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ABSTRACT. In 1978 E. De Giorgi formulated a conjecture concerning the one-
dimensional symmetry of bounded solutions to the elliptic equation Au =
F'(u), which are monotone in some direction. In this paper we prove the anal-
ogous statement for the equation Au — (z, Vu)u = F’(u), where the Laplacian
is replaced by the Ornstein-Uhlenbeck operator. Our theorem holds without
any restriction on the dimension of the ambient space, and this allows us to
obtain an similar result in infinite dimensions by a limit procedure.

1. Introduction. A celebrated conjecture by De Giorgi [6] asks if bounded entire
solutions to the equation

Au=u>—u (1)
which are strictly increasing in some direction are one-dimensional, in the sense that
the level sets {u = A} are hyperplanes, at least if n < 8. This conjecture has been
proved by Ghoussoub and Gui [14] in dimension n = 2, and by Ambrosio and Cabré
[2] in dimension n = 3, and a counterexample has been given by del Pino, Kowalczyk
and Wei in [7] for n > 9. While the conjecture is still open for 4 < n < 8, a very
nice proof has been presented by O. Savin [17] under the additional assumption that

2010 Mathematics Subject Classification. Primary: 35J15, 35J20; Secondary: 35J61.

Key words and phrases. Symmetry results, Ornstein-Uhlenbeck operator, geometric Poincaré
inequalities.

Supported by the Progetto CaRiPaRo “Nonlinear Partial Differential Equations: models, anal-
ysis, and control-theoretic problems” and the ERC grant € “Elliptic Pde’s and Symmetry of In-
terfaces and Layers for Odd Nonlinearities”.


http://dx.doi.org/10.3934/dcds.2014.34.xx

2 ANNALISA CESARONI, MATTEO NOVAGA AND ENRICO VALDINOCI

u connects —1 to 1 along the direction where it increases. See also [4] for another
proof in dimension n = 2 and [12] for a review on the subject.

In this paper, we are interested in a variant of (1) where the Laplacian A is
substituted by the Ornstein-Uhlenbeck operator A — (z, V). Namely, we consider
the semilinear elliptic equation

Au— (z,Vu) + f(u) =0 (2)

and show the one-dimensional symmetry of bounded entire solutions which are
monotone in some direction.
Let us state our main result.

Theorem 1.1. Letn € N, a € (0,1). Let u € C*(R™) N L>®(R™) be a solution of
Au—(z,Vu)+ f(u) =0 inR",
where f: R — R is a locally Lipschitz function. Assume that
(Vu(z),w) >0 for any x € R" (3)
for some w € R™. Then, u is one-dimensional, i.e. there exist U : R — R and
w € R™ such that
u(z) = U({w, 7))
for any x € R™.
Notice that (2) can be regarded as the analog of (1) in the so-called Gauss space,

that is, in R” endowed with the Gaussian instead of the Lebesgue measure. Indeed,
while the Pde in (1) is the Euler-Lagrange equation of the Allen-Cahn Energy

[ (T ey, "

the Pde in (2) is the Euler-Lagrange equation of the functional

[ (55 rw) ar). )

e—lel/2

dy(z) = y(x)dx = @ dx (6)

where F/ = —f and

is the standard Gaussian probability measure. It is interesting to remark that
Theorem 1.1 holds for general type of nonlinearities, as it happens for the conjecture
of De Giorgi when n < 3 (see [1], and this is a major difference with respect to the
techniques in [17]).

As in the case of the Laplacian, Theorem 1.1 is closely related to the Bernstein
problem in the Gauss space, which asks for flatness of entire minimal surfaces which
are graphs in some direction. We point out that minimal surfaces in the Gauss space
are interesting geometric objects, since they correspond to self-similar shrinkers of
the mean curvature flow (see for instance [8]), and satisfy the equation

k= (z,V) (7)

where x is the mean curvature at x and v is the normal vector. In this context,
the analog of the Bernstein Theorem has been proved by Ecker and Huisken [8],
under a polynomial growth assumption on the volume of the minimal surface, and
more recently by Wang in [20] without any further assumption. We point out that,
differently from the Euclidean case, the result holds without any restriction on
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the dimension of the ambient space, and in fact there is no such restriction also
in Theorem 1.1. This is due to the exponential decay of the Gaussian measure
associated to the Ornstein-Uhlenbeck operator which allows for better estimates
than the corresponding Euclidean ones.

Since Theorem 1.1 holds in any dimension and the Gauss space (R™,~) formally
converges to a Wiener space (X, H,v) (see Section 2.1 for a precise definition) as
n — 00, one may expect that an analogous result holds in such infinite dimensional
setting. Indeed, in this paper we confirm this expectation and show the infinite
dimensional extension of Theorem 1.1:

Theorem 1.2. Let u € C1(X) N L>®(X) satisfy

Aju= f(u) (8)
where f: R — R is a locally Lipschitz function. Assume that
0;0;u € C(X) for all 4,j € N (9)
and
xleanR[Vu(x),w] >0 (10)

for all x € X, for all R > 0 and for some w € H. Then, u is one-dimensional, in
the sense that there exist U : R — R and w € X™* such that

u(z) = U({w, x)) for all x € X. (11)

Notice that Theorem 1.1 can be recovered as a corollary of Theorem 1.2, when the
function v depends only on finitely many variables. As far as we know, Theorem 1.1
is the first result of De Giorgi conjecture type in an infinite dimensional setting.
The proof that we perform exploits and generalizes some geometric ideas of [18, 19,
10, 11].

2. Notation. We denote by (R",v) the n-dimensional Gauss space, where - is the
standard Gaussian measure on R™ defined in (6).

2.1. The Wiener space. An abstract Wiener space is defined as a triple (X, v, H)
where X is a separable Banach space, endowed with the norm ||-|| x, v is a nondegen-
erate centered Gaussian measure, and H is the Cameron—Martin space associated
to the measure v, that is, H is a separable Hilbert space densely embedded in X,
endowed with the inner product [, -]z and with the norm |- |g. The requirement
that v is a centered Gaussian measure means that for any «* € X*, the measure
x,7 is a centered Gaussian measure on the real line R, that is, the Fourier transform
of v is given by
* *
A(z*) = / e @) dy(2) = exp (—W) , Vo* e X

X
here the operator @ € L£L(X*, X) is the covariance operator and it is uniquely de-
termined by formula

(Qz*,y*) = /X (@, 2" ) (x, y*ydy(z), Vo*,y* e X*.

The nondegeneracy of v implies that @ is positive definite: the boundedness of @)
follows by Fernique’s Theorem (see for instance [5, Theorem 2.8.5]), asserting that
there exists a positive number 5 > 0 such that

/ eﬁnz”zdfy(x) < +00.
X
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This implies also that the maps z +— (z,z*) belong to L5 (X) for any z* € X* and
p € [1,+00), where L?(X) denotes the space of all functions f : X — R such that

/ F@)Pdr(z) < +oo.
X

In particular, any element z* € X* can be seen as a map z* € L%(X)7 and we
denote by R* : X* — H the identification map R*z*(z) := (z,z*). The space H
given by the closure of R*X™* in Li(X ) is called reproducing kernel. By considering
the map R : H — X defined as

Rh ::/)(ﬁ(x)mdy(x),

we obtain that R is an injective y—Radonifying operator, which is Hilbert—Schmidt
when X is Hilbert. We also have Q = RR* : X* — X. The space H := RH,
equipped with the inner product [-,-]g and norm | - |5 induced by H via R, is the
Cameron-Martin space and is a dense subspace of X. The continuity of R implies
that the embedding of H in X is continuous, that is, there exists ¢ > 0 such that

k|l x < clhlm, Vh € H.

We have also that the measure v is absolutely continuous with respect to transla-
tion along Cameron—Martin directions; in fact, for h € H, h = Qz*, the measure
vn(B) = v(B — h) is absolutely continuous with respect to v with density given by

dn(x) = exp (<x,x*> - §|h|%1) dn(z). (12)

2.2. Cylindrical functions and differential operators. For j € N we choose
z; € X" in such a way that fzj = Rz}, or equivalently h; := Rﬁj = Quzj,
form an orthonormal basis of H. We order the vectors z7 in such a way that the
numbers A; = ||$;||;(2 form a non-increasing sequence. Given m € N, we also let
Hp = (h1,...,hpm) C H, and 1I,;, : X — H,, be the closure of the orthogonal
projection from H to H,,

m

I, (z) :== Z <J:, xj‘> h; r e X.

Jj=1

The map I1,,, induces the decomposition X ~ H,, ® X;-, with X;- := ker(Il,,), and
Y = Ym ® 7;, with 7, and ;- Gaussian measures on H,, and X;- respectively,
having H,, and H;: as Cameron-Martin spaces. When no confusion is possible
we identify H,, with R™; with this identification the measure 7, = Il 47 is the
standard Gaussian measure on R™ (see [5]). Given z € X, we denote by z,, € H,,
the projection Il (z), and by #,, € X;: the infinite dimensional component of
x, so that * = z,, + Tp,. When we identify H,, with R™ we shall rather write
= (2,,,Tm) €E R™® XL

We say that u : X — R is a cylindrical function if u(x) = v(IL,(x)) for some
m € N and v : R™ — R. We denote by FCJ(X), k € N, the space of all CF
cylindrical functions, that is, functions of the form v(IL,, (z)) with v € C*(R™), with
continuous and bounded derivatives up to the order k. We denote by F C’l]f (X,H)
the space generated by all functions of the form uh, with v € FC¥(X) and h € H.
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We let
Vyu:=3 oy 0juh; for u € FCp(X)

divyp := Y05, 05, hjlu  for ¢ € FCL(X, H)
Ayu = div,V,u for u € FC3(X)

where 0; := 0p; and 07 := 0; — izj is the adjoint operator of 9;. With this notation,
the integration by parts formula holds:

/ udiv,pdy = —/ Vou,olgdy Ve € FCL(X, H). (13)
X X

In particular, thanks to (13), the operator V. is closable in L?(X), and we denote
by W3 ?(X) the domain of its closure. The Sobolev spaces WW’”’(X), with k € N
and p € [1,+0c], can be defined analogously [5], and FCF(X) is dense in Wir(X),
for all p < +00 and k,j € N with k£ > j.

Given a vector field ¢ € L (X, H), p € (1, 0], using (13) we can define div, ¢ in
the distributional sense, taking test functions u in Wi’q(X) with %—i—% = 1. We say
that div, ¢ € LF(X) if this linear functional can be extended to all test functions
u € LI(X). This is true in particular if o € W*(X, H).

Let u € W22(X), ¢ € FCy(X) and i,j € N. From (13), with u = d;u and
@ = Yh;, we get

/ aju 611/} d’)/ = / *aj (3zu) 1/J + (%‘U 1/}<SC:, Q}>d’y (14)
b's X
Let now ¢ € FCy(X, H). If we apply (14) with ¢ = [, h;] =: 7, we obtain

/ 0judip’ dy = / —0;(0iu) @7 + Qjup (x}, x)dy
X X
which, summing up in j, gives

/X[Vvu, Oipldy = /X — [V, (0in), @] + [Vyu, )z}, x)dy Vo € FCL(X, H).
(15)
The operator A, : W2P(X) — LP(X) is usually called the Ornstein-Uhlenbeck

operator. Notice that, if u is a cylindrical function, that is u(z) = v(y) with y =
IT,,(x) € R™ and m € N, then

Ayu= Zﬁjju — (2}, 2)0ju = Av — (y, Vu)gm . (16)
j=1

We write u € C(X) if u : X — R is continuous and u € C1(X) if both u: X — R
and V,u : X — H are continuous.

For simplicity of notation, from now on we will omit the explicit dependence on
~ of operators and spaces. We also indicate by [, -] and | - | respectively the scalar
product and the norm in H. When no confusion is possible, we shall also write u;
to indicate the derivative 0;u.
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3. Proof of Theorem 1.2. Recalling the integration by parts formula (13), equa-
tion (8) can be written in a weak form as

/ [Vu,Vo| — f(u)pdy=0 for any ¢ € Wh?(X) (17)
X

which is meaningful for u € W2(X). Notice that, as FCp(X) is dense in W1H2(X),
it is enough to require (17) for all ¢ € FC3(X).

Remark 3.1. Since L*°(X) C L?(X), by [16, Th. 4.1] we have that a bounded
weak solution of (8) belongs to W22(X).

3.1. The linearized equation. We now consider the equation solved by the deriva-
tives of the solution wu.

Lemma 3.2. Let u € W%(X) satisfy (8). For anyi € N let u; = d;u € WH%(X),
then

/ [Vui, Vo] — f'(w)uip +uipdy =0 for any ¢ € Wh3(X). (18)
X

Proof. Notice first that it is enough to prove (18) for all ¢ € FC7(X). Letting
¢ € FC(X), we multiply (8) by ¢; and recall (15), to get

0 = /X Y, Vil — f(u)gi dy
- /X Vs, Vgl + (&t 2) [V, Vig] — £ (u)pi dy
- /X Vs, Vool + (o, 2) [V, Vol + F (whuisp — (., 2) f (w)p dy
- / Vs, Vo + [V, V({a, 2)0) — oV {at, )] + F(w)uso
X
(e aye fu)pdy
- / [Vus, Vo — oV, ¥zt )] + £ (wuip dy,
X
where the last inequality follows from (17), with ¢ replaced by (z}, z)p. O

3.2. A variational inequality implied by the monotonicity. The next result
shows that monotone solutions of (8) satisfy a variational inequality. In the Eu-
clidean case, this fact boils down to the classical stability condition (namely, the
second derivative of the energy functional being nonnegative). Differently from this,
in our case, a negative eigenvalue appears in the inequality.

Lemma 3.3. Let u € W22(X) satisfy (8) and (10). Then, for any ¢ € WH2(X)
it holds

/ IVol? — f(u)p® dy > —/ ©* dy. (19)
X X

Proof. The proof is a variation of a classical technique (see, e.g., [1, 11]).

Without loss of generality we may assume w = hj, and we let ¢ € WH2(X)
be such that ¢?/u; € W12(X). Notice that, thanks to (10), the space of such
functions is dense in W2(X). We use (18), with 4 = 1 and test function ¢?/u,
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and we obtain

f(uw)® — @* dy
X

/
:/X[vul,v
-,

(% /u1)] dy
2(p/u1)[Vur, Vol — (o/u1)?[Vus|* dy

2
= [ 196l = [t/ v = v

< / Vol? dv.
X

O

3.3. A geometric Poincaré inequality. Now we show that a suitable geometric

Poincaré inequality stems naturally from solutions of (8) satisfying (19).

Euclidean case, it boils down to the inequality discovered in [18, 19].

In the

Lemma 3.4. Let u € W22(X) satisfy (8) and (19). For any ¢ € WH*°(X) we

have

/X (IV2uf? — |V|Vul[}) 2 dy < /X Va2Vl dy

|V2ul|? = Zufj .
o

Proof. We use (19) with test function |Vu| ¢, and we see that

/X (f'(w) — 1)|Vul*p

< [ |V(Vulp)|” dvy

where

X
2
= [ PITIVUl + [Vl Vel + 27 1Val, Vil [Vulp dy
2 1
| SV + 1Vl 196l + 591V, Ty
We now exploit (18) with test function u;¢? and we get
[ (rw-neea
X
= / [V, V(uip?)] dy
X
= [ VP + u(Vu, Vo) dy
X
1
= [ VP + Vi, Ve dy
x 2
Summing over ¢ € N, we conclude that
[ (= nivae

1
= [ 19t + IVl 9l an,

(20)

(21)
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From (21) and (22), we conclude that
1
SRR A
X
1
< [ P9IVl + [Vl VP + S VIVuP, V) dy
X

which gives (20). O
Let u € CY(X) N L*>(X) satisfying (9), let N € N and Ty € Xy. We consider
the map ¥n 7, : RY — R defined as ¥y zy (zy) = u(zy,Tn), and let
Ny(@y) = {zy €RY : Ving,(zy) # 0}
= {zy €RY:3ie{l,...,N} such that u;(zy,ZTy) # 0}
be its noncritical set. By the Implicit Function Theorem, the level set of ¥y z, in
Ny (Zy) are (N — 1)-dimensional hypersurfaces of class C2. Thus we can consider

the principal curvatures of these hypersurfaces, that we denote by x1 n,...,6n_1,n,
and the tangential gradient of ¥y z, ', that we denote by Vr n. We also set

Vyu:=TyVu=VinNzy, Vau = Vn(Vyu) = Vnzy,

and
Ny = {x =(zN,INn) EX : zy ENN(EN)} = {9: € X : Vyu(z) # O}.
With this notation, we have the following

Lemma 3.5. Let u € C1(X) N L>®(X) satisfy (8), (9) and (19), and fix N € N.
For any ¢ € WH°°(X) we have

/ (19nul2Kc + [V Vvl [*) o2 dy
Nn
< [ (v~ 91vul)ean (23)
X

< / |Vul?| V| dy.
X

Proof. Let
DN = ‘V%Vu|27|vN|VNU||2
v 2
DR Wl T A
1<i,j<N 1<i<N Vvl

u,u., 2
2 1
> “"J“(vﬂv&) '
1<i,j<N

Since |Vy_1u| < |Vyu| and
|
= [Vl

ujuij

|V nul

|uij| < fuwigl

IThe tangential gradient of a function g along a hypersurface with normal v is Vg — (Vg - v)v,
that is, the tangential component of the full gradient
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for any ¢, j < N, it follows that

2
Dy —Dy_y > 2 _ (Wl > 0
WDy Z ) (“ <|vNu|> ) -

N—-1<i,j<N

max(i,j)=N
so that Dy is non-decreasing in N. Accordingly,

V2ul? — |V|Vul|* = lim Du > Dy (24)
M —+o00

for any N € N. Moreover, by Stampacchia’s Theorem we have that Vy|Vyu| =0
for almost any z5 € RY \ Ny (ZTy), and similarly u;; = 0 for almost any zy €
RY \ Ny (Zn). Therefore

Dy = |Vaul> - |VN|VNuH2 = 0 for almost any z € RN \ Ny (Zn). (25)
On the other hand, by [19, Formula (2.1)],
Dy = |V yul|*K3% + |VT7N|VNu|’2 when z € Ny (Tn).
From this, (24) and (25), we obtain

(192 = 1v19ull?)o?
X
Z/ Dy dy
X

= Dn¢” dy
Nn

/N (|VNU‘2]C]2V+|VT7N‘VNU|’2>(,02d’)/,
N
which, recalling (20), implies (23). O

3.4. A symmetry result. We now use the previous material to obtain a one-
dimensional symmetry result for the N-dimensional projection of the solution. The
idea of using geometric Poincaré inequalities as the ones in [18, 19] in order to obtain
symmetry properties goes back to [10] and it was widely used in [11] in the finite
dimensional Euclidean setting. The result we present here is the following:

Proposition 3.6. Fir N € N and Ty € X5. Let u € CH(X) N L>®(X) satisfy (8),
(9) and (19). Then, the map YNz, is one-dimensional, i.e. there exists Unzy :
R — R and wyzy € RY, with |wnzy| = 1, such that

u(@n, Tn) = Unay ((WNay, 2n) (26)
for any x € RV,
Proof. We fix R > 1, to be taken arbitrarily large in what follows, and let A =
max; A;. Let ® € C°(R) be such that ®(t) = 1ift < R, ®(t) =0ift > R+ 1
and |®'(t)] < 3 for any ¢t € [R, R+ 1]. We take p(z) := ®(|z|). Then |Vy(z)| <
VA | (|z])] < 3V/A, and (23) yields

VyulPK + [V | VyulPdy < 9A / Vul2dy.  (27)

Nnn{|z|<R} {R<|x|<R+1}
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Also, due to our assumptions on u,

/ |Vu|? dy < 400.
b'e
Therefore, by sending R — +oo in (27), we conclude that
2
|VNU‘2]C?V + ’vT,N‘VNUH =0
for any € Ny. From this and [11, Lemma 2.11] we get (26). O

From the finite dimensional symmetry result of Proposition 3.6, one can take the
limit as N — 400 and obtain:

Corollary 3.7. Let u € CY(X) N L>®(X) satisfy (8), (9) and (19). Then, u is

necessarily one-dimensional, i.e. there exists U : R = R and w € X™* such that
u(z) = U({w, 7))

for any x € X.

Proof. We first show that there exists h € H such that
\Y%
U inN::{x€X:Vu(x)7£0}:UNN. (28)

Vel N

Let V C X be defined as V = Uy Hp. Since V is a dense subset of X, it is enough
to show that (28) holds in NNV = Uy Vy, where Vi := Ny N Hy.
However, from Proposition 3.6 we know that
VNU, —w
Vnal N,0

in Vy, (29)
which implies that

Vu . VNU . .

Vol - AW V]~ AR @Nvo=th
From (28) it follows that there exists a function U : R — R such that U(t) = u(th)
for all t € R, and

u(z) = U(h(x)) zeX. (30)
Moreover, U is a bounded non-decreasing solution to the ODE
U"—tU' + f(U)=0 teR.

Being u continuous, if U is nonconstant (otherwise the thesis follows immediately)
then the function A is also continuous, so that h € QX* and h(z) = (w, z) for some
w € X*, which implies the thesis. O

3.5. Proof of Theorem 1.2. The proof of Theorem 1.2 follows directly from
Lemma 3.3 and Corollary 3.7. O

Remark 3.8. We observe that, in the infinite dimensional case, there may exist
weak solutions to (8), satisfying (10), which are not continuous. Indeed, given
U : R — R satisfying (31) and (32) below, the function u(z) = U(h(x)) in (30) is a
solution to (8), monotone in the direction given by h, for any h € H. However, such
a solution is continuous only if A € QX*. As a possible generalization of Theorem
1.2, one could ask if any bounded weak solution to (8), satisfying [Vu,w] > 0 for
some w € H, is of this form.
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4. Heteroclinic solutions. The results in Theorems 1.1 and 1.2 may be seen
either as classification results (when one knows explicitly the solutions of the asso-
ciated one-dimensional problem) or as nonexistence result (when the associated
one-dimensional problem does not admit any solution). For this, we now give
some simple conditions on the nonlinearity f ensuring existence or nonexistence
of bounded solutions to the ODE

U'—tU'+f({U)=0 teR (31)
satisfying
U'>0 teR. (32)
Notice that, from (32) it follows that there exist U* € R, with U~ < U™, such that
: _ 77t
tiuinoo Ut)y=U>. (33)

Notice also that N
/ U'r)dr =U" —U(0) < +o0.
0
Thanks to this and (32) we can apply Lemma A.4 with v := U’ and obtain the
existence of a sequence 0,7 — +o0 such that

lim 60U (0;)=0 and lim U”(6})=0.
n—-+oo

n—-+o0o
Similarly there is a sequence 6, — —oo such that

lim 6,U'(,,)=0 and lim U"(6,)=0.

n—-+o0o n—-+o00

Consequently, from (33) and (32) we can deduce that
Uy = ) =0, (34)
Now we state a nonexistence result.
Proposition 4.1. Assume that there exists Uy € (U™, U™) such that
f>04n [U,Up] or f<0in [Uy,UT].
Then, there are no solutions to (31) satisfying (32).

Proof. Let us assume that f < 0 in [Uy, UT], since the argument is analogous in
the other case, and assume by contradiction that we are given a solution U of (31),
(32).

Letting t9 > 0 be such that u(tg) € [Uy,UT], we have that U satisfies the
differential inequality

U">tU  forallte [ty,+),
which implies, by direct integration,
U'(t) > U'(to)e™ /2 > U'(tg) >0 for all t € [to, +00),
contradicting (33). O
We consider the potential F': R — R, defined as

F(t) = —/0 F(s)ds+k.

where k& € R. Notice that, if F' is convex or concave, from (34) if follows that f =0
in [U~,U™], so that by Proposition 4.1 there are no solutions to (31) satisfying (32).
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Given U : (0,400) — R, we let

+oo ! 2
G(U) = /0 <(U g)) +F(U(t))> dr(t) (35)

where dvy(t) = e~t"/2dt. Notice that (31) is the Euler-Lagrange equation of G.
As a counterpart of the nonexistence result in Proposition 4.1, we now give an
existence result for monotone solutions to (31).

Proposition 4.2. Assume that F' satisfies the following properties:
F(c)=F(—c)=0 for somec>0

F(r)>0 for any r & {c,—c} 36
F(r)y=F(-r) for any r € [0, +00). (36)
f(ry=0 iff r € {¢,—c,0}.
Assume also that there exists U € W1((0,400)) such that U(0) = 0 and
G(U) < G(0) = gF(O). (37)

Then, there exists a monotone solution to (31), connecting —c to c.

Proof. Let U be a solution to the minimum problem
min {G(U) : U € W}*((0,+00)), U(0) =0}. (38)
Note that (36) implies
G (min (101,)) < 6 (T)
so that we may assume U(t) € [0, ] for all ¢ € (0, +00).

Let now U™ be the Ehrhard rearrangement of U [9], which is defined in such a
way that U is non-decreasing on (0, 400), and

7({1?: Tt }) ({ }) for all r € (0, ¢).

Notice that U (0) = 0 and U(t) € [0,c] for all t € (0,+00). By [9] (see also [13,
Prop. 3.12]), we have U~ € W12((0,+00)) and
400 */ 2 +o0 / 2
| 500 < [ e
+o0 +oo
[ reonn = [ rowa,
0 0

so that
G(U") <G().

In particular, we may assume that U = U*, i.e. that U is non-decreasing on (0, +00).

As U = c and U = 0 are solutions to (31), which is the Euler-Lagrange equation
of G, we get that either U =0 or U = c or

U(t) € (0,¢) for all ¢ € (0,400). (39)

On the other hand, thanks to (37) and the fact that U(0) = 0, we can exclude the
first two possibilities, so that (39) holds. Moreover, since U is non-decreasing and
F(r) # 0 for all r € (0,¢), it follows that U () > 0 for all ¢ € (0, +00) and

lim U(t) =c

t—+oo
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Since by (36) the function ¢ — fﬁLft) is a monotone solution to (31) on (—o0,0),
we get that the odd extension of U on R is a solution to (31) on the whole of R
which satisfies (32) and connects —c to c. O

Remark 4.3. Notice that for all U € W3-?((0,+0c)) we have

- +o0o / 2
GU)<GU):= /0 ((U;t)) + F(U(t))> dt.
If we let U be the unique solution to
U + fU) = 0
Uuo) = 0
lim U(¢) c

t——+oo

€ (0, +00)

we have
G(0) < G(T) = /0 2R dr

In particular, condition (37) is verified whenever

[ vermar < |3 Fo

which is satisfied, for instance, by the standard double-well potential F(t) = (1 —
t2)2 /4.

Appendix A. Asymptotics of functions of one variable. The purpose of this
appendix is to collect some observations that are elementary in nature but useful
for the proof of (34).

A.1. Asymptotics of monotone functions. We point out a simple result on the
limit of monotone functions:

Lemma A.l. Let t, € R and w : [t,, +0) — [0,400) be non-increasing. Suppose

that
+oo
/ w(t) dt < +o0.
t

o

Then
lim tw(t) = 0.

t— o0

Proof. Suppose not. Then there exists ¢ > 0 and a diverging sequence t,, for which
tow(ty,) = [thw(t,)| > c¢. Up to a subseqence we may assume that ¢, > 2¢,_1, that
is t, — th—1 > tn/2. Also, by monotonicity, w(t) > w(t,) for all t € (t,—1,,). We
obtain that

+00
/ dt>2/ dt>z tn— 1)
>Z /2>Z/2—+oo

that is in contradition with our assumptions. O
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A.2. The non-increasing lower envelope of a function. Now we introduce
the non-increasing lower envelop of a function v and we use it to deduce some
asymptotic properties. In this section, we take t, € R and v € C([t,, +00)), and we
define its non-increasing lower envelope by

V() := minwv.

By construction V(t) < v(t) for any t € [t,, +00) and V is non-increasing. Also,
if v(t) > 0 for all t > t,, then V(¢) > 0 for any t > t,. (40)
Lemma A.2. V € C([t,, +00)).

Proof. Fix € > 0 and a > t,. By the continuity of v, there exists § > 0 such that for
any b > t, with |a — b| < § we have that |v(a) — v(b)| < e. Let A := min{a,b} and
B := max{a,b}. Notice that {4, B} = {a,b} and |A — B| = |a — b| < ¢, therefore

min v > v(A) —e.
[A,B]

Then, using the monotonicity of V,
[V(a) =V (b)|=|V(A) =V (B)| =V(A) — V(B) = min v — min v

[to,A] [to,B]

= min v — min{ min v, min v}

[to,A] [to,A]  [A,B]
< min v — min{ min v,v(A4) — 6}

[to,A] [to,A]
< min v — min{ min vm(A)} +e

[to,A] [to,A]
= min v — min v + € =e. O

[tu ’A] [to 7A]

Lemma A.3. Suppose that v(t) > 0 for all t > t, and that

+o00
/ o(t) dt < 400,
t

o

Then there exists a diverging sequence t,, for which V (t,) = v(ty).

Proof. Suppose not. Then there exists ¢, > t, such that V(t) < v(t) for all ¢ > t,
and so

minv > minV for all ¢t > ¢,.
[t*vt] [t*1t]

Since V is non-increasing, we obtain that the latter quantity equals to V(t), hence

minov > V(t) = minv for all ¢ > t,.
[ts:t] [to,t]

Consequently, for all ¢ > ¢, the minimum of v in [t,,?] is in fact attained in [t,, t].
Therefore

v(t) > V(t) = minv = min v = V(t4)
[tost] [tot]

for all ¢ > t,, and the latter quantity is strictly positive, thanks to (40). It follows

that
+o0 o0 +oo
/ v(t) dt > / U(t) dt > / V(t*) dt = +o0,
t ty t

o o

that is in contradition with our assumptions. O
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Lemma A.4. Suppose that v € C'((t,, +00)), v(t) > 0 for all t > t, and that

+o0
/ v(t) dt < +o0.
¢

o

Then there exists a diverging sequence 8, for which

lim 6,v(0,) =0 and lim o'(0,)=0. (41)

n—-+oo n—-+oo

Proof. First of all, we observe that

—+oo —+oo
/ V) dt < / w(#) dt < +oo,
t t

so by Lemma A.1

lim tV(t) = 0. (42)

t——+oo

Now we take t,, as in Lemma A.3: then we have that the set
I, := {T >t, st V() =w(t) for all t € [tn,T]}
contains t,, and so it is non-empty. Hence we can define
T, :=sup I, € [tn,+0o0]. (43)

We distinguish two cases: either T,,, = +oo for some n, or T,, is always finite.
In the first case, we have that V(t) = v(t) for any ¢t > t,, and so v is non-
increasing and, from (42),

lim tv(t) =0. (44)

t——+oo

We show that v'(c,,) is infinitesimal for an appropriate sequence o,,. If this were
not true, then there exists ¢ > t, and ¢ > 0 such that —v'(¢) = [v/(¥)] > ¢ for any
t > t. As a consequence

v(t) = v(t) +/£ V(1) dr <w(t) —c(t—1) <0

for t large, and this is against the positivity of v. This shows the existence of a
sequence for which v'(c,,) is infinitesimal, that, together with (44), proves (41) in
the first case (here 0,, := o,,).

It remains to prove (41) in the second case, that is we suppose that T, is always
finite. Then T,, € I,, due to the continuity of V (recall Lemma A.2), that is V/(T},) =
v(T;,). We show that

V' (T,) = 0. (45)
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\Y

\ J

Suppose indeed that v'(T;,) > 0. Then, if we take t < T}, with ¢ close enough to
T,, we obtain

V(T,) = o(Th) > v(t) > V(#),

which is a contradiction since V' is non-increasing. Similarly, if we suppose that
v'(Ty,) < 0, we would have that v is strictly decreasing near T,, hence there would
be T,, > T, such that for any ¢ € [T,,,T,]

min v < v(T,,) = V(T,) = min v
(T 1] [to,T0]

and so the minimum of v in [t,, t] is attained in [T}, #], for any t € [T}, T;,]. Therefore

vlt) = min v =migv = V(1)

for any t € [T},,T,]. This would give that T}, € I, and this contradicts (43). So
(45) is proved.
Also, by (42), we have

lim T,v(T,)= lim T,V(T,)=0. (46)

n—-4oo n—-4oo

Putting together (45) and (46) we complete the proof of (41) in the second case
(here we take 6, :=Tp,). O

REFERENCES

(1] G. Alberti, L. Ambrosio and X. Cabré, On a long-standing conjecture of E. De Giorgi: Sym-
metry in 3D for general nonlinearities and a local minimality property, Acta Appl. Math., 65
(2001), 9-33.

[2] L. Ambrosio and X. Cabré, Entire solutions of semilinear elliptic equations in R3 and a
conjecture of De Giorgi, J. Amer. Math. Soc., 13 (2000), 725-739.

[3] L. Ambrosio, S. Maniglia, M. Miranda, Jr. and D. Pallara, BV functions in abstract Wiener
spaces, J. Funct. Anal., 258 (2010), 785-813.

[4] H. Berestycki, L. Caffarelli and L. Nirenberg, Further qualitative properties for elliptic equa-
tions in unbounded domains, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 25 (1997), 69-94.

[5] V. I. Bogachev, Gaussian Measures, Mathematical Surveys and Monographs, 62, American
Mathematical Society, Providence, RI, 1998.

[6] E. De Giorgi, Convergence problems for functionals and operators, in Proceedings of the
International Meeting on Recent Methods in Nonlinear Analysis (Rome, 1978), Pitagora,
Bologna, 1979, 131-188.


http://www.ams.org/mathscinet-getitem?mr=MR1843784&return=pdf
http://dx.doi.org/10.1023/A:1010602715526
http://dx.doi.org/10.1023/A:1010602715526
http://dx.doi.org/10.1023/A:1010602715526
http://dx.doi.org/10.1023/A:1010602715526
http://www.ams.org/mathscinet-getitem?mr=MR1775735&return=pdf
http://dx.doi.org/10.1090/S0894-0347-00-00345-3
http://dx.doi.org/10.1090/S0894-0347-00-00345-3
http://dx.doi.org/10.1090/S0894-0347-00-00345-3
http://dx.doi.org/10.1090/S0894-0347-00-00345-3
http://www.ams.org/mathscinet-getitem?mr=MR2558177&return=pdf
http://dx.doi.org/10.1016/j.jfa.2009.09.008
http://dx.doi.org/10.1016/j.jfa.2009.09.008
http://dx.doi.org/10.1016/j.jfa.2009.09.008
http://dx.doi.org/10.1016/j.jfa.2009.09.008
http://www.ams.org/mathscinet-getitem?mr=MR1655510&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1642391&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR533166&return=pdf

A SYMMETRY RESULT FOR THE ORNSTEIN-UHLENBECK OPERATOR 17

[7] M. del Pino, M. Kowalczyk and J. Wei, On a conjecture by De Giorgi in dimensions 9 and
higher, in Symmetry for Elliptic PDEs, Contemp. Math., 528, Amer. Math. Soc., Providence,
RI, 2010, 115-137.
[8] K. Ecker and G. Huisken, Mean curvature evolution of entire graphs, Ann. of Math. (2), 130
(1989), 453-471.
9] A. Ehrhard, Symmetrization in Gaussian spaces, Math. Scand., 53 (1983), 281-301.
[10] A. Farina, Propriétés Qualitatives de Solutions d’E‘quations et Systéemes d’E‘quations Non-
Linéaires, Habilitation & Diriger des Recherches, Paris VI, 2002.
[11] A. Farina, B. Sciunzi and E. Valdinoci, Bernstein and De Giorgi type problems: New results
via a geometric approach, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 7 (2008), 741-791.
[12] A. Farina and E. Valdinoci, The state of the art for a conjecture of De Giorgi and related
problems, in Recent Progress on Reaction-Diffusion Systems and Viscosity Solutions, World
Sci. Publ., Hackensack, NJ, 2009, 74-96.
[13] M. Goldman and M. Novaga, Approximation and relaxation of perimeter in the Wiener space,
Ann. Inst. H. Poincaré Anal. Nonlinéaire, 29 (2012), 525-544.
[14] N. Ghoussoub and C. Gui, On a conjecture of De Giorgi and some related problems, Math.
Ann., 311 (1998), 481-491.
[15] M. Ledoux, A short proof of the Gaussian isoperimetric inequality, in High Dimensional
Probability (Oberwolfach, 1996), Progr. Probab., 43, Birkhduser, Basel, 1998, 229-232.
[16] A. Lunardi, On the Ornstein-Uhlenbeck operator in L? spaces with respect to invariant mea-
sures, Trans. Amer. Math. Soc., 349 (1997), 155-169.
[17] O. Savin, Regularity of flat level sets in phase transitions, Ann. of Math. (2), 169 (2009),
41-78.
[18] P. Sternberg and K. Zumbrun, A Poincaré inequality with applications to volume-constrained
area-minimizing surfaces, J. Reine Angew. Math., 503 (1998), 63-85.
[19] P. Sternberg and K. Zumbrun, Connectivity of phase boundaries in strictly convex domains,
Arch. Rational Mech. Anal., 141 (1998), 375-400.
[20] L. Wang, A Bernstein type theorem for self-similar shrinkers, Geom. Dedicata, 151 (2011),
297-303.

Received August 2012; revised December 2012.

E-mail address: acesar@math.unipd.it
E-mail address: novaga@dm.unipi.it
E-mail address: enrico.valdinoci@wias-berlin.de


http://www.ams.org/mathscinet-getitem?mr=MR2759040&return=pdf
http://dx.doi.org/10.1090/conm/528/10418
http://dx.doi.org/10.1090/conm/528/10418
http://dx.doi.org/10.1090/conm/528/10418
http://dx.doi.org/10.1090/conm/528/10418
http://www.ams.org/mathscinet-getitem?mr=MR1025164&return=pdf
http://dx.doi.org/10.2307/1971452
http://dx.doi.org/10.2307/1971452
http://www.ams.org/mathscinet-getitem?mr=MR745081&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2483642&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2528756&return=pdf
http://dx.doi.org/10.1142/9789812834744_0004
http://dx.doi.org/10.1142/9789812834744_0004
http://dx.doi.org/10.1142/9789812834744_0004
http://dx.doi.org/10.1142/9789812834744_0004
http://www.ams.org/mathscinet-getitem?mr=MR2948287&return=pdf
http://dx.doi.org/10.1016/j.anihpc.2012.01.008
http://dx.doi.org/10.1016/j.anihpc.2012.01.008
http://www.ams.org/mathscinet-getitem?mr=MR1637919&return=pdf
http://dx.doi.org/10.1007/s002080050196
http://dx.doi.org/10.1007/s002080050196
http://www.ams.org/mathscinet-getitem?mr=MR1652328&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1389786&return=pdf
http://dx.doi.org/10.1090/S0002-9947-97-01802-3
http://dx.doi.org/10.1090/S0002-9947-97-01802-3
http://dx.doi.org/10.1090/S0002-9947-97-01802-3
http://dx.doi.org/10.1090/S0002-9947-97-01802-3
http://www.ams.org/mathscinet-getitem?mr=MR2480601&return=pdf
http://dx.doi.org/10.4007/annals.2009.169.41
http://dx.doi.org/10.4007/annals.2009.169.41
http://www.ams.org/mathscinet-getitem?mr=MR1650327&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1620498&return=pdf
http://dx.doi.org/10.1007/s002050050081
http://dx.doi.org/10.1007/s002050050081
http://www.ams.org/mathscinet-getitem?mr=MR2780753&return=pdf
http://dx.doi.org/10.1007/s10711-010-9535-2
http://dx.doi.org/10.1007/s10711-010-9535-2
mailto:acesar@math.unipd.it
mailto:novaga@dm.unipi.it
mailto:enrico.valdinoci@wias-berlin.de

	1. Introduction
	2. Notation
	2.1. The Wiener space
	2.2. Cylindrical functions and differential operators

	3. Proof of Theorem 1.2
	3.1. The linearized equation
	3.2. A variational inequality implied by the monotonicity
	3.3. A geometric Poincaré inequality
	3.4. A symmetry result
	3.5. Proof of Theorem 1.2

	4. Heteroclinic solutions
	Appendix A. Asymptotics of functions of one variable
	A.1. Asymptotics of monotone functions
	A.2. The non-increasing lower envelope of a function

	REFERENCES

