
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have been obtained in [5] and [12], under suitable assumptions on the forcing term including
the fact that it does not change sign, and in [4] under more general assumptions. In partic-
ular, the authors show that the homogenized evolution law, when it exists, is a first order
anisotropic geometric law of the form v = ¢(v) v.

Coming back to our problem, as a first step we look for geometric estimates for solutions
to (1), which depend only on the L*>-norm of g. In particular, reasoning as in the case of
the unperturbed curvature flow [9, 2, 11], in Section 2 we classify all possible singularities
which can arise during the evolution. As a consequence, in Section 2.5 we can show that,
when ¢ is smooth and the initial curve is embedded, the existence time of a regular solution
to (1) is bounded below by a quantity depending only on ||g||cc and on the initial curve.
Unfortunately, since we have no estimates on the curvature in terms of ||g||~o, we are not able
to obtain a general existence result for (1) in the nonsmooth case, i.e. when g € L.

However, in Section 2.6 we overcome this difficulty by assuming that the initial curve is
the graph of a function u, for instance in the vertical direction. In this case Equation (1)

becomes u
up = —2— + g(z,u(x))/1+u2. (3)

- 1+ u2

In Lemma 2.18 we establish an LP-estimate on wu, which depends only on ||g||ec. In Propo-
sition 2.21 we consider a sequence of smooth forcings g, weakly converging to g € L.
Using the estimate on wu, and the results of the Section 2.5, and letting u, be the solu-
tion corresponding to g,, we can pass to the limit as n — oo and obtain that w, — u €
H([0,7T], L*([0,1])) N L*([0, T], H'([0,1])), for some time T > 0 depending only on ||g|co
and on the initial datum. When g does not depend on u, we obtain a stronger estimate on
||| oo, which allows us to show that w € W°°([0,T], L>([0,1])) N L*([0, T], W2°°([0, 1])).

As a first application, this leads to an existence and uniqueness result for solutions to (3),
when ¢ is a L*°-function which is independent of u (see Theorems 2.23 and 2.25).

The second application of our result is to the homogenization problem (2). In section
3, under the assumptions of Theorem 2.23, that is, when the curve is a graph and g is
independent of the vertical direction, we can pass to the limit in (2) as ¢ — 0, and show that
the limit curve moves according to the evolution law

v = n—i—/ g(z,y)dzdy | v.
(0.1

2 Local existence of solutions

In this section we are concerned with the local existence for (1), under the assumption that
the forcing term g is smooth and bounded, i.e. g € C°°(R?) N L*°(R?). If we parametrize
counterclockwise the evolving curve with a function v = (y',~?%) : [0,1] x [0,T] — R?, with
~(0,-) = ~(1,-), problem (1) becomes
_ _ o
Y= (k+gv=""5+39(7)
el

2
S @

where &€+ denotes the component of the vector ¢ orthogonal to v,. As usual we let 7,v, K
be respectively the unit tangent vector, the unit normal vector and the curvature of the



evolving curve. Denoting by s the arclength paramter of the curve, so that ds = 9, /|7v.|, by
the classical Frenet—Serret formulas we have

Y5 =T, Vss = Ts = KV, Vg = —KT. (5)

We recall the following local in time existence result for (4), proved in [7, Thm 4.1].

Theorem 2.1. Let v, : [0,1] — R? be a smooth map such that vo(0) = v0(1) and |v)(z)| > 0
forallz € [0,1]. Then there exist T > 0 and a smooth solution to (4), defined on [0, 1]x[0,T1,
such that v(z,0) = vo(x) for all z € [0, 1].
2.1 Estimates on the curvature and its derivatives
Lemma 2.2. The following commutation rule holds:
0105 = 050 + k(K + 9)0s. (6)
Moreover,
o= (k+g)s, (7)
v = —(k+g)sT (8)
ki = (K+g)e+ (K +g). (9)

Proof. By definition of arclength, we have

Oy
O = —.
72|
Therefore, from (4) and (5),
atas - 6sat == *l"}/z‘i?)’}/z . "tham
_lf}/x‘iZT : ’Ya:tax

—|al - (5 +g)v) 0s
Vel (K + 9)Vvs0s
= Ii(li+g)as,

that is (6). Now, applying (6) to (4) and (5), we obtain
7= ()= (n)s +r(k+9)7s
= (RFg)sv+ (K +g)vs + Kk +9)T = (K + g)sv,

which is (7).
Also, since |v| =1,

and so, from (7),

ve = (Ww-viv+(w-m)Tr= W T)T

((V “T)y— V- Tt)T =—(-m)Tr=—(k+9)sT,



that is (8), and

kt = (k)i v= (1)t v=(1t)s v+rK(k+g)Ts Vv
(k+9)ev), - v+ K (k+9) = (k+g)ss + (5 + g),

that is (9). O

Let us compute the evolution for the spatial derivaties of the curvature. We denote by
pj’k(af/@ 0"g) a generic polynomial depending on the derivatives up to order j of x and the
derivatives up to order k of g.

Lemma 2.3. Forallj €N, j > 1, it holds

00%k = (01k)ss + (G + 3)K° + (J + 2)g) Ok + pj1,j42(05k, " g). (10)
Proof. The proof is by induction on j. When j = 1 from (6) and (9) we easily get

Oitis = (Ks)ss + (4R% 4 3Kg)Rs + (K295 + goss)-
Assume now (10) for some j € N. Using (6), we compute recursively
0T = 0,000k + k(K + )00k

= (00 R)ss + (G +3)8% + (5 + 2)ig + 6k + 9)) Ok + pj 4305k, 0g),

which gives (10) for all j. O

We recall that in [7] similar equations as (10) for the evolution of the second fondamental
form and its derivatives are obtained for forced mean curvature flow of hypersurfaces in any
dimension.

We now compute the evolution equation of w := log|vy|.

Lemma 2.4. There holds
wy = —k(k + g). (11)

Proof. A direct computation using (4) gives

Wy = Yo * Vat
;=
e |?

=71 (0s1t) = —k(k + g). 0

Lemma 2.5. Assume that (4) admits a smooth solution on [0,t], with t > 0. Then

k) <C;
[oﬁrfffé,ﬂ( 1k)" < Cj

for all j € N, where the constants C; depend only on the initial curve, ont, on maxjg 110, K2
and on Hg||cj+2.

Proof. Following [8], we let

K;(x,t) = (0 k(z,t))? M;(t) := max K;(z,t).



For all  such that K;(Z,t) = M;(t) we have

0.K;, = 0
0uK; = 2((01R)2 + DIR(0IR)ss) <O
and so ‘ A
O K(Z,1)(04K)ss(T,1) 0. (12)

Recalling (10), for a.e. ¢ € [0,?] we have

M;(t) = max 0K
i) 3 Ky (3 0)=M, () 0
= max 207 k(91 k),
z: K;(Z,t)=M;(t)
= Kj(gl,?))i]\/[j(t) 201k ((01K)ss + A;0) K + Bj)
where the constants A;, B; depend on M, and ||g|cr, with £ < j and k < j + 2. Hence,
using (12) we get _

By Gronwall’s Lemma it then follows that the quantities M; are uniformly bounded on
[0, 7). O

Since the existence result in Theorem 2.1 is first established in the usual Holder parabolic
spaces CF+e2(k+a) ([0, 1] x [0,T]) (see [14]), if we still denote by T the maximal existence
time of the evolution, we have that, if T < +o0, either |y,|~! or |9/x| blow up as t — T, for
some j € N.

Proposition 2.6. Let T be the mazimal existence time of the evolution (4), and assume
T < 4+oo. Then
lim ||x2||p = +o0. (13)
t—T

Proof. Assume by contradiction that 2 is uniformly bounded for all ¢ € [0,T) and z € [0, 1].
Equation (11) implies that |y,| and 1/|vy,| are also uniformly bounded on [0,1] x [0,T). But
Lemma 2.5 implies that also the quantities (9j(x,t))? are uniformly bounded on [0, 1] x [0, 7)
for all j € N, thus reaching a contradiction. We then proved

limsup ||#?|| e = +00.
=T

Notice that the limsup is indeed a full limit due to (9). O
The following Lemma provides a lower bound to (13).

Lemma 2.7. Let T as above and assume T < 4+o00. The following curvature lower bound
holds: )
liminf T — o > —. 14
it VT =l > 5 -



Proof. Notice that (9) can be written as
(5+9)e = (5+9)ss + (K + 9)K* + (K + 9)Vg - v. (15)

Let w := (k + g)%. Observe that, for ¢ > 0, kK2 < (1 +e)w + (1+ 1) g% So, from (15) it
follows

wy = wes —2(k+ )2 + 2wk +2wVg - v

1
Wss + 2w ((1 +e)w+ (1 + 6) 92) + 2||Vg|| peew

IA

IN

1
Wes + 2(1 + €)w?® + 2 (2 + E) lgllw.ecw.

Letting M := max,¢[0,1)(k + ¢)?, from (16) we get
d

. 1
M +C) =M <201+ )M +2 (2 + 5) lgllwr=M <21 +e)(M+C)2,  (16)

where C' = [(1 4 1/(2))/(1 + €)] llg[lfy1. so that

Integrating on [t,s] C [0,T) we thus obtain
1 1
- <2
Mt)+C M(s)+C — (

1+e)(s—t).

Letting now s — T and recalling that M (s) — +o0o by Proposition 2.6, we get

1
— <21 Tt
e < 2T ),
that is 1
Mt) > —-—+———-C
()_2(1+5)(T7t) ’
which gives the thesis. O

From (17) and Proposition 2.6 we obtain the following estimate on the maximal existence
time of the evolution.

Proposition 2.8. Let T be the mazimal existence time of (4), then

T > c(llkollze; lgllw.o)-

Remark 2.9. Note that, differently from the case of curve shortening flow, in our case, due
to the presence of the forcing term g, self-intersections may arise. Nevertheless if the initial
curve is embedded then, thanks to Proposition 2.8, it remains embedded in a time interval
[0,77], with T" > 0 depending only on the initial datum and on ||g||y1.-

We think it is an interesting problem to determine whether or not the constant ¢ in
Proposition 2.8 depends only on the initial set and on the L>-norm of g (see for instance
Section 2.5 below for a special case).



2.2 Huisken’s monotonicity formula

In the following we derive a monotonicity formula for curvature flow with a forcing term, and
apply it to the analysis of singularities.
By a standard computation, using the fact that v solves (4), we get the following formula.

Lemma 2.10. Let 7 > 0 and let f : R? x [0,7) — R be a smooth function. Then
d
G [ 10G).0.0ds = [ = stnt 9)f + e+ 9)VF - ds, (18)
g gl
We denote by L(7y) the length of the curve ([0, 1],1), that is

<w=AW%m=Lw

When no confusion can arise, we write L(vy) instead of L;(7).

Corollary 2.11. Let v : [0,1] x [0,T] — R? be a solution to (4). Then

lloll2e
L) < Lo(y)e %=t vt € 0,7]. (19)
Proof. Taking f =1 in (18) we have
o K2 92
L - ds< [ - 49y 2
e e R (20)
which gives (19) by Gronwall’s Lemma. O

e—|P—pol?/4(T—1)

We now apply Lemma 2.10 with f(p,t) = , P,po € R?, and we get

47 (T —t)
d [ e—l@(®).0-pol2/a(T—t)
& Var(T —t)
e~ ol /AT—0) Ty — py? 1 (v = po) v
- U =) v\,
A V(T —1) _4(T—t)2 T —p TR+ (e g) S | ds
e —|v= po‘ /4(T t) ry_po g :|2 1 e_l"f_p0|2/4(T_t)
+lk+= )V d8+*/— 2d8
/ VAr(T —t)  [2(T 1) ( 2> 4 ), /ax(T —1) g
ly=pol?/4(T—t) [ 1 — .
+/e 4+ 0P ”} ds. (21)
v sy S T s BT gy

Following [9, Theorem 3.1], the last term can be actually written as

/7 S /4(T)t) {Z(Tl_ t) + I‘G(P;(_Tpf)t.)q ds

(y=po) - T
2(T —t)

2
ds.

/e Iv=pol?/4(T~t)
v VAr(T =1)



Substituing this in (21) we obtain an analog of Huisken’s monotonicity formula ([9])
d [ e n@().0)=pol?/4(T~1)
dt J, \Ar(T —t)

—lv(z(s),t)=pol® /4T ~1) — . 2
_ [ (_ {H(m(s),w Po) u+g} +1gz> s,

N VAT (T —t) 2T —t) 2 4

In the next paragraph we will apply this formula in the analysis of type I singularities.

(22)

2.3 Type I singularities

We assume that at time T the flow is developing a singularity of type I, i.e. there exists a
constant Cy > 1 such that

max |k(z,t)] <

€[0,1] 2AT —t)
Observe that for every x and 0 <t <r < T

(2, r) =32, )] < Cov/2AT = t) = Cov/ 2T = 1) + [|glloc (r — ). (24)

This implies that the functions (-, ¢) converge uniformly to a function vy as t — T. Now
we fix x € [0,1] such that v(z,t) = yr(x) =: p and k(z,t) becomes unbounded as t — T.
We rescale the curve around the point p as follows:

(23)

AP
Az, 2) == TE) (t) = —log VT —t.

From (24), we deduce

'V(Iv t<z)) -p
2(T' = t(2))

1 _
1Y(z,2)| = §00+7|\9\\m6 < Co+

L gl
\/ﬁgoo,

so in particular §(z, z) remains bounded as z — +o0o. The evolution law satisfied by the
rescaled curve 7 is

Y. = (F + ﬁe_zg)ﬁ + 7 z € [—log VT, +00). (25)

z—p

We also have the rescaled version of the monotonicity formula (22): letting y = o we

compute
d e— I (@(s),)=BI*/4(T—1)

a), AT

5 5 5 2 672z
= /~€*|7(w(s),z)| /2 (_ [fi—k(’y(m@),z)ﬂ)—kez\%] + 5 g2> ds. (26)

i/e—w(w<s>,z>\2/2d§: 2T — 1)
dz J5




Letting F(2) := [, e~ 1@(9:2)/2d5 Equation (26) gives

d 2 2
&F(z) S ||ggm672ZF(Z) S ||ggoo672z. (27)

Integrating (27) we obtain
F(z) < eldI&T/AR(“1og VT) V2 > —log VT.

In particular, we deduce that for every R > 0 there exists a uniform bound on H*(%([0, 1], 2)N
B(0, R)), where H! denotes the 1 dimensional Hausdorff measure. Indeed

R2_|5(z,2)|2

HU(3([0.1],2) N B(O,R)) = / B3 < / xsome g ()
Y vy

A
(9]
3
Ny
A
=

for some positive constant K.

Proposition 2.12. Under Assumption (23), for each sequence z; — +oo there exists a
subsequence zj, such that the curve 3(-, z;, ), rescaled around D, locally smoothly converges to
some smooth, nonflat limit curve v, such that

i+ (oo ) = 0. (29)

Proof. The proof follows the same argument as in [9, Proposition 3.4]. Indeed, the limit curve
is smooth thanks to (28), Proposition 2.6 and the fact that the rescaled curve 4 has uniformly
bounded curvature. Moreover, it is nonflat by (14). Finally, the limit curve satisfies (29)
thanks to (26) and (27). O

Remark 2.13. Proposition 2.12 implies that the type I singularities of (1) are modeled by
homothetic solutions of the flow, as for the spatially homogeneous case [9]. We recall that,
among such solutions, the circle is the only embedded one [1], hence, under Assumption (23),
T is actually the extinction time for the evolution. From this we can conclude that

T > c(l[rollzee; llgllze)-

2.4 Type II singularities

We consider now the case that at time T' the flow is developing a singularity of type II, i.e.

lim sup ma)i] |k(x, t)|VT — t = +o0. (30)

t—>T €0,

Proposition 2.14. Under condition (30), there exists a sequence of points and times (&, t,)
on which the curvature blows up such that the rescaled curve along this sequence converges
in C*® to a planar, convex limiting solution, which moves by translation.



Proof. By means of (9) and (19), an easy calculation implies that

d K llallZt
G [ras==2 3 e+ [ Eguds < 90l o)e T 4Vl [ Ieids. (31)
v 2l v

z: k(xz,t)=0

From (31), using Gronwall lemma, we obtain that t — f7 |x|ds is uniformly bounded in [0, 7]

and admits a bounded limit as ¢ — T~.
Following [2] we choose a sequence (z,,t,) such that

e t,€[0,T— %) and t, < tpy1;

o k, = |k(xn,tn)] = +oo and

1 1
kpA/T — — —t, = max <|/£||Oo T——t) — 400 as n — 4oo. (32)
n te[0,7—1/n] n

We define the new parameter u as follows u = k2(t — t,,), u € [—k2t,,k2(T — t,)] and
the rescaled curve along the sequence (,,t,) as yn(z,u) = kn(y(x,t(w)) — Y(@n, tn)), for
x € [0,1]. Observe that 7, (x,,0) = (0,0) and k., (z,,0) = 1; moreover

d (r+9())v

U = g = R, (K + gn)Vy, (33)

where g, (y) = g(y/kn +¥(@n, tn))/kn-
In the sequel, we shall write for simplicity ., instead of x.,. Note that for every ,w > 0,

there exists 7 such that k2 <1+ ¢ for u € [~k2t,,w]. Indeed, using (32), we get

2 (0, ) = w2 (x,t(u)) < T-1/n—t, _ T-1/n—t, _

k2 T—1/n—tu) T-—1/n—t,—u/k2
This implies that, on every bounded interval of time, the curvatures of the rescaled curves are
uniformly bounded. Moreover, from this, we deduce uniform bounds also on the derivatives
of the curvature, using Lemma 2.5 and recalling that ~, satisfies (33) and the fact that
VI gnlloo = IV glloo /KTt — 0. By the same argument of |2, Theorem 7.3], this implies that
there exists a subsequence along which the rescaled curves converge smoothly to a smooth,
non trivial limit v, defined in (—oo, +00). Moreover 7, evolves by mean curvature flow,
Li(vo0) = +00 and ||Koollco = 1 = |Kao(0, 0)].
We prove now that v, is convex.

Recall that from (31) we get that t — fw || is uniformly bounded and admits a limit as

t — T—. The same also holds for ¢t — fw |kn|. Moreover, from (31) we also obtain

d Kn
du/% |fin|ds = —2 Z [(Kn)s] +/ T(gn)ssds.

Ko (2,u)=0 n ‘ n‘

So
= A;Z (sl = [ (e A0 = o ~AD s — ) [ () adsd

k=0 M J, |
M
K|z, ty + E —

M /M/ Fn
= Tty — — ds — ——(gn)ssdsdu .
/< ( k)D S, Tl )

10




Letting n — +o00 along the subsequence on which ~,, — 7o, we get

//{ x,thr% dS*/Ii x,tnf% ds — 0.

We argue as in (31), using the definition of g, and the fact that, by (19), Li(v,) < kn, K for
some constant K just depending on ||g||c and T,

M 2
V=gl V9lloo C
‘/ 8 |/Qn| (gn)ssdsdu| < / ”7”Lu('7n) + ”k,%l (/ |I<Ln|ds> du < ka -0

ISV it
as n — +o00. In particular, this gives

72/ Z |(kn)s|ldu — 0 as n — 400,
M

,kn (z,u)=0

and we can conclude as in [2, Theorem 7.7] that v+ is a convex eternal solution to the
curvature flow, that is, 7 is the so-called Grim Reaper. O

2.5 The embedded case

In this section we strengthen Proposition 2.8 in the case of embedded planar curves.
Following [10] we define

() = it W

Laytt) =i ([ atonlao, [ pateolan+ | (ot

Notice that the infimum in (34) is in fact a minimum, moreover 7 is a continuous function
in [0,7T), where T is the first singularity time. Since the initial curve is embedded, we also
have 7(0) > 0. Let now

; (34)

where

Et) = {(m,y) s x<yandn(t) = [y(z,t) —(y, t)] } .

Lay(t)

In the following we assume for simplicity that Ly ,( f Y |7, (0, t)|do, the other case being
analogous. Notice that, if n(t) < v/2/2, we have the estlmate

/ 5l (o, 0)ldo > max [7(z,1) = r(w,t)] > 5 (35)

z,weEx,

for all (x,y) € £(t). Indeed, if |7(z,t) — 7(w,t)| < § for all z,w € [x,y], then y([x,y]) is the
graph of a 1-Lipschitz function, which in turn implies 1(t) > v/2/2. Letting ¢ := /2, from

11



(35) we get

y 1 Yy 2 Yy
[ rtet oputettas = 2 ([Mhateolds) = lall [ elhuto.0lds
x z,Y x x
> o 7——lgll) =0 (36)
= Lx,y Illeo | Z

whenever L, , < ¢/||g|lco. Moreover, reasoning as in [10], from the minimality condition it
follows that

(r(x)v(z) — K(y)v(y)) - (z —y) =2 0, (37)

for all (x,y) € £(t). When 7(t) < v/2/2, using (36), (37) and the so called Hamilton’s trick
(see [15]) we compute

j ! (z —y) /y ]
t) = min k(x) + glx))v(z) — (k(y) + v . + k(K + =| do
i) =, min (660 + 0)wt) = (506) + 9] 1= 2 5 0wt )
: 2||glloc , cn ( c )}
> min |- + — o 38
(x,y)ef(t)[ L, Loy \Lay gl (38)
- ™2\ gl 7
> — (2
ngé%(t)l ( T ) L., 42,

Theorem 2.15. Let vy be an embedding and let T be the maximal existence time of (4).
Then
T > c(v, llgllss) - (39)

Proof. Remark 2.13 assures that the statement is true if the evolution develops a type I
singularity at t = T. Now, we can assume that the evolution develops a type II singularity
at t = T. In particular it follows that n(T) = 0. Let 7 := sup{t € [0,7] : n(s) > 0 on [0,¢]}.
Notice that 7 > 0 due to the fact that v is an embedding.

The thesis will follow if we show that 7 is bounded below by a constant depending only
on v and ||g]jeo. Since n(7) =0, we can find 0 < ¢; <ty < 7 such that

n(t1) = 7 := min <77(0), ?) n(te) = g n(t) € (77, g) for all t € (t1,t2).

In particular, letting a := (2 + 7v/2/4)||glcc and b := 72/4, from (38) we have

F S A L Mty
Lyy L7, Ly, 2L3, 2061
which implies
Pyt > Lo 2 O

a2 2 .
(1+22) gl

12



2.6 The graph case

We assume now that the curve can be parametrized as v(x,t) = (x,u(z,t)), = € [0, 1] with

the following periodic-type boundary conditions:
u(0,t) —u(0,0) = u(1,t) —u(1,0
(0,) = u(0,0) = u(1,) ~ u(1,0) w0
ug(0,t) = uz(1,1)

for all ¢ € [0,T]. Notice that v is not a closed curve, however it can be extended to a periodic
infinite curve, that is, it is a closed curve on a suitable flat torus, and all the results of the
previous sections also apply to this case. In this parametrization, Equation (4) becomes

= 2t gl u(e) /142 (41)

1+2

We say that « solves (41) if y(x,t) = (x, u(z,t)), where the function u solves (41).
Let us recall the following interpolation inequalities [16].

Proposition 2.16. Let u € H*([0,1]) N L?([0,1]), with p € [2,+00]. We have
p;2 p+2
lull o < Cp lluell 2 [[ull 2 + By llull - - (42)
where the constants Cp, B, depend only on p.

The following result can be easily derived from Proposition 2.16 (see [3]). We recall that
LP(~) is the intrinsic LP space on the curve v [3].

Proposition 2.17. Let z be a smooth function defined on the support of v, where v is a C!
curve, and let p € [2,+0o0]. We have

12y < o sl B 12l 22, + Bo l2l oy - (43)
where the constants Cp, B,, depend on p but are independent of .

In particular, choosing p = 4, (43) becomes
4 3 4
[ s = lellbacy < € (el o030 + Bl - (44)
~
Lemma 2.18. Let u be a smooth solution of (40)-(41), and let

F(z):= / arctan(t) dt = x arctan(z) — log /1 + 2.
0

We have

IN

1 1
8t/ V1+ude C/ V1+uZde (45)
0 0
1 1
at/ F(uy)dr < C/ (14 u2) d (46)
0 0
1 3
3t/ (\/1+u§) dx

0

3

c+c</01 (m)?’dl«) , (47)

where the constants C > 0 depend only on ||g|| L

IN
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Proof. Inequality (45) can be obtained exactly as (20).
In order to show (46), we compute

1 1
8t/ F(ug)dz = /fut(arctanum)mdx
0 0
1
/—uf—i—gut\/l—I—uidac (48)
0
1 2
g 2
= (1 d
/0 1 ( —|—uz) X

IA

which leads to (46).
We now prove (47). Letting e; = (1,0) € R? and z := 1/(7 - e1) = /1 + 12, from (
get
2 =—(k+9)sz"v-er (49)

We compute

8t/z2ds = /22’2’t—/€ K+ g)2? ds—/—233(ﬁ+g)su-el—/-i(/-i—!—g)szs
2! 2! 2!
1 2 2 . 2
= //1—!—9 —3K2% +62%z,0 - €1) dS=3/(ﬂ+g)23MdS
¥ v v-él
222 -1 222 -1
= 3/ - z2+gzs : ds
~ V-ep
222 — 222 -1
< / i (92\/222 1)( 22125> ds
V 2 =
.
< 3/ —22 ¢ %zZ(ZzZ —1)ds < 3/ —22 4 ||gl%. 2t ds
2! 2 2!
< Bllzlay + Cllglid (sl 12132 + 1212
3 2
< clalt ([ #as) +clale ([ 2as)
2! 2!
where we used (44) to estimate ||z 4. O

Proposition 2.19. Let g(z,y) € C>([0,1]?), and let ug € C°°([0,1]), with 1o, (0) = ugy(1).
Then, there exists T > 0 depending only on ||up||wi. and ||g||L~ such that Equations (40)-
(41) admit a smooth solution uw € C*°([0,1] x [0,T1).

Moreover |[u(t,-)|| g1 (jo,17)) < K for every t € [0,T], where K depends only on [lug||y1.
and ||g|| Lo

Proof. By standard parabolic regularity theory [14] , it is enough to show that the gradient wu,
remains bounded for a time T as above. From (47) we get that there exists 77 > 0, depending
only on |lug||w1.~ and ||g| L, such that u,(-,t) € L3([0,1]) for all t € [0,7}]. Moreover, by
Theorem 2.15 we also have & = g, (1 +u2)~3/2 € L>=([0,1] x [0,T3]), for some Tp > 0

14



depending only on |Jug|lwr.« and ||g|lL<. As a consequence we get u, € L>([0,1] x [0,T])
with T'= min(T1, T5). O

Lemma 2.20. We have the continuous embedding
H'(0,7], L2([0, 1])) 0 L([0, 7], B ([0,1])) = ([0, 1] x [0,T]).

Proof. Letu € H([0,T], L*([0, 1]))NL>([0, T], H([0,1])), and let (x,t), (y, s) € [0,1]x[0,T],
with z <y, t < s. Since u € L>=([0,T], H*([0,1])), we have

y
uet) ~ u(w 0] < [ sl do < €V, (50)
Moreover, being also u € H'([0,T], L%([0,1])), we have
1
lu(-t) —u(-, 8)||2: = / lu(w,t) —u(z,s)|* de < (s — t)/ u? dadt < C(s —t).
0 [0,1]x[0,T]

By (42) with p = oo, this implies

) = uC, )l < C (lualst) = wal ) allul8) = u, )2 + llul,t) = u(-, )l
< C(s—t)5. (51)
The thesis follows from (50) and (51). O

Proposition 2.21. Let ug € Wh([0,1]), let g, € C*°([0,1]?)NL>([0,1]?), with || gn|| =~ <
C for every n, and let up, € C*([0,1]) be such that |ug,||wi.~ < L for every n and ug,
converge to ug uniformly on [0,1].

Then, letting u, € C([0,1] x [0,T]) be the solutions of (40)-(41) given by Proposi-
tion 2.19, with g = g, and with initial data g, there exists u € H'([0,T], L*([0,1])) N
L>([0,T], H'([0,1])) such that, up to a subsequence, u, — u uniformly on [0,1] x [0, 7).

Proof. By Proposition 2.19 there exist T > 0, depending only on C' and L, such that the
solutions u, are uniformly bounded in L*°([0,77], H*([0,1])). Moreover, using the equality
for (48), we obtain

1 2 2l '
/ %dm < %/ (1+un?) do — 5’t/ F((un)a) dx
0 2 2 0 0

and integrating it in time we also get a uniform bound of u,, in H*([0,T], L%([0,1])). It then
follows that the sequence wu, converges, up to a subsequence as n — +00, to a limit function
u in the weak topology of H'([0,T], L3([0,1])) N L>([0, T], H'([0,1])). By Lemma 2.20, u,,
are uniformly Holder continuous and then we conclude by Arzela-Ascoli theorem that, along
a subsequence, u, — u uniformly on [0,1] x [0, T7. O

We are interested in studying solutions of (41) when g is only a L*°-function. We consider
the simpler case in which g is independent of u, i.e. g(z,y) = g(x). In this case we define the
following notion of weak solution.

15



Definition 2.22. We say that a function w € H*([0,T], L*([0,1])) N L>([0,T], H*([0,1])) is
a weak solution of (41) if

/ (ut ¢ + arctan(uy ), — g(x)/1+ u2 ga) dxdt =0 (52)
[0,1]x[0,T]

for all test functions ¢ € CL([0,1] x (0,T)), with periodic boundary conditions.
We have the following existence theorem for weak solutions to (41).

Theorem 2.23. Let g(z,y) = g(z), with g € L>=([0,1]), and let ug € W*°°([0,1]) satisfying
U04(0) = uoy,(1). Then, there exists T > 0 depending only on uy and ||g||cc such that Equation
(41) admits a weak solution u € W1°([0,T], L>(]0,1]))NL>([0, T], W2°°([0, 1])) with initial
datum ug.

Proof. Let g, € C*([0,1]) be a sequence of smooth functions which converge to g weakly* in
L*([0,1]). By Propositions 2.19 and 2.21 there exist T' > 0, depending only on ||ugl||g: and
llgll L, and smooth solutions w,, of (41) which converge, up to a subsequence, to a limit func-
tion u in uniformly and in the weak topology of H'([0, 7], L?([0,1])) N L>([0, T], H*([0,1])).
Let us prove that u is a weak solution of (41). The main point is showing that wu,,
converge to u, almost everywhere, so that we can pass to the limit in (52). We compute

+ola)THE

2
8ut = WUy =U Yz
i = Up U = Uy
2 142 .

_ Ut Utgx _ 2 Uy Uz Uj + Uy U% (53)
1+u2 1+u2)2\2)/, «/1+u2 2/,
1 uf Uy Uy Uy uf
< - + 19 -2 — .
L+u2 \ 2/, V14 u2 (14+u2)? 2/,

In particular, applying the same computation as (53) to u,, we obtain that ||u,||eo is de-

creasing in time. Indeed if M, () = sup,cp 1 un?/2, (53) gives that M/ (t) < 0. Therefore
u € W ([0, T], L>=([0,1])). Moreover, since g depends only on z we have

1,2 1 1
Oy / U de = / w Uy dx = / —arctan(ug )¢ Uzt + ¢ (x/l + u%) ug dx
0 0 0 t

2
1
Ugt
+ gugu————— dx
/0 T T T+ u2
1
< [ i,
— Jo 14wl 2

1
< Slallullluslzs = €

where the constant C' > 0 depends only on ug and [|g||cc. We then get

2
/ (arctan(u,))> = / (ut —gv1+ u%) de <C  Vtel0,T]
[0,1] [0,1]

2
/ (arctan(um))f dx dt = / % dxdt < C. (54)
[0,1]x[0,7] 0,1]x[0,7] 1+ U3

16



As a consequence, the function arctan(u,,) is uniformly bounded in H*([0, T, L2([0,T7])) N
L>([0,T], H'([0,1])). Therefore, the sequence arctan(u,,) converges, up to a subsequence,
to arctan(u,) uniformly on [0,1] x [0,T]. Since arctan is injective this implies that the
sequence ., converges to u, a.e. on [0,1] x [0,7], and we can pass to the limit in (52),
obtaining that v is a weak solution of (41).

Finally, being arctan(u,) continuous, possibly reducing T we have that u, is also contin-
uous (hence bounded) on [0,1] x [0, T]. In particular, recalling (41) the uniform bound on wu
implies an analogous bound on u,,, that is u € L ([0, T], W2°°([0, 1])). O

Remark 2.24. If v is only in H'(]0, 1]), since the sequence wu,, is uniformly bounded in
HL([0,T], L*([0,T))), reasoning as in Theorem 2.23 we get u € Wli)’coo((O,T],LC’o([O, 1)) N
Lis.((0, 7], w2=([0,1])).

loc

We conclude the section with a comparison and uniqueness result for solutions to (41).

Theorem 2.25. Let g(x,y) = g(x), with g € L>([0,1]), and let uy,us be two solutions to
(41) such that uy(z,0) < ug(x,0) for all z € [0,1]. Then

uy < ug on [0,1] x [0, T].

In particular, there is a unique solution to (41), given an initial datum ug € W2°°([0,1]).

Proof. Let
d(t) := min wus(x,t) —uy(z,t).
z€[0,1]
Possibly replacing u (-, 0) with u;(-,0) — &, we can assume that d(0) = § > 0. The thesis now
follows if we can show that d(t) > § for all t € [0, T]. Let w = us — uy, so that

o (u2)zm o (ul)mr z U 2 U 2
U T g T ()2 T ) (VI () = VI () (55)

From (54) it follows
wy € L2([0, 7], H'([0, 1)) = L*([0,T],C*([0,1]))

for all @ < 1/2. Choose now t € [0, 7] such that w(-,t) € C*([0,1]) and notice that, for all
x € [0,1] such that d(t) = w(x,t), we have

wy = (uz2)z — (u1)z = 0.
In particular, recalling (55), w is twice differentiable at = and we have

_ (u2):rx o (ul)xz _ Wy
L4 (u2)? T+ ()i 1+ (w)i —

Wy

For almost every t € [0,T] we then get

d(t) =

min  we(z,t) >0,
z: d(t)=w(z,t)

which gives the thesis. O
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Remark 2.26. We point out that in general we have T < 400 in Theorem 2.23, since
the derivative u, may blow up in finite time. This is related to the so-called fingering
phenomenon, and we shall give an explicit example of such behavior. Let ug =0, g(z) = M
for z € [0,1/2), and g(x) = —M for x € [1/2,1], where the constant M is greater than 4.
For all t > 0, we set

- = el area E
u”(x,t) 5 % 4+( )t x € 0,2
3 1 1 1
+ e 22D (M — =
u' (z,t) 5L =2 2+4 (M —4)t T € (2,1).

A direct computation shows that =, uT are respectively a subsolution and a supersolution
of (41) on their intervals of definition. By Theorem 2.25, for all ¢ € [0,7T] it follows that
u(-,t) > u(-,t) on (0,1/2), and u(-,t) < ut(-,¢) on (1/2,1). Since u is continuous, this
necessarily implies 7' < 1/(4(M — 4)). More precisely, if we extend the solution u on a
maximal time interval [0, Tinax), we have Tax < 1/(4(M — 4)) and the derivative u,(1/2,t)
blows up (in absolute value) as t = Tax.

3 A homogenization problem

Given a smooth function g which is periodic on [0,1]2, we consider the following homoge-

nization problem
_ Yaz (E E) 1+ u2 56
“ETE u? +yg el e g (56)

with initial data u(x,0) = ug(x), satisfying (40).
Notice that, after the parabolic rescaling s = t/e2, y = z/e and v = u/e, problem (56)

becomes v
_ Yy /
Vs = T 02 +eg(y,v) /1 +v2. (57)

In [6] existence of traveling wave solutions for (57) has been established. Moreover in [13] (see
also [5]) the authors discuss the uniqueness of traveling fronts and characterize the asymptotic
speed in some particular case.

A straightforward application of the results in Subsection 2.6 gives the first result about
the convergence of the solutions to the perturbed problem (56).

Proposition 3.1. Let ug. € C*([0,1]) satisfying (40) and ||uoe|lwr~ < L, and let u. be
the solutions to (56) with initial data ug.. Then, up to a subsequence,

ue — u € H'Y([0,T], L([0,1])) N L> ([0, T], H'([0,1])) as e — 0,

uniformly on [0,1] x [0, 7.

Proof. By Proposition 2.19 there exists 7' > 0 independent of ¢ and a family of smooth solu-
tion u. of (56), which are uniformly bounded in H* ([0, T, L*([0, 1])) N L>([0, T], H*([0, 1])).
In particular, as in Propositon 2.21, we can pass to the limit, up to a subsequence as ¢ — 0,
and obtain that

ue —u € H'Y([0,T], L*([0,1])) N L>=([0,T], H'([0,1])) uniformly on [0,1] x [0, T7.
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There are two main open problems related to the homogenization of equation (56):

1) the characterization of u as the solution of an appropriate homogenized equation;

2) the convergence on large time intervals.
Concerning the second question, we expect the following result:
Conjecture 3.2. The convergence in Proposition 3.1 is uniform on [0,1] x [0, +00).

Let us give a heuristic argument supporting our conjecture: due to the comparison principle
and the periodicity of g, for all N € N we have the estimate

|ue(z,t) — ue(x + Ne, t)| < ([L] + 1)Ne, (58)
where [L] denotes the integer part of L. Passing to the limit in (58) as e — 0, we get
lu(z,t) —u(y, t)| < Lly — x|,
that is the norm |lu(-,t)||w1. is non increasing in ¢t. We expect this bound to be true also

for the approximating sequence u., which would imply that we can take T' = +o0.

Concerning the first question, we have only some partial results. We state a result when
g depends only on z.

Theorem 3.3. Let g(z,y) = g(z) € L>([0,1]), and let ug € W?2°°([0,1]) with ug,(0) =
oz (1). Then, there exists T > 0 depending only on ug and ||g||ec such that the solutions
ue to (56) converge in W°([0,T], L>=(]0,1])) N L*([0,T], W?2°°([0,1])), as ¢ — 0, to the

unique solution u of
1
Ut Yoz | (/ g(x) dx) V14u?2 (59)
0

T 1+ u?
with initial datum uo and boundary conditions (40). In particular, uw € C*°(]0,1] x (0,T7).

Proof. The proof is a straightforward adaptation of Theorem 2.23. O

Remark 3.4. When g(z,y) = g(z) € W1°°(]0,1]) and periodic, an analogous result can be
obtained in general dimensions and for all times, i.e. the solutions of u. to (56) converge,
as € — 0, to the unique solution u of (59) locally uniformly in [0, 1] x [0, +00). This can be
proved by the so-called perturbed test function method (cf. [4]), which is by now a standard
method in viscosity solutions theory applied to homogenization problems. More precisely,
one considers the formal asymptotic expansion

uf (2,t) = u(x,t) + %y (g,x,t) (60)

where the corrector x(&,z,t) = ¥(§, Du(x,t)) is periodic in ¢ and solves, for every fixed
p = Du(z,t), the cell problem

tr [(1 PP )Déx} = </[o,1}" g(x)dx—g(f)) VI+[pP inR™

1+ pP?

Plugging the expansion (60) in (56), and using the comparison principle for (viscosity) solu-
tions to (59), one obtains that u solves (59).
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In the general case, we can determine the limit equation satisfied by u only in a very
specific case, that is when the initial data are plane-like.

Proposition 3.5. Let ug, € C*([0,1]) satisfying (40), |Juoe|lwre < L and up.(r) — ax
uniformly in [0,1]. Then, if u. are the solution to (56), (40) with initial datum ug., we have

hH(l) ue(z,t) = u(z, t) := azx + c(a)V1+ a2 t,
e—
uniformly in [0,1] x [0, T], with

0 if G(s) =0 for some s € [0,1]
— -1
o(e) fl = ds) otherwise,

where

L—oo

1 L
G(s) := lim —/ g(x,ax + s)dx.
0

Proof. By Proposition 2.19 for every & there exists a smooth solution to (56) in [0,7], for
T independent of e. Moreover, by Proposition 3.1, these solutions u. converge uniformly on
[0,1] x [0,T7], up to subsequences, to a function .

By [6, Thm. 4.1] (see also [13]) for all & € R there exist global smooth solutions 4, . of
(56), with average slope «, which are pulsating waves, that is, there exist 7 > 0 and a vector
(v1,v2) € Z?, depending on («, ) and such that

U e (X, 8+ T) = Uae(x — €v1,t) + V2 V (z,t) € R?.

We let
£ (v1,v2) - Va

a 1
where v, = | — ,
T “ ( V1+a? \/1+a2)
be the velocity of the wave in the normal direction v, and we set c¢(a, &) = 0 if Gy is a
standing wave. In particular, in [6, Thm. 4.1] it is shown that . can be represented as

claye) =

Uae(z,t) = ax + c(o,e)V1+ a2t + O(e) Y (z,t) € R? (61)

where |O(e)| < Cé, for a constant C' depending only on (the C?-norm of) g. Moreover, by
[6, Cor. 2.5] the derivatives (@, )x(z,t) are uniformly bounded for all (z,t) € R? and for all
€ small enough.
Notice that, by [6, Prop. 4.4], for all (z,t) € R? we have
cla,e) =0 = (lae)t =
cla,e) >0 — (lg,e)e >0
cla,e) <0 = (Qa,e)e <O0.

In particular, without loss of generality we can assume that

(o) >0V (x,t) € R%
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One can now argue as in [5, (4.9) and (4.10)] and conclude by maximum principle that
[(lae)e — | <Ce ¥ (x,t) € R?, (62)

for a constant C' depends only on g. Integrating (56) on [0,1] and using (62), a direct
computation as in [5, Prop. 6] gives lim._,g ¢(a, &) = ¢(a).

Finally, by comparison principle for solutions to (56), we can use the functions @, . as
barriers for u., and obtain that

lin%) ue(z,t) = u(z,t) = ax + c(a)V1+ a?t,
E—r

uniformly in [0,1] x [0, T]. O

Remark 3.6. If we assume that ug.(x) — ax in C1([0, 1]), the result of Proposition 3.5 can
be strengthened to

lin% ue(x,t) = u(z, t) = ax + c(a)V1+ a2 t, locally uniformly in [0, 1] x [0, +00).
E—r

Indeed, under this stronger assumption, for every € small enough there exists a unique smooth
solution u. to (56) in [0,1] x (0,400) [6, Thm. 2.7].

Remark 3.7. Notice that c¢(a) = f[o 12 9 for all a ¢ Q, so that the function o — c(a) is

not necessarily continuous. This suggests that the homogenization limit of (2) should be a
geometric evolution of the form
v=2¢(v,k)v

where the function ¢ is in general discontinuous.
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